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1. Introduction

Let A denote the class of functions f(z) which are
analytic in the open unit disk

U ={z:|z| < 1}. Each f € Acan be represented by
f = h + g, with h and g of analytic type in U. We
say that h is an analytic part and g the related co-
analytic part of f (see[2]). Thus for

f = h +g €A, wecan write

h(z) =z+ %=, anz", g(2) = Xi=a
0<|bil<1) ...... (1)

Let f = h + g givenby (1) and F%%,,,, is Dziok-
Srivastava operator of f and is given by [8]

b,z",

s,a,A _
Fapswan f(2) =
P (A +Dn-1 ga1 n
© j=1\"J a+1. s ala+n,b,s,4) z"
zZ+ Zn=2 n;-l=1(llj+1)n—1 (a+n) ala+1,b,s0) " on
....(2)
Where
, c
(P, q€No; ,€C, (j =1,2,..,p); a,u;€ P
G=12.,9:Z; ={012..}
s,z € 0),
but
MP_ (4 +Dno1 as1. . a(a+nbsd)
) _ V=V at+lyga(a+nb,s,
(Dn(s, @ b' A) - 1'1;-7=1(uj+1)n_1ng (a+n) ala+1,b,s1) "
...... 3)
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Let By (4, a, k) be the family of functions harmonic
type of the form (1) by

i wans f@
Re{% >a, 0<a<1,
Z(FG ) ugyp F @)

where F3;% o, f(2) is defined by (2). ... (4)

Let By(4,a,k) denoted that the subclass of
By (4, a, k)such that h and g are the from
h(z) =z—Yn anz", g(2) =
()" Yy, bzt bl <1 ... (5)
2. The Main Results
In this section, the main important results are stated
and proved an enough coefficient to functions of
harmonic univalent types.
Theorem 2.1: Let f = h + g be given by (1), if
Y=z (1 —an)|®y(s,a; b, Dllayl|lz]" +

Yn=1 (1 —an)|®,(s,a; b, D|by||z|" <

1-a), .....(6)
where a; = 1,0 < a < 1, then, f harmonic of
sense-preserving type to U with

mt_ (4 +Dn-1 a+1
. _j=1\ n atlys
d)n(s’a,ba)") n;-?=1(ﬂj+1)n—1n! (a+n)
Proof: For z; # z, , we have
[ (z1)-f(2z2) >1— |9 (z1)-g (z2)

h (z1)-h(z2) h (z1)—h (22)

Ala+n,b,s,A)
ala+1,b,s,1)
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Toe1 bn(zl-z3) Yoy 7 lbyl

=1- >1-
(21_22)2%0:2 an(z?_ Z?) 1_21010:2 nlanl
(1—an)|¢pn(s,a;b,l)||bn|
_ 1—a
2 1~ Ealoncapar, =20
1-a n

Hence proved univalent, since
K@ |=1-3r,
>1-%2, nla,l2
oo (1-an)|pn(s,a; b,A)|
Ln=> T 1
21-35
n|b,| ,
>3%, nlbyllzl™t 2 |g'(2)] .
By using the case of Re (W) =2 a, < |1 —a + w|
1+ a—w|
for (0 < a < 1), it show that
|A(z) + (1 —a)B(2)| -

nlayllz|"

x|
(1—an)|en(s,a;b,A)| |
1-a

v

bn|
Yn=1

v

14 (2) -

1+a)B(2)|=0, ...(7)
where
A(z)  =Fgaonf@ . B@ =
2(Fpuays (@) -

Consider [A(z) + (1 —a)B(z)|

< Yoz (@A +n-—an)|®,(s,a;b,Dllayllz|™ +
Yre1r (A +n—an)|®,(s,a; b, )||b,lz|]"
+2—-—a. ... (8)

And

I_A(Z)— (1+a)B(z)|

|Z + X2
(—D*Xr,

®,(s,a; b, ayz™ +
@, (s,a;b,Dbz" - 1+ a)[z+

Z = Zﬁ:z

|®, (s, a; b, D)||ay|z" + (—1)2”12?5-1

TJPS

o

n®,(s,a; b, a,z" +

n=2
(kT2 nd,(s,a;b, Db,z"
SYnme (L—n—an)|Py(s,a; b, Dllay||z|" +
Z;‘f:l (1_n_an)|d)‘n(sia; b;/’{)”bnllzln
+a. ... 9)

Substituting (8) and (9) in (7), we obtain

255, (1—an)|,(s,ab,Dllagl 21" +
252, (1—an)|®,(s a;bD)llb,l [ZI"

+2 (1 - a),
so

Yn=2 (A —an)|P,(s,a; b, Dl|anllz" +
Yn=1 (L —an)|Py(s,a; b, D[byl|z|"

<(1- a).
Theorem 2.2: Let f = h + g is formulated by (5).
Then f(2) € By (A, a, k) if and only if
Yn=z (1 —an)|®,(s,a; b, Dllay,l||z|" +
(1 = an)|Py(s, a; b, V| |byl1z|"
...(10)

Yn=1
<(1-a),

where
p
. 1()L +1n-1 s

(pn(S, a;b,2) = (Wi Dpgmy (ﬂ)
LeC (j= 1,...,p),uj %(j =1,..,q9)

Proof: Since B (A, a, k) © By(A, a, k), we just need
to prove the only if part of the theorem. We notice
that the condition (5) is equation to

re

a+1, ¢ aAla+n,b,s,A)

ala+1,bs7) "’

and

s,a,l
Fap)wan /@
s,a,A

}> a, 0<ax<l1
2FGp) (b T ()

|@,, (s, a; b, A)||by|z"

Re|

[ee]
Z = 2in=2

z-¥nz2  |Pn(sab)llanlz™ +(-

—a{z-37,

Re

n|®y (s, a; b, Mllan|z™ + (=1)* X,

n|en(sabDllanlz™ +(D* 7L,

|>

n|®, (s, a; b, A)||bp|Z"
|®n (s,a;b,0)||bp 2"
n|¢n(s,a;b,l)llbn|£"}

1)23+1 2n=1

Z‘Z:?:z

(1-a)-%5s, (A-an)|®p(s,ab)|lan|z™1

n|®n(s,a;b,Dllan|z™ +(-1)>S L34

—-n—1

L5 (1—an)|@n(sab)lbylz

Re [
1-352,

The condition (11) must satisfy for all values of z on
the positive real axis, where

(1-a)-¥pz2  (1-an)|Pn(sabDllanu™ !

|[®n(s,a;b,1)||lan|z?1 +z Y1

n| @y, (s,a;b,1)||by|Z"
—n-—1

|20
|®n(s,a;b,)||by|Z
|z] € (0, ), we must have

...(11)

—n—1

-Zye, (- an)labn(sam)nbnlu

Re

If the condition (6) does not hold then the numerator
in (8), when goes to 1 is negative. This is a
contradiction with the situation case where f €
By (4, a, k) and so the proof is accomplished.

3. The Distortion Theorem

1-¥5,

Theorem 3.1: Suppose f € By(a,B,1). Then
|z| =r < 1, we can get

f@I <A+ 1D 7+ s [ — T bl | 7
Izl =r<1

and

f@1 = A+ b = s [ = 22 by || 2,

lz| =7 < 1.

|&n(s,a; b)) |lap|p™t +z2n=1

] >0. ...(12)
| (s,a;0,0)| by E"~
Proof: We have

If@I <@+ b Dr+[(la, | + b, DIr™
< (1 + b Dr + [(an| + by D]r?

_ 1-a 1-2a

- (1+|b1|)r+¢(sab/1)(1 —2a) l an| +

22 b, || 5 (s, a; b, D)1 < (1+ by D)r +

1 1+2a

|05 (s,a:b,0)|(1-2a) (1 |b1|) =
1- an 1+2a

(1 + b Dr + (sm)l[ by ] 72

4. The Convolution (Hadamard product)

Let

féz) =z-%0, lanlz® + (1030, |blZ"
an
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g(2) =

2=3Y0;  lealz® + (CFER, 1dalZ".
Then, form the convolution of f (z)and g (z), we
can obtain

F *9)@) =1 (2) * g(2) =
zZ=Yn=2 lagllcalz™ +

(1 Zie1 |balldylz".

Theorem 4.1: Let f(z) € By(A,a,k) and g(z) €
By (A, B, k). Then for

0< B < a <1, wehave

(f *9)(2) € By(A,a,k) c By(A,B,k), then satisfy
(6) and since (|c,| < 1,]d,| < 1),

we write

T (P lancal +

1-a
(1-an)

— |bydyl ) [0 (s, @; b, D)

o (1-an) (1-an)
<%y (Slanl + S22 b)) 104(s, 0 b, D)

The last inequality is bounded of the right hand side
above by(1), then

f *9€By(dak) c By B, k).

5. The Convex Combination

This section, is devoted to prove that the space
By (4, a,k) is closed under convex combination.
Suppose that the f;(z) is formulated for i=
1,2,3,...,m, by the following form
(@ =2=-3%, l|aniz™ + (“1)¥ T,
...(13)

Theorem 5.1: Assume that the functions f; is given
by (13) be in the class By (4, a, k), for every i =
1,2,...,m. Then the functions 7;(z) well-defined by
7,(2) = Yo=1  Cifiy, 0<¢; <1 are also in the
class By (A, a, k) where ¥,  C; = 1.

Proof. In view of the t;(z) definition, we can write
reformulate

1(2)=z—-3%v, (21 Clay|)z" +
LR G Glbel)7" (14

Further, since f;(z) are in By(A,a,k), for every
i=12,...,m,then we have

|| Z".

Yn=2 (11__aan) 2y Glan)z" +

Sen S, b))z

=¥2: G(Zr, A —an)lea(s,a;b,Dl|an| +
Yo, (1—an)lea(s,a;b,Dl|bn|)

¥R, CGl—-a)<(1-a).

6. The Extreme Point
In this part, we get the extreme points for the class

By(a,B,%).
Theorem 6.1: Suppose f be given by (5).

f€By(@p M),

Then

f (z) = Z%o: 1 (Thhy(2) + Sngn(z)) , -..(15)
where
h,(z) = z,

h,(z2) =z — ( -

(1-an)|®n(s.a; b,A)|

)z", n=273,..
and

TJPS

_ k-1 a-a) -n __
9@ =z+(-1) ((1—an)|¢n(s,a;b,;1)|) z,n=
1,2, ...

;'1;1 (Tn+Sn)=1; T, =0and S, = 0.
In particular, the extreme points of f € By (a,8,4)

are { h,} and {g,.}.
Proof: The form (15), we get
f(Z) = Z?:l (Tnhn(z) + Sngn(z))
oo e (1-a) n
Zn:l (Tn+Sn)Z - Zn:Z 1—an|dn(s,a;b,)| n
(1-) —n

_1\yn—-1y\v oo
+(=1) Zn:l 1—-an|®y(s,a;b,A)| T
_ __ oo (1-a) n
=z~ Yn= ((1—an)|¢n(s,a;h,;1)|) Tnz
_1\k vy (1-a) =n
+( 1) Zn:l ((l—an)lcbn(s,a;b,l)l) SnZ '

Therefore

o (1—an)|®y,(s,a;b,1)|
Ynmz ——————anl
© (1—an)|®n(s,a;b,1)|
+Zn:1 + |bn|
P (1-an)|®n(s,a;b,1)| ( (1-a) )
Zn:Z 1-a 1-an|®n(s,a;bA)| " +
Zoo (1-an)|®n(s,a;b,4)| ( (1-a) b )
n=1 1-a 1—an|®n(s,a;b )| T
=Y2; T, +X¥2; Sp=1-T, <1

And so f € By(a, B, ).
Conversely, assume that f € By (a, 8, ).

Letting
T=1-X7, T,+X3-1 Sn
Putting
T, = L@ Ca@b D, | =23, ..
5, = b Dl |, n=12,..
we obtain
f@=2-%7; apz" +(1)"Ziib, 7"
=z-3g, GSelaGebln ey
(-1)ryg, Goemloatandlg gn,
=z—-Yn [z2-h@IT,-2¥3 [z-
9n(2)]Sy

1-[X0 Th—2Xn Salz+ X7 Thiha(2) +
Yn=1  Sngn(2)

=221 (Thha(2) + Spgn(2)).

This completes the proof.

Conclusion

We have shown that a new class to functions of
harmonic  univalent type, interesting results
concerning the harmonic univalent functions defined
by the Dziok-Srivastava operator. Thus, some
geometric properties like coefficients conditions,
distortion theorem, convolution (Hadamard product),
extreme points and convex combination are
investigated and examined. Finally, Moreover, many
problems still opened, for example, the extension of
these results to the case of subclasses for various
linear operator [9-11].
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