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Abstract

In this paper, we study the necessary condition where a nearly Kahler manifold of flat concircular tensor has
been found. And the relationship between these invariants and additional properties of symmetry concircular
tensor, as well as geometrical sense of the reference (manipulation) in zero of these invariants are studied.

Let M - smooth manifold of dimension 2n; c*(m) - algebra of smooth functions on M; X(M) - the module of

smooth vector fields on manifold of M; g = <, > - Riemannian metrics; V — Riemannian connection of the
metrics g on M; d - the operator of exterior differentiation. In the further all manifold, Tensor fields, etc. objects

are assumed smooth a class C*.
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Definition 1: [5]

Almost Hermition (is shorter, AH) structure on a
manifold M the pair (J, g) ,where J-almost complex
structure.

(J?’=id)onM,g =<.,.>

—(pseudo) Riemannian metric on M .In this case
<JXJY >=<XY >;XY € X(M). Endomorphism J
is called structural endomorphism. Manifold which is
fixed almost manifold M equivalently to the task of
G-structure above M with structural U(n) ,the
elements of space which.

Definition 2: [5]

Almost Hermition structure (J, g) on manifold of M
is called nearly Kahler (more shortly ,NK-) structure
if M the identity is carried out (if M satisfies the
identity )

V(DY +V,(NX =0;X,Y € X(M).
Proposition 3:

Let (M, J, g) - AH- manifold.
Invariant  concircular  transformations metric is
tensor C type (3, 1) determined by the formula

C(X,Y)Z=R(X,Y) —Y, 2)X}. (2)

And called concircular curvature tensor was
introduced will be Reminded Yano[8] on n-
dimensional Riemannian manifold.

Where R-the Riemann curvature tensor, g =(.,.) is
the Riemannian metric and K-is the scalar curvature
X,Y,ZW € X(M) ;

where X(M) is the Lie algebra of C*vector fields on
M.

This tensore
transformations,
i.e. with conformal transformations of space keeping
a harmony of functions.

Definition 4: [6]

Aconcircular curvature tensor on AH-manifold M is a
tensor of type (4,0) and satisfied the relation
e 2 C(X,Y,Z.W)=C(X,Y,Z,W),which is defined as
the form:

C(XYZW) R(X,Y,Z,W)-

n(n SlgX,W)g(v,2) —g(X, 2)9(Y, W)} (3)

Where R is the Riemannian curvature tensor ,g is the
Riemannian metric and K-is the scalar curvature
X,Y,ZW € X(M) .

)

is invariant under concircular
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Where X(M) is the Lie algebra of C*vector fields on
M.

Let's consider properties tensor concircular curvature:
Remark 5:-

The concircular curvature tensor satisfies all the
properties of algebraic curvature tensor:

1) C(X\Y, ZW)=-C(Y,X,ZW);

2) C(X,Y,ZW)=-C(X,Y W,Z);

3) C((X,Y,ZW) +C(Y,Z, X, W)+ C(Z, X, Y, W) =0;
4) C(X,Y,ZW)=C(Z,W,X,Y)=C(Z,W,X,Y); X,Y,ZW €
X(M). (4)

Proof:- we shall prove(1l) and similarly prove the
others

1) C(X,Y,ZW)=R(X,Y,Z,W)- 2(n .
lgX, W)S(Y,Z) — g(X,Z)S(Y, W)]-
o L9, DS W) — g, WIS(X, 2)] =

1
ROKY Z W)= [-g(X, WISV, 2) +

gX,Z)+ S, w)]

+ g, DS W) + g (Y, WIS(X, 2)] =

—C(Y,X,Z,W)
Covarient — tensor concircular curvatare C type (3,1)
have form

C(X,Y)Z
X} ()

Where R-is the Riemannian curvature tensor and K-is
the scalar curvature, X,Y,Z € X(M)

By definition of a spectrum tensor.

C(X,Y)Z= Co(X,Y)Z+C, (X, Y)Z+ Co(X, V) Z+
C3(X,Y)Z+Co(X,Y)Z+C5(X,Y)Z+Cs (X, Y)Z+
C,(X,Y)Z; X,Y,ZEX(M). (6)

tensor Co(X,Y)Z as nonzero. The component can

have only components of the form
{C8 hea C8 peat={C%ea Co%ea);
tensor 61 (X Wz - components of the form
{Cla bed ’ bcd} {C bcd ’ béd} ;
tensor C2 (X Wz - components of the form
{Cza béd » 2 bcd} {C béd » bc& };
tensor C3 (X Wz - components of the form

{ 3 pea+ C3 bcd}_ {Cabcd'cabcd}
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tensor C,(X,Y)Z - components of the
form{ Cy pea Ca bé&} = {Caﬁcd'cabé&} :

tensor Cs(X,Y)Z - components of the form
{C 5car €8 bea}t =1{C%car Cohea}s

tensor Ce(X,Y)Z - components of the form
{Ce5ear Cs boa} =1Ce bearCs beal)s

tensor C,(X,Y)Z - components of the
form{C7 504 C5' bea } ={C%¢ar Copea ) -

Tensors Cy, = Co(X,Y)Z, C;, =C,X,Y)Z, ....C; =

C,(X,Y)Z.

The basic invariants concircular AH-manifold will be
named.

Definitidcon 6:-

AH - manifold for which €;=0, AH- manifold of class

C,i=0,1,....7.

Theorem 7:

1) AH- manifold of class C, characterized by
identity

C(X,Y)Z-C(X,JY)IZ-C(IX,Y)IZ-C(IX,JY)Z-IC(X,Y)J
Z-JC(X,JY)Z- JC(IX,Y) Z

+JC(IXJIY)IZ=0, X)Y,Ze€X(M). (7

2) AH - manifold of class C, characterized by
identity
C(X,Y)Z+C(X,JY)IZ-C(IX,Y)IZ+C(IX,IY)Z+IC(X,Y)
JZ-IC(X,JY)Z-IC(IX,Y) Z

—JC(IXJIY)IZ=0, X,Y,Z € X(M). (8)

3) AH - manifold of class C, characterized by
identity
C(X,Y)Z-C(X,JY)IZ+C(IX,Y)IZ+C(IX,IY)Z-IC(X,Y)J
Z-JC(X,JY)Z+IC(IX,Y)Z

—JC(IX,JY)JZ=0, X,Y,Z € X(M). 9)

4) AH - manifold of class C; characterized by
identity
C(X,Y)Z+C(X,JY)IZ+C(IX,Y)IZ-C(IX,IY)Z-IC(X,Y)J
Z+JC(X,JY)Z+IC(IX,Y)Z

+JC(IX,IY)IZ=0; X,Y,Z € X(M). (10)

5) AH- manifold of class C, characterized by identity
C (X,Y)Z+C (X,JY)JZ+C (IX,Y)IZ-C (IX,JY)Z+JC
(X,Y)JZ-JC (X,JY)Z-IC (IX,Y)Z

—JC (IX,JY)JIZ=0; X,Y,Z € X(M). (11)

6) AH - manifold of class Cs characterized by
identity
C(X,Y)Z-C(X,JY)IZ+C(IX,Y)IZ+C(IX,IY)Z+IC(X,Y)
JZ+JC(X,JY)Z-IC(IX,Y)Z

+JC(IX,IY)IZ=0; X,Y,ZEX(M). (12)

7) AH- manifold of class C, characterized by identity
C(X,Y)Z+C(X,JY)IZ-CK(IX,Y)IZ+C(IX,IY)Z+IC(X,Y
)JZ-JIC(X,JY)Z+IC(IX,Y)Z

+JC(IX,JY)IZ=0; X,Y,ZEX(M). (13)

8) AH - manifold of class C, characterized by
identity

C (X,Y)Z-C (X,JY)JZ-C (JX,Y)IZ-C (IX,JY)Z+JC
(X,Y)JZ+IC (X,JY)Z+JC (IX,Y)Z
—JC (IX,JY)IZ=0; X,Y,ZEX(M).
Proof:-

1) Let AH- manifold of class C, , the manifold of
class C, characterized by a condition

Co pog = 0,01 Cpog =0

i.e. [C(e. €4)€p]%,.

(14)
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N
on Di,

As o a  projector that
oo {C(ox,0y)oz} = 0;

e (d-V-1){cX -V-1JX,Y —V-1JV)(Z -
V=1jz)}=0.

Removing the brackets can be received: i.e.
C(X,Y)Z-C(X,JY)-C(IX,Y)IZ-C(IX,JY)Z-
JC(X,Y)IZ-IC(XJY)Z-JC(IX,Y)+IC(IXJIY)IZ-
V=1{CX,NJZ+CX,JZ+CJX,V)Z —
CUX,JY)]Z}

JcX,Y)Z - JCc(X,JY)]Z — JCJX,Y)]Z —
JC(UX,,JY)Z}=0

i.e

1) C(X,Y)Z-C(X,JY)IZ-C(IX,Y)IZ-C(IX,JY)Z-
JC(X,Y)JIZ-IC(X,JY)Z-JC(IX,Y)Z+IC(IX.JY)IZ=0
(15)

2) C(X,Y)JZ+C(X,IY)Z+C(IX,Y)Z-C(IX,IY)IZ+IC(X
,Y)Z-JIC(X,JY)IZ-IC(IX,Y)IZ-IC(IX,JY)IZ=0 (16)
These equalities (15) and (16) are equivalent. The
second equality turns out from the first replacement Z
on JZ.
Thus AH - manifold of class C, characterized by
identity

C(X,Y) Z — C(X,JY)IZ —C(IX,Y)IZ — C(IX,IY)Z —
JC(X,Y)JZ —IC(X,JY) Z — IJC(IX,Y) Z + JC(IX,IY)IZ
=0, X,Y,ZeX(M). (17)
Similarly considering AH - manifold of classes C;-
C, can be received the 2,3,4,5,6,7 and 8.
Theorem 8:
We have the following inclusion relations

1) Cy = C5 = C5 =Cs.

2)C,=-C,.

Proof:-

1) we shall prove Cs = Cy and similarly prove the
others.

For an example we shall prove equality Cs = Cs.

Let (M, J, g) is AH- manifold of class Cs , i.e
Ci.5.Then according to (4) we have Cf,, =0, ie.
The AH- manifold is manifold of class C, Back, let M
- AH- manifold of class C4, then Cg.,, so, according
to (4) and Cf.; =0.
Thus, classesCsandCy AH — manifold coincide.
2) prove inclusion C; = —C,.Let (the M, J, g)-AH-
manifold of a class C,,i.e. take place equality

“ bac = 0 . According to property (4) we

bed =
have:
Clgcd + CcadB + C;BC =0,ie Clglcd =0.
This the AH-manifold of a class C;
manifold.

Putting (Folding) equality (8) and (9) we shall receive
identity describing AH- manifold of class C,=— C,.
C(X,Y)Z+C(IX,IY)Z+IC(X,Y)IZ-IC(IX,IY)IZ=0;
X,Y,Ze X(M)  (18)

From equality (7), (10), (12), (13) we shall receive
the identity describing AH- manifold of classes C,=
C3=C 5 =C4 = C,.

C(X,Y)ZHIC(IXJIY)Z =0; X,Y.ZE X(M).
Definition 9: [7]

_CZ iS AH'

(19)
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Let (M, J, g) be NK- manifold of dimension 2n, K
- tensor conharmonic curvature.

that components tensor Riemann- Christoffel on
space of the adjoint, G-structure will be Reminded [5]
look like:

dhpy .

D Rou =Ry =05 2) R =Ry = Ac —B™ By
b bah

3) Rbcd = R;cd =0; 4) Rbcd = _R;ﬁc =—A; +BT B

B)R:. =R% =0; 6)R:, =2B™B,; 7)RE, =0;

béd
8) Rbcd =R%, =0; 9)Ra =2B*"B,,; 10)RZ, =0.
(20)
and the components of Ricci tensor S on space of the
adjoint G-structure look like:
1S, =0;2)S, =0, 3)S, =5, = A% +38<B,,. (21)
At last scalar curvature y nearly Kahler manifolds
in the space of the adjoint G-structure is calculated
under the formula

x = 2A% 4+ 6B*°B,, . (22)
Theorem 10:-
The components of the concircular tensor of NK-
manifold in the adjoint G-structure space are given by
the following forms

1) Capca = Apd+ Zn(n+1)5 (23)
K
)Cabea = ~Aba = guonrs; Ovi (24)

And the others conjugate to the above components or
equal to zero .

Proof :

By using definition(9) we compute the components of
concircular tensor as the following :

1) Puti=a,j=b, k c,l=d

Cabca = Rabea —~ 4n(n+1) o7 Wad ve — YacYpa} = 0.
2) Puti=a,j=b, k c,l=d

Cabca= Ravca — 4n(n+1) 1 9aa9sc — GacGva} = 0.
3) Puti=a,j=bh, k candl=d
Cabea=Rabea — 4n(n+1) ———{9aa95c — Yac9pa} =0
4) Puti=a,j=b, k—c and 1=d

Cavea= Rapea — 4n(n+1) 7 9aa9ve = GaeGpa} = 0.
5) Puti=a,j=b, k—cand I=d

Capca = Rapea — 4-n(n+1) ———{9aa9pc — Gac9pa} = 0.
6) Puti=a,j=>h, k—c I=d

Cabea = Rabea — 4n(n+1) o Wav9he — 9acgbal = 0.
7) Puti=a, j=b, k—cand I=d

Cavea = Ravea — 4n(n+1) 7 Gange — gaégbd}
Canea=— AB — yros 0405 — 7oy 10465 +
28,64}

Cabca = Aba — 4n( ) (26465 + 26,643
Canca==A55 ~ 3mors; 556,

where 5§35=6285+5365 is the kroneker delta of the
second type.
8) Puti=a,j=b,k=c andl=d
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K
Capca=Rapca -4n(n+1) {gd&gbc - gdcgb&}
—gad, K a d a asd
Cade Abc 4n(n+1) b+4n(n+1) {5 6b + 25176 }

K d
C _Aad Sa
abcd bc 2n(n+1) bc

By using the properties of concircular tensor we
obtained :
Cipca= Capeq as follows :

Cé_bdc Cﬁ_bcd K
CAhdc A%g 2n(n+1) gg
Therefore,
Cansys=—A% — K Sac
abcéd bd 2n(n+1) bd
In above theorem me calculated components

concircular tensor curvature on space of the adjointe
G-structure for NK-manifolds and we C;andC, have
only other components concircular curvature tensor
are equal to zero .

i.e for NK-manifold only two concircular curvature
tensor donts equal zero.
Cywith  component

component {Cfq, C2 1},
In the theory of almost Hermitian structures, there is
a principle of classification of such structures on
differential-geometric invariants of the second order
(symmetry properties of Riemann-Christoffel tensor).
The principle put forward by A. Gray and generated
in a number of their works are put depented on the
basis  ([1], [2], [3]), according to which key to
understanding of differential -geometrical properties
Kahler manifolds identities with which satisfies them
Riemann curvature tensor are:
Ri:(R(X,Y)Z,W) = (R(JX,]Y)Z,W);
Ry (R(X,Y)Z,W)

=(RUX,JY)Z, W)

+(RUX,Y)]Z, W)

+(RUX,Y)Z,JW);
R3:(R(X,Y)Z, W) = (RUX,] Y)]Z,JW);
Definition 11:- [5]
AH -structures, tensor R which satisfies to identity Ri,
are called the structures of class R;. If 6 — AH - any
subclass of AH-structures designation 8 N R;=0where
i=1,23.[4]
well - known that C ¢ Ryc R, cR; [4] So it is
natural to expect that among AH-manifolds for
differential - geometrical and topological properties
closest to the kahler manifold class, manifold class,
R;manifold class R, and at last manifold of class R5.
The manifold of class R, while having no special
items were introdused into consideration by A.Gray's
in connection with studying nearly Kahler manifold
whereas NKc R,, and were considered Gray and
Vanhecke [3] ,Watson and Vanhecke, and other
authors.
Let (M, J, g) - nearly Kahler manifold of dimension
2n,C concircular curvature tensor.
Definition 12:-
The manifold (M, J, g) refers to as manifold of a
class:

(e, Cogland C,  with
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1.C if <CX,VZ,W >=<CX,Y)]ZJW >;
2.C,if <CX,V)Z,W >=< C(X,JVZ,W > +<
CUX,Y)JZ,W > +< CUX,Y)Z,JW >;
3.Cif <CX,Y)ZW >=<C(X,JY)]Z,JW >.
(25)
Note 13.
From equation (19) follows that NK - manifold of
class Co= C;3 =Cs = Cg are also manifold of a
class Cs.
Sense of the specified identities of curvature it is
most transparent it is shown in terms of a spectrum
concircular curvature tensor.
Theorem 14:-
Let 8 = (J, g = <x, x>) is nearly Kahler structure.
Then the following statements are equivalent:
(1) - Structure of a class Cs;
(2) C(O) = 0, and
(3) On space of the adjoint G-structure identities
Cfoq o are fair.
proof.
Let 6 - structure of a class C;. Obviously, it is
equivalent to identity C(X,Y)Z + JC(IX,JY)JZ = 0 ;
X,Y,Z € X(M). By definition of a spectrum tensor
C(X,Y)Z: C(O) (X, Y)Z+ C(I) (X, Y)Z‘l' C(Z)(X, Y)Z+
Cay(X, Y)Z+Ciay (X, Y)Z+C 5y (X, Y)Z+C iy (X, V) Z+
Corn(X,Y)Z ; X.Y,ZE X(M)
JeCUX,JY)Z=]oCio)UX, IV Z+]oCaty UX, JY)]Z +
JoCyUX,JY)]Z+
JoCeayUX,JY)]Z+]CoayUX,JY)]Z+]oCis5)JX,]Y)] Z
+]oCieyUX,JY)]Z+]oCi7)(JX,]Y)]Z=C0)(X,Y)Z~
Coy(X, Y)Z~Cay (X, Y)Z+C 3y (X, Y)Z—~Coy (X, Y)Z +
Cis) (X, Y)Z+Cio) (X, YV)Z-Cry(X,Y)Z ; X Y, Z €
X(M).
Putting term by these identities, will be received:
C(X,Y)Z+ICIX,IY)IZ={C(oy(X,Y)Z +
Cay X, Y)Z + Cis) (X, Y)Z + Ci) (X, V) Z}
With means, the identity C(X,Y)Z + JC(JX,JY)JZ =0
is equivalent to that

CoyX,Y)Z + C3y(X,Y)Z + C(s5) (X, Y)Z

+ Coy(X,V)Z

and this identity is equivalent to identities Cg o) =
(i = Ci) = Ce) = 0.
According to properties (4), the received identities
on space of the adjoint G-structure are equivalent to
relations:
Cl?cd l;lé& = C%c& =V
By virtue of materiality tensor C and its properties(4)
received relations which are equivalent to relations
Clglcd =0 ,i.e. |dent|ty C(O)(X, Y)Z =0.
The opposite, according to (19), obviously
Theorem 15:-
Let 8 = (J, g = <-,->) is nearly Kahler structure, then
the following statements are equivalent:
(1) 8- Structure of a class C,;
(2) C(O) = 6(7) = 0, and
(3) On space of the attached G-structure identities

a :
Cyzq = 0 are fair.

a _
Cbcd -
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Proof:

Let 6 - structure of a class C,. We shall copy identity
C, in the following form.

With everyone composed this identity will be painted
according to definition of a spectrum tensor:

1) CX, Y)Z = Coy(X,Y)Z + Ch(X,V)Z +

Coy(X.NZ + Cou(XVZ + CuKV)Z +
CoX,Y)Z +Ce)(X,Y)Z + K7 (X,Y)Z;

2) CEXIV)Z = CoyUXJY)Z + CoyUX,JV)Z +
CoyUX,INZ + CoyUXJY)Z + Cay UXJY)Z +
CeUXYV)Z + CeyUX,JY)Z + Cy(UX,JY)Z = —
CoXZ  + CyENZ + CopXV)Z -
Coy(X.NZ- Cp(XVZ + ComKV)Z +
Coy(X.V)Z - Coy(X,Y)Z.

3) CUXYNZ = CoyUX,Y)JZ + Coy(UX,Y)JZ +
CoyUX,VZ + CoyUX,V)Z+ Cay UX,Y)Z +
CoUX.Y)Z + Cey(UX,Y)]Z + Cy(UX,Y)]Z = —
CoXVZ - CoyXNZ+ CpKNZ +
CoyXZ+  Cay K NZ + CoKNZ -
CoXVZ - CoyX,Y)Z

4) JCUX\Y)Z = JCo,)UX,Y)Z + JC)(X,Y)Z +]
CyUX.NZ + JC3UX,V)Z+ JCuy (X,Y)Z +]
CsyUX.NZ + JCoyUX,VVZ + JCh(JX,Y)Z = —
Coy(X,V)Z CyX,VZ + CopX.Y)Z +
Ca(X,Y)Z-  Cuy (X, V)Z Cs(X,Y)Z  +
Coy(X.Y)Z +Co(X,V)Z

Substituting these decomposition in the previous
equality, we shall receive:

C(X,Y)Z-C(IX,JY)Z-
C(IX,Y)IZ+IC(IX,Y)Z+IC(IX,Y)Z=

2{ Cloy X, Y)Z + C3)(X,Y)Z + C() (X, Y)Z +
CoHX,Z }

This identity is equivalent to that

CHX,Y)Z=0

and these identities on space of the adjoint G-
structure are equivalent to identities

Chea = Cpea =

By virtue of materiality tensor C and his properties
(4), the received relations are equivalent to relations:
i.e. to identitiesCy ) (X,Y)Z =

a
Chea =

a —ca .
CBéd _Cbéd-

Chea = Cgéav
CoyX.VZ.
Back, let for NK- manifold identities Co(X,Y)Z
= C»(X,Y)Z =0 are executed.
Then from (10) and (17) have:
C(X,Y)Z-C(X,JY)IZ-C(IX,Y)IZ-C(IX,JY)Z=0
i.e.
C(X,Y)Z=C(IX,Y)IZ=C(IX,JY)Z=C(X,IY)Z
In the received identity instead of C(X,JY)Z we
shall put the value received from (17) replacement Y
—JY and Z - JZ, i.e C(XJY)JZ=-IC(IX,Y)Z.
Then:
C(X,Y)Z=C(IX,JY)+C(IX,Y)IZ-JC(IX,IY)Z
i.e.
Thus, the manifold satisfies to identity C,.
The following theorem is similarly proved.
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Theorem 16:-

Let 8= (J, g = <x, x>) is nearly Kahler structure.
Then the following statements are equivalent:

(1) 8 -structure of a class C;;

(2) Co) = Cay = C7) = 0

(3) On space of the attached G-structure
identitiesCy.; = Cp.; = Cpsg are fair.
proof :

Let - structure of a class C;. Obviously, it is
equivalent to identity

<C(X, Y)Z, W>=<C(X, Y)JZ, JW >

and we get C(X,Y)Z+JC(X,Y)Jz=0; X,Y,Z€
X(M) .

By definition of a spectrum tensor

1) C(X, Y)Z = C(O)(X, Y)Z + C(l) (X, Y)Z + C(Z) (X,
Y)Z + Czy (X, V)Z + Cay (X, Y)Z + Ci5y (X, Y)Z +
Cie)y X, )Z+Cry X, V)Z 5 X, Y, Z€EX(M).

2) Jo C(X,Y)Z=1Jo Coy(X,Y)]Z+ Jo C(1y(X,Y)]Z
+Jo C(Z)(X, Y)]Z +
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