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Abstract

In this pap, we investigate the distribution of zeros for the solution of linear Homogeneous Differential
Equations (LHDE) in the semi-critical intervals ,for the boundary value problems. The method used in this paper
is different from [1-3] in which the authors used geometric approach to distribute the zeros of the solutions of
LHDE. We used an analytic approach. Moreover we stated the relation between semi-critical intervals for the

boundary value problems .
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1. Introduction

The studies of the distribution of the solution zeros of
the LHDE begun in 1960s. Geometric approaches, for
LHDE of orders three and four, are commonly used
in the literature since they depend on the set of
fundamental solutions [1,2]. In [3] the authors
considered LHDE of order N. However, their
approach is very complicated and requires additional
conditions. The authors in [3-9] proposed a different
concept to prove the distribution of zeros in which
they used the set of the normal fundamental solutions
(NFS). Using NFS has the advantage of providing
analytical methodology which resulted in important
conclusions and easiness to prove them. This study,
is an extension of [4-9], where the authors conducted
their research paper on fifth order LHDE. In this
paper we consider LHDE of sixth order with a
boundary conditions of three points (m = 3).

2. Definitions and Characteristics

Consider the following boundary value problem

5
x® + z g; ©xP =0 (1)
j=0

x(t) = %(t) = =xP(t) =0 (2
where a<t; <t, < <ty < oo, misthe number
of points [t;,i=1,..,m] , p;is the number of
conditions at the points t;,i =1,2,..,m, g;(x) are
continuous on [, 3)
Problem (1) and (2) is called <(p;pz--Pm)—
problem >>.
When the point t, is fixed, the family of non-trivial
solution of the problem <« (pip;--Pm)—
problem >> is denoted by W, ,, o (t ;).
Definition 2-1 [5]: The interval [x,B), (a< a<
B < o) is called semi-oscillatory, if any non-trivial
solution for equation (1) has no more than five zeros
[including multiplicity] in [, ). The largest semi-
oscillatory interval that begins at the point a is
denoted by [a, r(a)).
Definition 2-2[6]: The interval [«,y) where
& (p1pz ---Pm) — problem > has a unique solution
is called semi-critical, and the largest semi- critical
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intervals that begins at the point a is denoted by
[ Tpp, . pm (00)-

In this research paper, we discuss non- trivial solution
of boundary-value problem (1) and (2) in the semi-
critical intervals, especially <« (231) — problem >
where the solution has zero of multiplicity 2 at t = t;,
and a zero of multiplicity 3 at t = t,, and a zero of
multiplicity 1 at t=t;, where a<t; <t, <
ry3;(@) < ts.

The first zero after t=t,
ry31 (0, ty, ty), it's clearly that
ry31(00) < ra31(0ty, t3)

inf ry3;(aty,t,). (3)
Generally, the first zero after t = t,,,_, is denoted by
,tm—1) for which

is denoted by

and Iy31 (O() =

Tp.pzePm (o, tq, ty, -

rplpz...pm ((X) = inf rplpz...pm (O(: tl: t2: R tm—1) (4)
wherep; +p, + - +pyp =6.

Lemma 2-1 [71: The function
Tp,pypm (0t T2 oo, tmoqg) (Where t; is fixed ) is

continuos from the right (the right limit exists ) at the

points t,,ts, ..., t,_q inthe set Ry,_;[a, ). i.e.
tlirrtl0 Ty pyopm (0 1, oy s tmog)
274
t3—t3

tm—l;’t?rx—l
=Tp,pyopm (O 1, 89,13 o th ).
Lemma 2-2 [7]: The set of fundamental normal
solution for equation (1) (i.e. {u]-(t, t),j =
0,1,..,m— 1} ) with respect to t, has the following
forms

uP () = (t— t) My t), 1Lj=01,..,m—

1. (5
where
uj(i)(tl'tl) X i
Wlt, t) =4 g =1 (6)
0 j<i

3. Main Results

In this section we present two theorems for the
distribution of zeros for the solutions of LHDES in
the semi-critical intervals.
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Theorem 3-1:In the interval [a,r;3;()), any non-
trivial solution (for the equation (1)) that has a zero at
t, of multiplicity five cannot have a simple zero to
the right of ty, i.e. ry3;(a) <rsq(a), whent, -t
Proof: First of all we show that the family of non-
trivial solution for <« (231) — problem >» at the
fixed point t; contains at least one solution that
becomes a non-trivial solution for <« (51)—
problem >» whent, — t;.
ty_f)rtll Wszp (6t) = W, (6 t1)

From Vallee Poisinee theorem, for each t; €
[a,r(a)) ,there exists a semi-oscillatory interval
[t1, r(t;)) [10]. Choose € > 0, such that [t;,t; + &) ©
[t1, r(ty)).

And let {uy(t, t,), u, (¢, t1), ..., us(t, t;)} be a set of
the normal fundamental solutions for (1) with respect
to t,,i.e.

uj(l) (tl' tl) = {g , il :]]
Thus, the family of non-trivial solution for the
equation (1) can be written as:
5

1

Wt t,) = Z Gutt)  (7)
j=p1
where c; is an arbitrary constants.
From the boundary condition for <« (231) —
problem » we get the following homogeneous

system .
5

kj
z C]'u]-( )(ti'tl) =0 (8)

j=p1
where

m
ki=01,..,p;i—1; i=23; Zpi =6
i=1

1=
A necessary and sufficient condition for the system
(8) to have a non-trivial solution ( for unknown c;s)
is:

D(t,,t,) = det. (u]@ki)(ti,tl);j =2345; k;
01,.,p—1; i= 2,3) =0

The rank of the matrix of system (8) is equal to 3 and
it's different from zero.
that is

uz(ty, ty)  ua(tz,ty)  us(tzty)
A (ty, 1) = |Us(tz, t)  U(tyt) sty t)| #0

Uzt t)  Us(tzty)  Us(te, ty)
wherea <t; <t,<t, +e.
In fact, if A (t;,t,) =0, then the homogeneous
system has a non-trivial solution ¢; ¢, and¢cs in
[ti,t, +€).Thus, the nontrivial solution for the
equation (1): W(t t;) =Cc3us(t,ty) +Cu,(tty) +
Cs us(t, ty) has six zeros in the [ty,t; +¢&) where
[t;, t; +€) < [ty, r(ty)). Three of six zeros are at the
point t; and the other three zeros at the point t,, this
contradicts the concept of semi-oscillatory interval.
In the system (8) ,the first three equation constitute a
system of honhomogeneous equation
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c3uz(ty, t1) + caua(ty, ) + csus(ty, ty)
= —CyU,(ty, ty)
c3uz(ty, ty) + cuUi3(ty, ) + csu3(ty, t)
) = —CaU(ty, tl,)
c3U3(ty, ty) + cauy(ty, t1? + csus(ty, ty)
= —Couy(tz, ty)
Using Grammar-method, we find the values of
c3,c,and cs. Note that c, is a free parameter
depends on t; and t, that is ¢, = c,(t;,t;) then the

general of non-trivial solution for <« (231) —
problem >> depends on c,. i.e.
Was (6 1)) = cyu (tt)+Mu tt,)
231\b 411 242\(H 1( A)(tl,tZ) 3\b M1
Ay (G, 6
—_— tt) +
A (tl,tz) u4—( 1)
As (b, t5)
—_— t,t 9
A (tlytz) uS( 1) ( )

where A; (t;,t;), i=3,4,5 can be obtained from

A (tg,t,) replacing
(—caup(tty) —Clp(tty) —couy(t, t1))T by
first, second and third columns respectively.
From the equations (5) and (9 ) we find
Was1(tty) = —c, (‘uz(t, t1)
1 a(ty, ty)
+ us(t t
(t; —t;) 6ét(1,t2)) (bt)
1 tl’ t2
+ u,.(t t
(& — )7 8(t,,t,) O
1 Y(tlﬁtZ)

u5 (t! tl))

Uity ) Wys(ty, ty)
Wy (t, t)  Was(ty, ty)
Wos(tz, t)  Wos(tz ty) n
lp24-(t2'tllz (IIJZS(t)ZJtllz ( )
tyt s(ty t
RCICIEY] Vo SV
ot = ot 25 ) G
Wos(tz, t)  Wos(tz ty) n
Wau(ty, t)  Was(ty, ty)
Yoa(ty, t1)  Pos(tz ty)
Yra(ty, t1)  Pus(taty)
Bt = ot [y P
Yoz (t2, t)  Wos(tz, ty) n
l1122(t2!t11/3 (lpZS(t)Zitllp) ( )
t,,t t,,t
tastz 1) wi’i (ti. ti) wi ai ti)
_ Pia(ty, t))  Wya(ty, ty)
y(ty,t) = Lll;}o3((tz:t1)) Lpfﬁ(té’tl) ) Wy (tr 1))
04(l2, 4y 02tz ty
Witz ) baaltat) Gt
t,, t t,,t
st |l ) Pt t)

(ty —t1)3 8(ty, 1)
where

8(ty,t2) = Pos(tz, ty)

Y3tz ty)

Yotz ty)

+1/)22(t2' tl)

Y3tz ty)
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Since c, is an arbitrary constant, we assume that
c,(t,, 1) = —(t, — t;)3. By taking the limit of both
sides when t, — t; we obtain ,

tlzilftll W31 (6 t1) = c(t)us(t ty) (10)

y(ty,t1)
Where c(t;) = ﬁ

And from equation (6) we find vy(t,ty) =
ﬁ ,8(ty, t1) =861m . By substituting in equation
(20), we find

tlmtl Wa31 (6 t) = 60us(t, ) (11)
2=t

Thus we proved that the family of non-trivial
solution « (231) — problem > contains a solution
that becomes a solution for <« (51) — problem >
when t, - t;.
By the lemma (1) The function r,3;(a,ty,t,) is
continuos from the right, then we get the following
inequality
inf
D<St1<'f\2-’<-11”231(°<)
< inf
°<5t1<\-rp2131(°<)

Iy31 (0, ty, t)
r3;(aty) (12)

where
lim ry3; (o, ty, 1) = rp3, (o, ty)
-t

From equations (3) and (11), we find

inf r231(0, ty, t;) = ra31(a) (13)
<ty <ty<rp31(x)
inf  rp3(oty) =r50(0)  (14)
x<ty<razq(x)

And from (12), (13) and (14), we get
rs; (o) m
Theorem 3-2:In the interval [a, r3;;(a)) ,any non-
trivial solution (for the equation (1)) that has a zero at
t, of multiplicity five cannot have a simple zero to
the right of t; i.e. r3;;(a) <rg,(a), whent, - t;
Proof: From Vallee Poisinee theorem, for each
t; € [a, r(a)), there exists a semi-oscillatory interval
[t, r(t;)) [10]. Choose € > 0, such that [t;,t; +
€) C [ty, r(ty)).
And let {uy(t, ty),u (t,ty),...,us(t, t;)} be a set of
the normal fundamental solutions for (1) with respect
t; .
Thus, the family of non-trivial solution for the
equation (1) can be written as :

5

r31(0) <

Wett) = ) quct)  (15)
j=p1
where ¢; is an arbitrary constants.
From the boundary condition for <« (321)—
problem >» we get the following homogeneous

system.
5

ki
Z Gui(t,t) =0 (16)
j=p1
where

m
k;=01,...p;—1; i=23; Zpi =6
=1
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A necessary and sufficient condition for the system
(16) to have a non-trivial solution ( for unknown ¢;s)
is:

D(tl,tz) = det. (u}ki)(ti,tl):j =3,45; ki
01,.,p;—1; i=23)=0

The rank of the matrix of system (16) is equal to 2
and it's different from zero.

That is
Utz t1)  us(ty ty)
AU =y (6, 6) gt t)
wherea <t; <t, <t; +e.
In fact, if A (t;,t;) =0 then the homogeneous
system has a non-trivial solution €, andcg in
[t;,ty + €). Thus, the nontrivial solution for the
equation (1), W(t, t;) = C,u,(t, t;) + Csus(t, t;) has
six zeros in the semi-oscillatory interval [t;,t; + €)
where [t;, t; + €) < [t r(t,)) four of six zeros are at
the point t; and the other two zeros at the point t,,
this contradicts the concept of  semi-oscillatory
interval.
In the system (16), the first two equations constitute a
system of nonhomogeneous equation
Caug(ty, ty) + csus(ty, ty) = —czus(ty, ty)
CaUi3(ty, ty) + csUs(t, t1) = —c3uz(ty, ty)
Using Grammar-method, we find the values of
c, and cs. Note that c; is a free parameter depends
on t; and t, that is c; = c5(ty, t;) then the family of
non-trivial solution for  « (321) — problem >
depends on c;. i.e.

=0

Ay (tg,t
Wioq (6 t) = c3u3(t(,t1) ‘;ﬁ

Ag (t, 6

A (t,6) us (L, t;) 17)
where A; (tq,t,),i=4,5 can be obtained from
A (t;,ty) replacing (—csuz(tty) —cyis(tty))T
by first and second columns respectively.
From the equations (5) and (17 ) we find
Wos(tty) =

—C3 <_u3 (tl tl) +

Uy (t' tl)

1 altytz)
tz—tg 8(ty,t2)

Uy (t! tl) +

1 B(tytr)
(t2—t1)? 8(tq,t2)
where
8(ty,t2) = Woulty, t)WPys(ty, ty)
- lI114 (tz; t1)‘l’os (tZ' tl)
alty, tz) = Yoz (ty, t)Wys(ty, ty)
= Py3(te t)Wos(t2, ty)
B(ty, t2) = Woalty, t)W3(ts, ty)
— P14ty t)Wos(ts, ty)
Since c; is an arbitrary constant, we assume that
c3(ty, t;) = (t, — t)%. By taking the limit of both
sides when t, — t; we obtain,
tlzi_f}tll Wio1 (6 1) = c(tus(tty)  (18)
_ B(tyt1)
8(tyty)

u4-(t! tl))

where c(t;) =
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And from equation (6) we find B(ty,t;) = —ﬁ
and 8(ty,ty) = Zslm By substituting in equation (18),
we can find

tlmtl Wi (6 t) = 20us(t,t)  (19)
20

Thus we proved that the family of non-trivial
solution <« (321) — problem > contains a solution
that becomes a solution for <« (51) — problem >
when t, - t; .
By the lemma (1) The function rs,,(a,tq,t;) is
continuos from the right, then we get the following
inequality
mJ r3o1 (@, ty, t3)
sty <ty<rzp1(x)
< inf
—
x<ty<r3pq(x)

ra3p (o, t)  (20)
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where
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