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Abstract

Let R be a commutative ring with identity and M be a unitary R-module. In this paper we introduce the concept
Quasi-essentially pseudo-prime module as a generalization of a prime module and give of examples,
characterizations and some basic properties of this concept. Further more we study the relationships of Quasi-
essentially pseudo-prime modules with some classes of modules .

1-Introduction

Let R be a commutative ring with identity and M be a
unitary R-module. An R-module M is called a prime
if anng M=anng N for every non-zero submodule N of
M [8].A proper submodule N of an R-module M is
called Quasi-essential submodule in M if NM1Q#(0)

for each non-zero quasi-prime submodule Q of M [6]
where a proper submodule Q of an R-module M is
called a quasi-prime if ryromeQ,meM ,ry,r,ER then

either rrmeQ or r,meQ[2]. And a proper submodule
if reER, meM and
rmeN then meN , or r"e [N:M] for some neZ .,
where [N:M]={rER:rMcSN}. And M

primary module if (0) is a primary submodule of M
[7]. In this paper we introduce and study first the
concept quasi-essentially pseudo-prime submodule
because we needed latter and give characterization
and some basic properties of it. In the last section of
this paper we introduce and study the concept quasi-
essentially pseudo-prime module and give examples ,
characterizations and some properties of it. On the
other hand we study the relation of this concept with
prime modules, primary modules and quasi-Dedekind
modules .

2- Quasi-essentially  pseudo-prime
modules

In this section, we introduce the concept of a Quasi-
essentially  pseudo-prime  submodule as a
generalization of primary submodule .

Definition (2.1):

A proper submodule N of an R-module M is said to
be quasi-essentially pseudo-prime submodule If
[N:K] is a primary ideal of R for each a quasi-
essential submodule K of M such that N © K .

N of M is called a primary

is called

sub-

Specially an ideal | is a quasi-essentially pseudo-
prime ideal of R if and only if I is a quasi-essentially
pseudo-prime R-submodule of R .

Proposition (2.2):

A proper submodule N of an R-module M is a quasi-
essentially pseudo-prime submodule of M if and

only if \/[N: K] = /[N:rK] for reR and for each
quasi-essential submodule K of M such that N c K,
rKEN .
Proof:

Itis clear that /fy-%] ¢ /IN-rK]
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Now, Let ac /fy-7x] for each rKE N, where K is a

quasi-essential submodule of M .
Hence a're [N: k] for some ncZ, , then a'rKgN,

thus a'r €[N: K] .

But [N: K] is a primary ideal of R and r¢[N:K]

So, (@)™ e [N: K] for some mgZ, . Hence a
e JIN.k] there fore /y7g] S /Iv.x] - Hence

JIN:K] = JIN: K] -

Conversely, to prove that [N: K] is a primary ideal of
R for each a quasi-essential submodule K of M such
that NcK.

Let are[N: K] and suppose that r¢& [N: K] . Then a

E[N: K] but [N: K] € [N: rK] =/IN-K] - Thus
ac JIVE] and hence N is a quasi-essential pseudo-

prime submodule of M .

Recall that an R-module M is multiplication if every
submodule N of M is of the form N=IM for some
ideal | of R [3]. The following proposition shows that
the concepts of a quasi-essentially pseudo-prime
submodule and primary submodules are equivalent in
the class of multiplication modules .

Proposition (2.3):

Let M be a multiplication R-module, and N be a
proper submodule of M, then the following statement
are equivalent:-

1- N is a quasi-essentially pseudo-prime submodule
of M.

2- [N: M]is a primary ideal of R .

3- Nis a primary submodule of M .

Proof:

(1) —(2): by definition (2-1)

(2) —=(3): Since M is multiplication, then by [4,

remark (2-15)], we have [K: M] € [N: M] for each
submodule K of M such that NcK .

Now, to prove that N is a primary sub-module of M
Let reR, and XEM such that rxeN and suppose that

x&N. It is clear that the submodule NcN+(x) =K
and so [K: M] € [N: M] then there exists sE[K:M]

and s¢[N:M] . Thus sSMcK, but SMZN. But SMcK,
implies that rsMcrK=r(N+(x))€N and rs&[N:M].

since[N:M] and s¢[N:M],

is a primary ideal
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r"e[N:M] for some ngZ, . Therefore N is a primary

submodule of M .

(3) —=(1): trivial

Proposition (2.4):

Let M be an R-module, N is a submodule of M then
N is a quasi-essentially pseudo-prime submodule of
M if and only if [N:1] is a quasi-essentially pseudo-
prime submodule of M for every ideal 1 of R .

Proof:

To prove that [N:I] is a quasi-essentially pseudo-
prime submodule of M. We must prove that
[[N:1]:K] is a primary ideal of R for each a quasi-
essentially submodule K of M such that [N:1]cK .
Note that N < [N: I] cK. Now , Let a,bE€R such that

abe[[N:1]:K] and suppose that ag[[N:1]:K] then
abKISN and aKIZN. Hence ablE[N: K]. But [N:K]

is a primary ideal of R and alZ€ [N:K] then
b"e[N:K] for some neZ, , hence b"KENZ[N:I] .

Therefore b" € [[N: 1]: K]

Hence [N: 1] is a quasi-essentially pseudo-prime
submodule of M.

The converse follows by taking I=R .
We end section by studying the be havior of a quasi-
essentially  pseudo-prime  submodules  under
homomorphic image and inverse image .
Proposition (2.5):

Let M and M’ be two R-modules and let ¥: M—*M’

be an epimorphism, if N is a quasi-essentially
pseudo-prime submodule of M then ¥(N) is a
quasi-essentially pseudo-prime submodule of M .
Proof:

To prove ¥*(N) is a quasi-essentially submodule of
M, we must prove that [¥*[N]: K] is a primary ideal
of R, for each a quasi-essential submodule K of M
such that ¥™(N) cK . Leta,b € R such that ab €[¥

Y(N) : K] and so abK < ¥* (N). Hence ¥(abK)S¥
(P*(N)). Thus ab¥P(K)S¥(¥'(N))=N because ¥ is
an epimorphism.Thus abe [N:¥(K)]. Since K is a
quasi-essential in M, then by [6, prop.(2.3) (1)] ¥(K)
is a quasi-essential in M. But ¥"(N) cK, so N=¥ (¥
Y(N)) ¢ ¥(K) and hence [N: ¥(K)] is a primary ideal
. Hence either a € [N:¥(K)] or b" € [N:¥(K)] for
some n € Z, .And so either a(K)< N or b™P(K)<
N Therefore, either ¥ (aK) SN or P(b"K) < N.
That is either aKS¥™ (N) or b"K S¥W(N). Thus a £
[¥(N): K] or b" €[¥1(N): K].

Therefore [¥(N): K] is a primary ideal for each a
quasi-essential submodule K of M such that ¥*(N)
cK . Hence ¥(N) is a quasi-essentially pseudo-
prime submodule of M .
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Propositipn(2.6): .
Let M, M be two R-modules, and let ¥: M—M be an

epimorphism. If N is a quasi-essentially pseudo-
prime submodule of M such that Ker#< N, then
Y(N) is a quasi-essentially pseudo-prime submodule
of M.

Proof:

To prove that W(N) is a quasi-essentially pseudo-
prime submodule of M, we must prove that ['¥' (N):
K] is a primary ideal of R for each a quasi-essentially
submodule K of M’ such that W(N) c K .

Since ¥ is an epimorphism, then K=¥ (¥"(K)) .
Let K=%*(K) which is a quasi-essential submodule
of M by [6, prop.(2.3)(2)].Thus ¥ (K) =K It follows
that ¥ (N) c¥ (K).

To prove that [¥ (N) =¥ (K)] is a primary ideal of R.
Let a, bR such that abe[¥ (N) =¥ (K)], so ab¥(K)

S¥(N). Hence for each xeK , ab¥(X)S¥(N) , so that
Y(abx)=¥(n) for some neN , implies that abx-

neKer?PcEN, and so abxeN for each xeK .Hence
abe[N:K]. But [N: K] is a primary ideal of R,

because N is a quasi-essentially pseudo-prime
submodule of M . so either a €[N: K] or b" €[N: K]

for some neZ, Thus eitherak € Nor b"K € N and

so either a¥(K)S ¥(N) or b"¥¢(K) € ¥(N).
Therefore, either ac[P(N):¥(K)]

b"E[P(N):P(K)]. Thus [¥(N):¥(K)] is a primary

ideal of R and W(N) is a quasi-essentially pseudo-
prime submodule of M .

3-Quasi-essentially pseudo-prime modules

In this section, we introduce the definition of quasi-
essentially pseudo-prime module as a generalization
of prime module .

Definition (3.1):

An R-module M is said to be a quasi-essentially
pseudo-prime module if anngN is a primary ideal of R
for each non-zero a quasi-essential submodule N of
M.

Specially a ring R is called a quasi-essentially
pseudo-prime ring if and only if R is a quasi-
essentially pseudo-prime R-module .

Remarks And Examples (3.2):

1- Every prime R-module is quasi-essentially pseudo-
prime R-module, but the converse is not true, as the
following example shows:

The Z-module Z, is a quasi-essentially pseudo-
prime Z-module because Z, is a quasi-essential in Z,
and <2> is a quasi-essential in Z4, and ann, Z,=4Z
is primary ideal of Z, and ann,(2) =2Z is a prime
ideal, hence it is a primary ideal of Z, but Z, is not
prime because ann,Zs#ann,(N) for each non-zero
submodule N of Z,.

2 — Z as Z-module is quasi-essentially pseudo-prime
Z-module .

or
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3 — The homomorphic image of a quasi-essentially
pseudo-prime R-module is not a quasi-essentially
pseudo-prime module, as the following example
shows:

iz ~Zs IS not a quasi-essentially pseudo-prime Z-
6

module .

The following result gives a characterization for
quasi-essentially pseudo-prime modules.

Preposition (3.3):

Let M be R-module. Then M is a quasi-essentially
pseudo-prime module if and only if (0) is a quasi-
essentially pseudo-prime submodule of M .

Proof:

Suppose that (0) is quasi-essentially pseudo-prime
submodule of M, to prove that M is a quasi-
essentially pseudo-prime module. Since (0) is a quasi-
essentially pseudo-prime submodule, then [(0): K] is
a primary ideal of R, for each a quasi-essential
submodule of M, such that (0)cK . But [(0):K] =
anngK, hence M is a quasi-essentially pseudo-prime
module .

Conversely, suppose that M is a quasi-essentially
pseudo-prime module , to prove that (0) is a quasi-
essentially pseudo-prime submodule of M . Since M
is a quasi-essentially pseudo-prime module , then
anng K =[(0):K] is a primary ideal of R for each a
quasi-essential submodule K of M. Hence (0) is a
quasi-essentially pseudo-prime submodule of M .

The following corollaries are direct consequence of
proposition (3.3).

Corollary (3.4):

Let N be a proper submodule of an R-module M, then
N is a quasi-essentially pseudo-prime submodule ,if

and only if, M isa quasi-essentially pseudo-prime
N

module .

Corollary (3.5):

An R-module M is a quasi-essentially pseudo-prime
module if and only if annyl is a quasi-essentially
pseudo-prime submodule of M, for each ideal | of R .
Corollary (3.6):

Let M be an R-module. Then M is a quasi-essentially
pseudo-prime module, if and only if, \/GynrK =

Vann r'K, for each a quasi-essential submodule K of
M such that rK+(0) , rER .

Proof :

By proposition (3.3) and proposition (2.2) .

Recall that an R-module M is uniform if every non-
zero submodule of M is an essential in M [4] . Since
every essential submodule is a quasi-essential [6]
then we have the following result.

Proposition (3.7):

Let M be a finitely generated uniform R-module.
Then M is a primary module if and only if M is a
quasi-essentially pseudo-prime module.

Proof:

The if part, direct.
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Conversely, suppose that M is a quasi-essentially
pseudo-prime R-module. To prove that M is a
primary module, we must prove that (0) is a primary
submodule of M . Let rx=0 for reR and xeM and

x=0. Since M is uniform then every submodule of
M is a quasi-essential in M. That is (x) N (y) = (0)
foranyy € M, y == 0 and so there exists a non-zero
elements a,be R such that ax = by = 0. But rx=0,
so rax=0. It follows that rax=rby=0 , and so rEanng

(by). Hence re /annr(dY) =y/annr(y) .On the other
hand, since M is finitely generated module, then M =

" Rxi for some x1,x2,...XxnEM. But

annR:n?zlmmR(xi) SO /annrM= \-‘"T:lﬂ’mR(Xi):

n WR(xi).But rEnr, Vannr (xi) so re WRM'
Thus (0) is a primary submodule of M . Hence M is a
primary module .

In the following proposition, we show that the to
concepts prime module and a quasi-essentially
pseudo-prime module are equivalent:

Proposition (3.8):

If M is a uniform R-module, with anngN is semi-
prime ideal of R for each non-zero submodule N of M
then M is a prime, if and only if, M is a quasi-
essentially pseudo-prime module.

Proof:

The If part is direct .

Conversely, To prove that M is a prime module. We
must prove (0) is a prime submodule of M. Let rx=0
for reR , xeM ,xz0. Since M is a uniform every

submodule of M is essential , hence every submodule
of M is a quasi-essential in M. Thus (x)ni(y)==(0) for

any yeM, y=0 and so there exists a non-zero
elements a,beR such that ax=ay==0. But rx=0, so
rax=0. Thus, rax=rby=0 and so r&anng (by). Hence

by corollary (3.6) re \/annr (BY)=\/annr(y). Since
anngN is a semi-prime ideal of R, so rganng(y).
Hence r(y) =0 for any yeM . Thus reanngM. That is

(0) is a prime submodule. Therefore M is a prime

module.

Recall that an R-module M is a quasi-Dedekind if

Hom (M M)~ (0) for each non-zero submodule N of
N’

M [7].

Proposition (3.9):

Let M be a uniform R-module and anngN is a semi-
prime ideal of R for each non-zero submodule N of M
then the following statements are equivalents:

1 — M is a quasi-essentially pseudo-prime module .

2 — M is a prime module .

3 — M is a quasi-Dedekind module .

Proof:
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(1) —=(2): by proposition (3.8) .

(2) —(3): by [5, theo.(3.11)] .

(3) —=(2) by [5, theo.(1.7)] and remarks and examples
(3.2)(1) .

We end this section by the following results:
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