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ABSTRACT 
In this study, the interacting Boson Model (IBM-1) was used to 

find the best Hamiltonian structure for studying the 𝑀𝑜42
96,98

 

structure. For generating the Hamiltonian structure, the 

calculated energy levels (ground, beta, and gamma bands) and 

B(E2) transitions for 𝑀𝑜42
96,98

 were explored using the optimal 

parameter values. According to this study and the IBM test 

findings, 𝑀𝑜42
96,98   are stable isotopes of Molybdenum, and their 

transition behaviors are close to the SU(5) limitations. When 

comparing the findings to the experimental data, they 

demonstrated a good agreement. 
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𝑴𝒐𝟒𝟐دراسة التركيب النووي لـ )
 ( باستخدام نموذج البوزونات المتفاعلة الأول 𝟗𝟔,𝟗𝟖

   غفوربيرون نصرالدين 
  46001العراق  -السليمانية -جامعة السليمانية -كلية التربية - قسم الفيزياء

 الملخص 

).لإيجاد أفضة  هكل  هايكلدوني لدراسة  يةك    (IBM-1) المدفاعل  البوزونات نموذج في هذه الدراسة  م  اسةدادا  𝑀𝑜42
96,98

لدولكد هايلدونكان ، م    (

) لةةةة B (E2) اسدلشاف يسدويات الطاق  المحسوي  )الأرضي ، يكدا ، وجايا( واندقالات 𝑀𝑜42
96,98

ياسدادا  أفض  قك  المعلمات المةاسب . وفقاً لهذا  (

) ، فإن IBM البحث وندائج اخدبار 𝑀𝑜42
96,98

عةد يقارن   SU(5). هي نظائر يسةةةدقرن يل المولكبديةو  ، وسةةةلو كامها الاندقالك  مقدرد يل  دود (

 .الةدائج يالبكانات الدجريبك  ، فإنها مظهر موافقاً جكداً

 

Introduction  

A substantial amount of research has gone into studying the shape and properties of complex nuclei, which has led 

to the development of several nuclear models. As a result, approximations must be used to grasp the structure of 

complex atomic nuclei. The structure of the nuclei affects the selection of an appropriate estimate. Arima and 

Iachello created the Interacting Boson Model (IBM) to study the structure and activity of even-even nuclei. This 

IBM is based on both the well-known shell model and mathematical group atomic nucleus models [1, 2]. 

Despite its comparatively basic construction, this model has the potential to be a powerful instrument. Furthermore, 

it is of great scientific significance because it demonstrates the dynamical symmetries of several nuclei, which are 

made visible using Lie algebras. The basic concept is that the low energy group degrees of freedom in nuclei can 

be represented by proton and neutron bosons with spins of 0 and 2. Because the bosons could be couples of holes 

or particles, the IBM-1's s (L=0) and d (L=2) bosons have six sub-states and thus form a six-dimensional universe. 

This leads to a definition in terms of the six-dimensional unitary group, U(6). As a consequence, using group-

theoretical techniques, many of the IBM-1's distinguishing features can be found and expressed analytically. The 

primary distinguishing feature of IBM-1 is that both bosons (neutron and proton) are identical. The various 

reductions of U(6) result in three dynamical symmetries known as SU(5), SU(3), and O(6), which are pertinent to 

the spherical vibrator, deformed rotor, and asymmetric (γ-soft), in that sequence [3-5]. 

The current study aims to evaluate the dynamical symmetry, energy levels, B(E2), and quadrupole moment values 

of 𝑀𝑜42
96,98   within the (IBM-1) context. 

2. Theoretical Basis of IBM-1  

Interacting Boson Model (IBM-1) is a theoretical model used to describe the collective behavior of atomic nuclei. 

It is based on the assumption that atomic nuclei can be viewed as systems of interacting bosons, which represent 

pairs of nucleons (protons and neutrons) that are coupled together in the nucleus. In IBM-1, the Hamiltonian 

structure describes the interactions between pairs of s-bosons and pairs of d-bosons in the atomic nucleus. The 

IBM-1 Hamiltonian structure takes the form of [1, 2]: 

 

�̂� = ɛ (nd) + ao (�̂�. �̂�) + a1(�̂�. �̂�)  + a2(�̂�. �̂�)  + a3(�̂�3. �̂�3) + a4(�̂�4. �̂�4)             ………….. (1)   

           

Where ɛ, ao, a1, a2 , a3 and a4 are the model parameters, P, L, Q, T3 and T4 are the pairing, angular momentum, 

quadrupole, octopole and hexadecapole operators, respectively. nd is the      d-boson number operator, and all 

operators in the Hamiltonian structure are as follows [1-4]: 

 

�̂� = 
1

2
 [( 𝑑 ̃. �̃�) − (�̃�. �̃�) ] = 

1

2
 (�̃�2  − �̃�2)    

  

Tl = [𝑑†⊗ �̃�]l     l=0,1,2,3,4,…   

                                                                                              

�̂� = √10 [𝑑†⊗ �̃�]1 = √10�̂�1 ,  

  

�̂� = [𝑑†⊗ �̃� + s†⊗ �̃�]2  − 
√7

2
 [𝑑†⊗ �̃�]2 = [𝑑†⊗ �̃� + s†⊗ �̃�]2  − 

√7

2
 T2    
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�̂�3 = [𝑑†⊗ �̃�]3 ,   

 �̂�4 = [𝑑†⊗ �̃�]4 ,    

  �̂�d=  √5�̂�0         

The E2 operator is used to compute the B(E2) values. The quantity of bosons must be conserved because the E2 

transition operator (electric quadrupole transition operator) must be a Hermitian tensor of rank two. The universal 

E2 operator can be written with these restrictions:  

T(E2) = 𝑒𝐵  [(𝑑† �̃� + s† �̃�) + χ(𝑑† �̃�)(2)] = 𝑒𝐵Q                                  --------------------    (2) 

Here 𝑒𝐵 represents the effective boson charge. The metric χ specifies the relevance of the two terms. The E2 

operator, which shares the same structure as the Q operator in the Hamiltonian structure, consists of a single 

component which alters nd by unity and another that leaves nd unaltered with the ratio of the two components 

determined by the χ variables [5-9].  

3. Results and Discussion 
     By using the parameters in tables (1) in the Hamiltonian equations of IBM-1, the result for low-lying positive 

parity energy spectra was obtained for 𝑀𝑜42
96

 and 𝑀𝑜42
98

 , respectively. These low-lying energy spectra obtained by 

IBM-1 were within the SU(5) limit for both isotopes. The IBM-1 Hamiltonian structure was constructed and solved 

in the SU(5) basis by using computer program code PHINT [10]. The parameters were free that were determined 

to almost exactly reproduce the excitation-energy of all positive parity levels. 

Table 1: The IBM-1 Hamiltonian parameters used in the present study for the IBM-1 calculation of  𝑀𝑜42
98

  isotope  

𝑴𝒐𝟒𝟐
𝟗𝟖  

𝝐 
    (MeV) 

𝑎0.    
(MeV) 

𝑎1    
(MeV) 

𝑎2    
(MeV) 

𝑎3       
(MeV) 

𝑎4        
(MeV) 

CHI SO6 

0.4310 0.0150 0.0099  0.0230 0.0541 0.0112  0.000 1.0000 
0.4480 0.0140 0.0000  0.0230 0.0541 0.0112  0.000 1.0000 

The most accurate fit to the Hamiltonian variables Eq.(1) utilized in this inquiry is shown in table (1), producing 

an excellent match with the estimated energy levels in the project and the associated experimental data for 𝑀𝑜42
96  

[11, 12], as seen in figure 1. 

 
Figure (1): a comparison between the experimental and IBM-1 low–lying positive parity states of the ground, 

beta and gamma bands for 𝑀𝑜42
96  

Table (1) also shows the best match for the Hamiltonian parameters Eq.(1) utilized in this investigation, giving the 

greatest alignment between the computed energy levels in this work and their associated experimental results for 

𝑀𝑜42
98   [13, 14], as shown in figure 2. 
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Figure (2): a comparison between the experimental and IBM-1 low–lying positive parity states of the ground, 

beta and gamma bands for 𝑀𝑜42
98  

The boson E2 operator in IBM-1, equation (2), was used for calculating the E2 transition rates and the quadrupole 

moments for the low- lying excited states of the considered 𝑀𝑜42
98 . According to this concept, the value of the IBM-

1's effective charge 𝑒𝐵 was obtained by normalizing to 𝐵(𝐸2: 21
+ → 01

+) experimental data. The (IBMT-code) 

B(E2) values employed in the present investigation are shown in table 2.   

Table 2: The experimental [11-16] and calculated value of B(E2) transition  and quadrupole moments for 

𝑀𝑜42
96,98

. 

Parameters  𝒆𝑩 = 𝟎. 𝟏𝟐𝟑𝟎𝟎 𝒆. 𝒃 𝛘 = −𝟏. 𝟑𝟓𝟎𝟎 𝑺𝑶(𝟔) = 𝟏. 𝟎𝟎𝟎 𝒆𝑩 = 𝟎. 𝟏𝟐𝟑𝟎𝟎 𝒆. 𝒃 𝛘 = −𝟏. 𝟑𝟓𝟎𝟎 𝑺𝑶(𝟔) = 𝟏. 𝟎𝟎 

Isotopes  𝑀𝑜42
96 . 𝑀𝑜42

98 . 

𝑩(𝑬𝟐) 𝒆𝟐𝒃𝟐   /    𝑸(𝑱)𝒆. 𝒃 
Exp. IBM-1 Exp. IBM-1 

𝑩(𝑬𝟐: 𝟐𝟏
+ → 𝟎𝟏

+)  0.05405(0.078%) 0.0563 0.05368(0.107%) 0.05610 

𝑩(𝑬𝟐: 𝟐𝟏
+ → 𝟎𝟐

+)   0.0249 0.05636(0.537%) 0.03640 

𝑩(𝑬𝟐: 𝟐𝟐
+ → 𝟎𝟏

+)  0.0031(0.026%) 0.0018 0.00011(0.01%) 0.00024 

𝑩(𝑬𝟐: 𝟐𝟐
+ → 𝟎𝟐

+)   0.0206 0.02147(1.879%) 0.02390 

𝑩(𝑬𝟐: 𝟐𝟑
+ → 𝟎𝟏

+)   0.0001 0.00258(0.019%) 0.00013 

𝑩(𝑬𝟐: 𝟐𝟑
+ → 𝟎𝟐

+)   0.0629 0.0644(0.215%) 0.07920 

𝑩(𝑬𝟐: 𝟐𝟐
+ → 𝟐𝟏

+)  0.0470(0.78%) 0.0667 0.01610(1.34%) 0.01100 

𝑩(𝑬𝟐: 𝟐𝟑
+ → 𝟐𝟏

+)   0.0007 0.11809(1.07%) 0.12310 

𝑩(𝑬𝟐: 𝟐𝟑
+ → 𝟐𝟐

+)   0.0334  0.04290 

𝑩(𝑬𝟐: 𝟒𝟏
+ → 𝟐𝟏

+)  0.10444(2.09%) 0.1097 0.12346(1.34%) 0.12310 

𝑩(𝑬𝟐: 𝟒𝟏
+ → 𝟐𝟐

+)   0.0086  0.01010 

𝑩(𝑬𝟐: 𝟒𝟏
+ → 𝟐𝟑

+)   0.0334  0.04290 

𝑩(𝑬𝟐: 𝟒𝟐
+ → 𝟐𝟏

+)  0.00496(0.157%) 0.0032  0.00310 

𝑩(𝑬𝟐: 𝟒𝟐
+ → 𝟐𝟐

+)  0.06005(1.83%) 0.0630  0.08300 

𝑩(𝑬𝟐: 𝟒𝟐
+ → 𝟐𝟑

+)   0.0222  0.02580 

𝑩(𝑬𝟐: 𝟒𝟑
+ → 𝟐𝟑

+)   0.0922  0.1261 

𝑩(𝑬𝟐: 𝟒𝟐
+ → 𝟒𝟏

+)   0.0573  0.07540 

𝑩(𝑬𝟐: 𝟔𝟏
+ → 𝟒𝟏

+)   0.1204  0.15840 

𝑩(𝑬𝟐: 𝟖𝟏
+ → 𝟔𝟏

+)   0.1264  0.17510 

𝑸𝟐𝟏
+  −0.20−0.08

+0.08 -0.3001 −0.26−0.09
+0.09 -0.39740 
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The results of this study for B(E2) transitions and quadrupole moment values are in a good agreement with the 

experimental values. 

The energy ratios (
𝐸41

+

𝐸21
+), (

𝐸22
+

𝐸21
+), and (

𝐸61
+

𝐸21
+)  of the selected 𝑀𝑜42

96,98
 isotopes were calculated in the frame work of 

IBM-1 together with their corresponding experimental values, as shown in figures (3 and 4) for 𝑀𝑜42
96  and 𝑀𝑜42

98
 , 

respectively. The figures demonstrate that both isotopes of molybdenum evidence are considered a vibrational 

symmetry of SU(5) chain group since they are stable and have (
𝐸41

+

𝐸21
+) ratio values close to the SU(5) chain group. 

In general, the IBM-1 computations of the aforementioned ratio values agree with the experimental energy ratio 

values.  

Figure (3): the experimental and calculated values of the energy ratios (
𝐸41

+

𝐸21
+), (

𝐸22
+

𝐸21
+), and (

𝐸61
+

𝐸21
+) for 𝑀𝑜42

96 . 

Figure (4): the experimental and calculated values of the energy ratios (
𝐸41

+

𝐸21
+), (

𝐸22
+

𝐸21
+), and (

𝐸61
+

𝐸21
+) for 𝑀𝑜42

98 . 

2.091 2.17
2 21.91 1.9095

3.13
3.25

0

0.5

1

1.5

2

2.5

3

3.5

EXP. IBM-1

(E4/E2) (E4/E2)-SU(5) (E2/E2) (E6/E2)

1.92 1.912 2
1.82 1.85

2.98 2.99

0

0.5

1

1.5

2

2.5

3

3.5

EXP. IBM-1

(E4/E2) (E4/E2)-SU(5) (E2/E2) (E6/E2)

https://doi.org/10.25130/tjps.v28i6.1327


  

 

  
Tikrit Journal of Pure Science (2023) 28 (6): 58-65 
Doi: https://doi.org/10.25130/tjps.v28i6.1327  

 

63 

The dynamical symmetry properties according to IBM-1 can be investigated by knowing the ratio 
𝐸41

+

𝐸21
+. If the ratio 

is near to 2, the nuclei will behave like a vibrational of the group chain SU(5) or will be stable. Figure (5) depicts 

both stable molybdenum characteristics, such as vibrational nuclei in the SU(5) group chain.   

 

Figure (5): the experimental and calculated values of the energy ratios (
𝐸41

+

𝐸21
+) according to the SU(5) dynamical 

symmetry 

The ratio 𝐵(𝐸2: 41
+ → 21

+)/𝐵(𝐸2: 21
+ → 01

+) is a component of nuclei structure. As a result, the ratio obtained in 

the present work is the best fit agreement to the experimental data [16], as illustrated in table (3). 

Table 3: Comparison between experimental and calculated values of the ratio                                        

 𝐵(𝐸2: 41
+ → 21

+)/𝐵(𝐸2: 21
+ → 01

+) for 𝑀𝑜42
96,98

.. 

Isotopes Exp. [12, 13] IBM-1 

𝐌𝐨𝟒𝟐
𝟗𝟔  1.932285  1.9484 

𝐌𝐨𝟒𝟐
𝟗𝟖  2.299 2.1943 

 

The good agreement between theoretical and experimental B(E2) values motivated extending 
the results to neutron-rich nuclei. The B(E2) transition ratios are useful tools for explaining nuclear structural 

features. Figures (6 and 7) compare between the observed and theoretical ratios of the B(E2) transition for both 

molybdenum isotopes [17].  
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Figure 6: the comparison between the experimental and IBM-1 ratios of  𝐵(𝐸2: 𝑗𝑖
+ → 𝑗𝑓

+)/𝐵(𝐸2: 𝑗𝑖
+ → 𝑗𝑓

+)   for 

𝑀𝑜42
96

 nuclide 

Figure 7: the comparison between the experimental and IBM-1 ratios of  𝐵(𝐸2: 𝑗𝑖
+ → 𝑗𝑓

+)/𝐵(𝐸2: 𝑗𝑖
+ → 𝑗𝑓

+)   for 

𝑀𝑜42
98

 nuclide 

Conclusion  
IBM-1 was used to calculate the theoretical values for the isotopes Mo 42

96,98
 with a proton number of 42. These 

isotopes had six and seven bosons, respectively, and were stable nuclei with SU(5) dynamical symmetry according 

to the present study. The energy levels of the low-lying positive parity states and the B(E2) values for these isotopes 

were obtained through using IBM-1, and then were compared with experimentally observed values. The results 

indicated a high degree of consistency, indicating that IBM-1 is capable of describing the energy levels of these 

isotopes. Furthermore, according to the current findings, additional investigation on " Mo 42
96,98  isotopes" B(E2) 

values will be required in order to identify the strength of E2 transitions. 
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