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Abstract

In this paper, we have introduced two subclasses AR(A, k,p,{,6) and AC (4, k,p,{,5) of meromorphically p-
valent functions with positive and negative coefficients, defined by differential operator in the punctured unit
disk U*= {z:z€ G 0<|z|] <1}=U\{0} and obtain some sharp results including coefficient inequality,
distortion theorem, radii of starlikeness and convexity, closure theorems of these subclasses of meromorphically
p-valent functions. We also derive some interesting results for the Hadamard products of functions belonging to

the classes AR (A, k,p,{,8) and AC(A, k,p,, 5).
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1. Introduction
Let 20 denote the class of functions of the form
A
f(Z) = Z_p + B

oo

Z ans, AB#0ipe N={1,2,..})  (L1)
n=0

Which are analytic and p-valent in the punctured disc
U = {z:z€ C 0<|z| <1} =U\{0}
For the function f(z) in the class Z,()A’B)given by
(1.1).We define the following differential operator
Rf@ = f(,
B =2f @) + o,

l 2
Bf@ =2 (1f@) + .
and, fork=0, 1, 2, 3, ..., we can write

o2
Hf@ =2 (F@) +

1
=4 +B 2[1 + A —pla, 20, (1.2)
n=p

WhereA>1,k>0andz € U.

The differential operator I¥was considered, when A= B=
p= 1, by Ghanim and Darus [8,9 ] and Ghanim et al.
[10].

Also let 2B (p) denote the class of functions of the
form

A
f(2) =Z—p+
BZanzn, (@, 20; AB#0;p€ N={1,2,..}) (13)
n=p

By applying the definition of the above differential
operator, we introduce here a new class AX“H) (4,
k,p, §; ¢,0)of meromorphically functions, which is
defined as follows:

Definition 1.1. A function f € 2“5 (p) of the form
(1.2) is said to be in the class AZAP) (A, k,p, 8; ¢, 0) if
it satisfies the following inequality:

Ny {(1 202 (1f @) = 32* (1f 1)

(6 — DI f(z) + oz (1/{‘ f(z)),
(ze U0< §<p;n€ Ny;p € N) (1.4)

For some restricted real parameters ¢, a.

We note that

(i) AZAB(2,0,1,8;¢,0) = M (8; ¢, 0)[3]

173

f(z) =4z
{ ® a,z® € £@B)(1):Re l
+B (1 =20zf'(2) — {z*f"(2) e
\ Z{ C-DI@ + o7/ @ }> ALY
0<d6<1. (1.5
For some restricted parameters {ando.
(i) AZ“B)(2,0,p,5;0,0) = 24P (p,8)

= {f(z) =Az"'+B Z a,z* € 4B (p): Re {—

n=1

zf'(z)
f(@)

}

> 6,2611*}; 0< 6<p. (L16)

Where % (p, §) is the class of meromorphically p-
valent starlike functions of order § (0 < § < p) (with
positive or negative coefficients depending upon the
value of the nonzero constant B);

(ii)) AZ4D(2,0,p, 6,1, 1) = 57, 5)
= f(Z) = AZ_1 + B aka
| 2
2f"(@)

f'@) >}

1.7)

€ 2(B)(p): Re {— (1+
> 5,2611*}; 0< 6<p.

Where 247 (p, 6) is the class of meromorphically p-
valent convex functions of order § (0 < § < p) (with
positive or negative coefficients depending upon the
value of the nonzero constant B) (see Duren[6],
Goodman [7] and Srivastava and Owa [18]);

(iv) AZ®D(2,0,1,8;1,1) = 2,(8), where 2,(8) is
the class of meromorphically convex functions of order
6 (0< 6 <p) with negative coefficients (see
Uralegaddi and Ganigi [19] and Srivastava et.al. [17]);
Some other subclasses of the class Z“ (p)were studied
(for example) by Cho et al. [4, 5], Altintas et al. [1], Liu
[12], Liu and Srivastava [13, 14], Joshi et al, [11], Raina
and Srivastava [15] and Aouf and Shammaky [2].

The aim of this paper is to proving a systematic
investigation of the various interesting properties and
characteristics of functions belonging to the following
subclasses AR(A, k,p,{,8) and AC(A, k,p,{,8) of the
general class AXAP) (A, k,p,8;¢,0) which we
introduced above:
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AR, k,p,7,8) = ALYV, k,p,8;7,0) (0 < 6<p;¢

; 1.8
Tpt+1 (1.8)

k€ Ng;p € N),
and
ACAK,p,8,8) = AT Dk p,5;1,1-9) (05 6

1
<p0<7{<——; ke Ny
p; _(_p+1 0P

€ N). (1.9)
We also derive many interesting results for the
Hadamard products of functions belonging to the classes
AR, k,p,{,8)and AC(A, k,p,{,5).
Clearly the class AR(4,0,p,1,6) consisting of
meromorphically p-valent convex functions f(z) of order
6 (0 < 6 < p) with positive coefficients, given by

-1
[ =—+B ) aw",
- (1.10)

={1,2,..}).

Furthermore, since the condition ¢ 2#;(}9 € N) is
not actually a requirement for the definition (1.4), we
may set k = ¢ =0 in (1.4) and observe that the class
AR(4,0,p,0,§) consisting of meromorphically p-valent
starike functions f(z)of order § (0 < § <p) with
positive coefficients given by (1.10). On the other hand,
the classAR (4,0, p, 0,6) consisting of meromorphically
p-valent convex functions of order § (0 < 6§ < p) with
negative coefficients (see [2]), given by

-1
f(Z) =Z_p_BZanZnt
n=p

={1,2,..}). (1.11)
2. Coefficient Inequalities and Inclusion Properties
We first determine a necessary and sufficient condition
for a function f(z), given by (1.10), to be in the class
AR k,p,{,8).

Theorem 2.1. Let f(z) € 22D (p) be given by (1.10).
Then f(2) € AR(A, k,p, {,6) if and only if

D @+ DL+ 1) - 1[1+A0 - p)ay

n=p

(a,=20;pe N

(a,=0;p€e N

<[1+@-DIp-8), (035
1
<P;sz;ke Ng;p

€ N). .1

Proof. Let f(z) € AR(A, k,p,{,5) be given by (1.10).

Then from (1.10), (1.8) and (1.4), we have

Re {p[l +{p-D]-¥,n[ln+ 1D - 1][1+i0n - p)]"anznﬂ’}
[1+ {p - DI+ Xnll(n+1) - 1][1+ A(n — p)]*a, 2P

> 6,

1
0<6<p;{=——; ke Nyp €N,
<_ p; < ] »p z

€ u) 2.2)

Choosing z to be real and letting z — 1~through real
values, (2.2) yields
pl1+ (- D] =Y, nl{(n+1) - 1][1 + A(n — p)]*a, z"*P
[1+ ¢ — DI+ Xpnld(n+ 1) - 1][1 + A(n — p)]Fa, 2P
=>4
(o < S<pi{>——i ke Nyp € N). 23)
p+1

Which is equivalent of our condition of the theorem.
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Conversely, we assume that the inequality (2.1) holds
true. We must show that f(z) € AR, k,p,{,8). Then,
if we let ze oU = {z:z€ C,|z| = 1}, we find from
(1.10) and (2.1) that

|- 202 (1f 1@) - ¢ (1f 1)
(o~ DIf @) + oz (I} D))
- Yo+ p)[¢(n+1) = 1][1 + A(n — p)I¥a, |z|™*?
T+ -DI+ X+ 1) = 1][1 + A(n - p)]Fa, |z|*P
_ Z%):p(n + P)[((Tl + 1) - 1] [1 + A(Tl - p)]kan
T+ - DI+l + 1) - 1][1 + A(n - p)lka,
1
S(p—&);(Os 6<p;(2m; k€ Ny;p

€ N). (2.4)

Hence, by maximum modulus theorem, we have
f(z) € AR(A, k,p,{,8). This completes the proof of
Theorem 1.1.
Corollary 2.1.Let f defined by (1.10) be in the class
R4, k,p,{,8). Then

o < [1+ {(p—-Dllp-29)

T T+ O+ 1) — 11+ A~ p)]*’

1
< . > . eN.
_5<p.5_—p+1,k P

<n2p;0

€ N). (2.5)
The equality in (2.5) is attained for the function f(z)
given by
f(z)1

zb

3 1+ (- DI -8)
(n+ KM+ 1) — 111+ A(n—p)]*

1
< [ — .
< 5<p.6_p+1,ke No;p € N). (2.6)

n.
’

(an:O

Using argument similar to those in the proof of Theorem
2.1, we can prove the following theorem:

Theorem 2.2. Let f(z) € 22D (p) be given by (1.11).
Then f(z) € AC(A, k,p, ¢, 8) if and only if

> [ = ¢8) + 80— N[+ An - p)]Fa,

n=p

< [p( - 8) + 6 - 1], (Os 5
1
<p;0£§2m;ke Ng;p

€ N). 2.7)
Corollary 2.2.Let f defined by (1.11) be in the class
C(Ak,p,{,8) . Then
[p(p—38)+ {3(p - 1]
[n(n—{8) + 8(n—DI[1 + A(n —p)]
< 6<pd Zm; k€ Ng;p

€ N). (2.8)
The equality in (2.5) is attained for the function f(z)
given by
f(Z)1

_ZP

a, < ) (an:O

o be-9+se-n
(G —¢8) + 8(n = QI + A —p)I*

(2.9

(an;O

< ;(=>2——; ke Ny;p € N).
_6<p,(_p+1,k 0P )
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Theorem 2.3. The class AR (4, k,p, {, &) is closed under
linear combination.
Proof. Letf; € AR(A,k,p,{,5), where

-1
f;(@) =Z—p+Zan_jz”, (an;=20;j=1,2,p€E N

’ ={1,2,..}. (2.10)
Then it is sufficient to show that the function w(z)
defined by
w@) =thi(2)+(1-Of), (O<t<1)

is also in the class AR(A, k,p,{,6). Since for 0 <t <
1, we get

_1 it
@)=+ ) (tan + (1= Dan)2",
n=p
we observe that

D @+ R+ 1) = 111+ A0 - P Ean,

- (1= ayy)
=) @+ L@+ D - U1+ A0 - P @y
" +a
- t)Z(n + &)+ 1) —1[1+ A(n
D ay,

1
<[+ @ -DIe-8),(05 5<piz ik

€ Ny;p € N,OStSl).

By Thoerem 1.1, w € AR(4, k,p,{,6).
Similarly, let f; € AC(4, k,p,{,5), where

-1
[ =— = et
n=p
€ N={1,2,..}). (2.12)
By using Theorem 2.2 and (2.12), we can prove:
Theorem 2.4. The class AC (4, k,p, ¢, 8) is closed under
linear combinations.
Proof. The proof is similar to that of Theorem 2.3 and
hence is omitted.
3. Distortion Thoerems
We now state the following growth and distortion
theorems for the classes AR(A,k,p,{,6) and
AC(A k,p,{,6).
Theorem 3.1.Let the functionf (z) given by (1.10) be in
the class AR(A, k,p,{,8). Then
{(p +m—1)!
(-1D!
A+ e-DIp-8 p
@+OEE+1) -1 (p—m)!
< IJE("”(z)I )
p+m—1)!
= { @-D!
1+ {p-DIp-6) p!
@+OEP+1D -1 (p-m)!

1
(O<|z| r<1,0_6<p,{_p+1,keNO,pEN,

(2.11)

(a,;=20;j=12;p

Zp}r—(zﬂm)

TZp}r—(pHn)

p> m) 3.1
The result is sharp for the function f(z) given by
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fay ==L 1+ -DIp-9)

22 @+ +1) -1 +A(n—-p)]
€ Ng;p € N).
Proof: From Theorem 2.1, we have

©

(p+6)[€(p+1)—1]z
—— ) nla,

1
p! &
< Z(n
n=p

+ 8+ +1) —1][1+ A(n - 1] a,
<[1+¢p-DIp-9), (0<5<pg

kz"; (k

1
Zm; k € No;p € N) (32)
Which yields

i”'“ [+ - Dip - o)p!
T e+ Olke+D-1]

<0s §<p(

n=p

1
> —; ; . .
_p+1,ke NO,pEN) (3.3)

Now, by differentiating both sides of (1.10) m times
with respect to z we get
(p+m—- DI (—1)m*+
m)(z) =
fme@ (-1 zpb+m

n!
+B Z 7(71 gy a,z™™m, (a,
n=p !

>0;p€ NymeNgp>m), (3.4)
then Theorem 3.1 follows from (3.3) and (3.4).
Hence the proof is complete.
Finally, the result is sharp for the function f(z) given by
(3.2).
Theorem 3.2. Let the functionf (z) given by (1.11) be in
the class AC (A, k,p,{,8). Then
{(p +m—1)!
(-1

-5+ 8e-1] p! rzp}r_(pm)
[p(p—¢8) +6(— ] (p —m)!

< |Jz(’")(2)| )
p+m—1)!

S{ P-D!

-8+ 6(@-1] p! .
[pp -8 +6(@ -] (@ —m)!

1
(0<|Z|=r<1;0£ 6<p;{2m;ke Ng;p € N,

Zp} r-@+m)

p> m). (3.5)

The result is sharp for the function f(z) given by
f (Z)1

y44
~ [p(p — &) + ¢5(p — 1)] o
[Pl -9 +6(@—-DI1+An -1’
€ N;p € N).  (3.6)
Now, putting { = 0 in Theorem 3.2, we have
Corollary3.2. Let the functionf (z) given by (1.11) be in

the class ACA,k,p,0,6) =AC(A k,p,8). Then
(p+m-1)! _ (»-96) p! 2p —(p+m) (m)

{( -1 @+0) -m)! }r <[f™@| <
p+m-—1)! (p-96) p! 2p —(p+m)

{ - o) -m)l }r

|(0<|Z|=T<1; 0< 5<p;(2$; k € Nyg;p € N,

p> m). 3.7)

The result is sharp for the function f(z) given by
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_ -1 (»—-96) . .
f& = - ronsian-—nrs: (ke Nop
EN). (38

Remark 1. Putting (i) k= m= 0, (ii) k=0and m=1 in
Corollary 3.2, we get the result obtained by Aouf and
Shammaky [2, Corollary 4] for the class }.,,(p, 8).
4. Radii of Meromorphically p-valentStarlikeness
and Convexity
In this section we determine the radii of
meromorphically p-valent starlikeness of order n(0 <
n <p) and meromorphically p-valent convexity of
order n(0<n<p) for functions in the class
AR(MA k,p,{,8)and AC (A, k,p,{,5).
Theorem 4.1. Let the functionf (z) given by (1.10) be in
the class AR (A, k, p,{, ). Then
(i) f(2) is meromorphically p-valent starlike of order
1n(0 < n < p) inthedisc |z| < 1y, that is,

Re {_ zf'(2)

f(2)

}> § (zl<m; 0<n<p;p

€ N), (4.1)
where
n

=)+ 0+ 1) = [+ A6 = 1)]"}@»
(m+ml1+ {(p—-DIp -5
(4.2)
(ii) f(z) is meromorphically p-valent convex of order
1n(0 < n < p) inthedisc |z| < ry, that s,

zf"(z)
Re {— <1 + @) )}

= iNfyusp {

>6 (zl<r; 0<n<pp
€ N), (43)
where
= inf {p(p - +8)[En+1) - 1][1+A(n - 1)]"}W
2T e nn+m1+ {p-DIp-26)
(4.4)
Each of these results is sharp for the function f(z) given
by (2.5).
Proof: (i) From the definition (1.10), we easily get
zf'(2) "
_TJ&® P
v

Znzp(n + pay|z|"*P

. 4.5
= 20 -n- et —p+ e (Y
Thus we have the desired inequality:
2f'(2) |
f@ P
———|<1, (0<n<p;peN), (46)
zf'(z)
fiy Pt
if
NGRS J
——Zq,|z"P < 1 4.7
;(p—n)a d 47

Hence, by Theorem 1.1, inequality (4.7) will be true if
(n+n) 2" < m+&[Em+1)—-1][1+2(n— D]*

®-m 1+ {p—-DIp-90)
eN; keNy) (4.8)

(nz=pp

This gives
|Z|n+p
< (p—mn+8)[n+1)—1][1+A(n-1)]*
- (m+ml[1+ ((p-Dlp-95) '
>p;peEN; keNy) (4.9)

(n
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|z|

1
- {(p e+ HEm+1D) - 111 +A(n - 1)]"}"_+P n
- m+m1+ {p-DIp-95) ’
>ppEN; kENy)  (4.10)
If we take r; to be the infimum value of |z| we get the
result.
(i) In order to prove the second assertion of Theorem
4.1, we have
zf"(z)

1+ Le) +
zf"(z)
f'()

1+

-p+2n

n=pn(n +play|z|™*P

< . 4.11
=2 -m- e, -—p+ aire D
Thus we have the desired inequality:
zf"(z)
| 1+ ) +p |
zf"(z) _
|1+ @) p+277|
<1, (0=sn<p;p
EN), (412)
if
- nn+n) <
alzIPP < 1. 4.13
;p(p—n)a = *13)

Hence, by Theorem 1.1, inequality (4.13) will be true if
n(n+n)
p(p—mn)

Mm+8)[n+1)—1][1+A(n—1D]*
- 1+ ¢{-Dip-9)
EN; k eNyp) (4.14)

This gives
|Z|7'L+p
< p(p =+ &)[{(n+1)—1][1+A(n—-1D]*
- nn+n[l+ {p-D]p-0) '
>ppEN; keN,) (4.15)

|z|

1
< {p(p -+ )+ -1][1+A(n— 1)]"}W n
n(n+n)[1+ {(p—Dlp-95)

>p;p EN; k €Ny (4.16)

If we take 7, to be the infimum value of |z| we get the
result.

Each result is sharp for the function f(z) given by (2.5)
Similarly, by using (2.7), we can prove

Theorem 4.2. Let the functionf (z) given by (1.11) be in
the class AC (4, k,p,{,8). Then

(i) f(z) is meromorphically p-valent starlike of order
n(0 <n < p) inthedisc |z| < r3, that is,

|Z|n+p

(n

Re{—zf,(z)} >8 (2l <r; 0<n<pip
f@)
€ N), (4.17)
where
.= {(p —n)nn = $8) + 8(n = DL + Aln - 1)1"}W
3= Wnep (m+mlplp -8 + ¢8(p - 1)]

(4.18)
(if) f(z) is meromorphically p-valent convex of order
n(0 < n < p) inthedisc |z| < r, , where

@)
Re{—<1+ )
>4
en),

(lz| <y 0SS <psp
(4.19)
where
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p@ =M —78) +8(n— DI+ An - 1)]"}W
nn+nlplp —8) + (6@ — 1] '
(4.20)
Each of these results is sharp for the function f(z) given
by (2.9).
5. Convolution Properties
If

= infnzp{

i@ = -z + Z an;jz"(an; = 0;j =1,2;p
n=p
EN), (5.1)
and

gj(z) =z P+ Z an_jz”(an,,- >0;j=12p
n=p
€N), (5.2)

We denote by (f; ® f2)(z) the Hadamard product (or
convolution) of the functions f; (z)and f,(2), that is,
(h®f)(2) =
=z P+ Y, 1 G2 2", (5.3)
Also we denote by (g; ® g,)(z) the Hadamard product
(or convolution) of the functions g, (z)and g,(z), that
is,
(9: ® 92)(2) =
Z7P = Y Q1 G2 (5.4)
Theorem 5.1.Let the functionf;(z)(j = 1,2) given by
(5.1) be in the class AR k,p,{,6). Then (i ®
f2)(2) € AR(A, k,p,{, p), where

The result is sharp for the functions f;(z)(j = 1,2)
given by
fi@) = —z 7P + [1+ ¢ - DI -5)

G+ oL+ D -1l +A@-DF
=1,2;p € N; k € Ny). (5.6)
Proof: Employing the technique used earlier by Schild
and Silverman [16], we need to find the largest p such
that
> (n+ P+ D — 1][1+A(n — D]

&= 1+ -Dlip-p)
For fi(z) € AR(ALk,p,{,8)(j = 1,2). Since fi(z) €
AR k,p,{,8)(J = 1,2), we readily see that

i(n+6)[{(n+ D- 1L+ -1

& 1+ ¢(p-DIp-9) e

<1, (G=12). (58

Therefore, by the Cauchy-Schwarz inequality, we obtain

i (n+OEm+1D -1 +An - wm
n=p

Ap10n, <1 (5.7)

1+ ¢ —-DIp -9
<1 (5.9)
This implies that we only need to show that

o @+ D+ - Dlp-6)?
PP o+ D-1Lp +02+[1+ (- DIp —8)2

®-p)
< E: t g; Janian,(n =p) (5.10)
Or, equivalently, that
(p—p)n+p)
An,10n1 < m(n = p) (511)
Hence, by the inequality (5.9), it is sufficient to prove
that

E5)(n+p)

[1+ (- D] -9)
M+ +1)—1][1+A(n—1D]*
(»p—p)n+p)

DR

(5.12)

Qn,10n,1
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It follows from (5.12) that
p =
p —

(n+D[1+ {p-D](p-6)* (
[ (+D)-1][1+A(n-D]¥(n+8)2+[1+ { (p-D](p-8)?’ -
p)  (513)

Now, defining the function y(n) is an increasing

function of n. Therefore, we conclude thatp <
(p+D[1+ (p-DI(P-5)?

X)) =P = oD e (- DIE—07"

p) (514)

which completes the proof of Theorem 5.1.

Using arguments similar to those in the proof of

Theorem 5.1, we obtain the following result:

Theorem 5.2.

Let the functionf;(z) given by (5.1) be in the class

AR(A k,p,{,8). Suppose also that the functionf,(z)

given by (5.1) be in the class AR(4,k,p,{,0). Then

(fi ® f2)(2) € AR(4, k,p,{,7), where

=p

(n=

P+D[+ p-DIp-8){@-o0)

TRe+D-1Ue-O@p-+[1+ ((p-DIp-p-0)
(5.15)

The result is sharp for the functions f;(z)(j = 1,2)
given

[1+ {(p-D](-5)

— _,p
byf1(2) 2t R DL A DI (pe
N; k € Ny). (5.16)

_ - [1+ {(p-D)](p-0) .
And f(2)= -z + (p+o)[{(p+1)-1][1+A(p-1)]¥ (peN; ke
No). (5.17)

Theorem 5.3 Let the functiong;(z)(j = 1,2) given
by (5.2) be in the class AC(A,k,p,{,6). Then
(f1 ® f2)(2) € AR(A, k,p,{, p), Where

p

=pil

0@ +pllpl = 8) + 6@ - DI = — Dipp —78) + 8 — DI?

@@ -8+ 6@ - DI* + [w@) + 2¢[pl — 8 + 5@ - DI?
(@ =[PA-—-<¢D. (518)
The result is sharp for the functions g;(z)(j = 1,2)
given by
[p(p—8) +{6(p — 1]

Cp(p = 8) +{8(p - DI[L + Alp — 1]
=12;p €N; k € Ny). (5.19)

Theorem 5.4. Let the functionf;(z)(j = 1,2) given
by (5.1) be in the class AR(A,k,p,{,5). Then the
function h(z)defined by

h(z) =—z7P+ z:(an,l2 + an2%)z",
n=p
belongs to the class AR(A k,p,{, k), wherex=
» (1 _ 4[1+ {(p-D]®-5)?
L+ D)-11[1+A(p- 11 (p+8)2+2[1+ {(p- DI (p-8)2/

gi(@) = z7? G

(5.20)

(5.21)
The result is sharp for the functions f;(2)(j = 1,2) given
by (5.6).
Proof: Since
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C {(n+ [+ 1) — 1[1 + A(n — D]FP?
[+ (- DP(p-06)?

2
nj

2
An,j )

n=p

- ( o (4 [+ 1) — 1[1 + An — D]

[1+ {p-DIp-9)
G =1.2).

<1, (5.22)

for fi(z) € AR k,p,3,6)( = 1,2), we
w (DO +D-11+AE-DI*P - 2

DX S Ty e N C VR VD E

1. (5.23)

Therefore, we have to find the largest k such that

n+K) = m+8)Mm+1)—1][1+An-p)*
p-0 L WA G-Dip-or
>p) (5.24)
that is, that
K<p— : 2(p+n)[1+ {(p-1](®-5)*

{(m+1)-1][1+A(n-p)*(n+8)2+2[1+ {(p- D] (p-8)?’
(n=rp) (5.25)
Now, defining the function ¢ (n)by
— - 2
K(n) =p 2[1+ {(p-1)](p-8)

T B+ D-1[1+An-p)F(p+6)2 +2[1+ {(p-D] (p—6)?’
(nzp) (526)

We obtain that x(n)is an increasing function of n.
Therefore, we conclude that

References

[1] O. Altintas, H. Irmark, H. M. Srivastava, A family
of meromorphically univalent functions with positive
coefficients, Panamer.Math. J. 5(1)(1995), 75-81.

[2] M. K. Aouf, A. E. Shammaky, A certain subclass
of meromorphically p-valent starlike functions with
negative coefficients, J. Approx. Theory Appl.
1(2)(2005), 123-143.

[3] M. P. Chen, H. Irmark, H. M. Srivastava, C, S,
Yu, Certain subclasses of meromorphically univalent
functions with positive or negative coefficients,
Panamer. Math. J. 6(2)(1996), 65-77.

[4] N. E. Cho. S. Lee, S. Owa, A class of
meromorphic univalent functions with positive
coefficients, Kobe J. Math. 4 (1987), 43-50.

[5] N. E. Cho, S. Owa, S. H. LeeO. Altinats,
Generalization class of certain meromorphic
univalent functions with positive coefficients,
Kyungpook Math. J. 29 (1989), 133-139.

[6] P. L. Duren, Univalent Functions, in: Grundlehren
der Mathematischen Wissenschaften, vol. 259,
Springer-Verlag, New York, Berlin, Heidelberg,
Tokyo, 1983.

[71 A. W. Goodman, Univalent Functions, vols. I, II,
Polygenal Publishing House, Washinton, NJ. 1983.
[8] F. Ghanim, M. Darus, On certain class of analytic
function with fixed second positive coefficient,
International Journal of Mathematical Analysis, vol.
2, nl. 2, 55-66, 2008.

[9] F. Ghanim , M. Darus, Some subordination results
associated with certain subclass of analytic
meromorphic functions, Journal of Mathematics and
Statistics, vol. 4, no. 2, 112-116, 2008.

[10] F. Ghanim , M. Darus and S. Sivasubramanian,
On new subclass of analytic univalent function,

178

ISSN: 1813 — 1662 (Print)
E-ISSN: 2415 — 1726 (On Line)

K< o)

=p {1

— 41+ {(p - D(p —5)? } o
B+ -1+ +2[1+ {(p-DIp-8?)

>p)  (527)

which completes the proof of Theorem 5.4.

Theorem 5.5.Let the functiong;(z)(j = 1,2) given

by (5.2) be in the class AC(A,k,p,{,5). Then the
function h(z) defined by

h@) = 277 = ) (ans? + an))2"

n=p

belongs to the class AC(Ak,p,{, k), wherex =

ofi-

[w(@+pllp(@-8)+38(p- D>~ (p—-DIpP—38)+8 (-2 [1+A(p-1)]*
[w(@)+2¢][p(p—§8)+8(@—-]*+2w () p(—-8)+{5(p-{)]?
(W@ =[pPA-9-4D. (529

The result is sharp for the functions g;(z)(j = 1,2)
given by (5.19)

(5.28)

International  Journal of Pure and Applied
Mathematics, vol. 40, no. 3, pp. 307- 319, 2007.

[11] S. B. Joshi, S. R. Kulkarni, H. M. Srivastava,
Certain classes of meromorphic functions with
positive and missing coefficients, J. Math. Anal.
Appl. 193 (1995), 1-14.

[12] J. L. Liu, Properties of some families of
meromorphic p-valent functions, Math. Japonica, 52
(2000), 425-434.

[13] J. L. Liu, H. M. Srivastava, A linear operator and
associated families of meromorphically multivalent
functions, J. Math. Anal. Appl. 259 (20000), 566-581.
[14] J. L. Liu, H. M. Srivastava, Classes of
meromorphically multivalent functions associated
with the generalized hypergeometric function, Math.
Comput.Modelling, 30(2004), 21-34.

[15] R. K. Raina, H. M. Srivastava, A new class of
meromorphically ~ multivalent ~ functions  with
applications to generalized hypereometric functions,
Math. Comput.Modelling, 43 (2006), 350-356.

[16] A. Schild, H. Silverman, Convolution of
univalent functions with negative coefficients, Ann.
Uni. Mariae Curie-Sklodowska Sect. A 29 (1975),
99-107.

[17] H. M. Srivastava, H. M. Hossen, M. K. Aouf, A
certain subclass of meromorphically convex functions
with negative coefficients, Math. J. Ibaraki Univ.
30(1998), 33-51.

[18] H. M. Srivastava, S. Owa(Eds.), Current Topics
in Analytic Function Theory, World Scientific
Publishing Company, Sinapore, New Jersey, London,
Hong Kong, 1992.

[19] B. A. Uralegaddi, M. D. Ganigi, Meromorphic
convex functions with negative coefficients, J. Math.
Res. Exposition 1 (1987), 21-26.



Tikrit Journal of Pure Science 21 (6) 2016 ISSN: 1813 — 1662 (Print)
E-ISSN: 2415 - 1726 (On Line)

Ale o) Aage D Lalaay GALSY Badmtiag Aud) gagmall Jlgal) (e cilial) (lany
i e aladialy
O )05 03

eild)
Copradidle 5 donge CDLelaay el ysag e s 5K Baanta JIsall (10 AC(A, K, p,(,6) s ARA Kk, p,{,8) Oniia 2t anll 128 4
Llie Jia @l (amy Jo duasis U = {z:2 € € 0 < |z] < 1} = U\{0} i) sasgl) 5y 3 Lalss jise ddasly
X Ll ygag ey 3 Saaxie Jlsall (e Gilial) e Jlsall o] BMANY) Aitjee ccnanilly aaill b Chomi candl Ay ccDlaladl)

- AC(A, k,p,¢,8) s AR(A, k,p, ¢, 8) sinall () o Jlpal AN el o il (mmy G
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