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1. Introduction

A graph G = (V, E) where V is a finite set of vertices
denoted by V(G) and E is a finite set of edges
denoted by E(G) When we say V(G) we mean the set
of vertices vy, ...,v, and E(G) we mean the set of
edges of G ey, ...,e,. This paper works with the
relationship between graph theory, liner algebra and
topological surfers, by using matrices and sphere. We
are working here on the plane graph, which is a graph
that can be drawn in the plane where there are no
intersections between its edges.

Presented interesting Arabic book on graph theory, in
which define the adjacency matrix and incidence
matrix[1]. Studied the graph and its basic
concepts[2]. Presented graph theory, basis concepts
and some matrices[3].

Euler’s discovered the fundamental theorem in graph
theory, also studied [4] the graph with its matrices, it
also presented known graph and referred to the
incidence and adjacency matrix. the basic concepts of
the graph and presented some types of graph[5].

The closest study to our paper [6] it worked with
plane graphs and their dual for some graphs such as
the cobweb graph and the P, graph. And [7] also

ABSTRACT

This work aims to discuss the adjacency matrices,

Incidence matrix and Degree matrix of some types plane
graphs we usually used them, as complete graphs, cycle
graph,...,ect. To find the dual of graph and transformation of
the graph and their dual for some theorems to prove general
cases.

referred to the matrices related to the theory of the
graph and the various relationships that presented
some of the known graph and the adjacency and
incidence matrix. This research consists of three
items basic concepts, definitions and theorems.

2. Basic concepts:

In this item of paper, we will present the main
definitions and proofs for this topic of our paper.
Defined2-1: Let G = (V,E) be a graph and M(G) =
[m;;] symmetric matrix of the order

n xn, then it is said that M(G) is adjacency matrix if
my; is the number of edges connecting the vertex v;
to the vertex v; [7].

Defined2-2: Let G = (V,E) be a graph and I(G) =
[i;;] order of matrix n x m where n the number of the
vertices and m the number of the edges then said to
be I(G) Incidence matrix if i;; = 1 when the vertex
v; is one end of the edge e; and i;; = 0 otherwise [7].
Defined2-3: if G = (V,E) is a graph, where G that
does not contain any intersections between its edges
or it can be avoided it said to be plane graph
otherwise be non-plane graph [8].
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Theorem?2-1:

Let G = (V,E) be a plane graph has n vertices,m
edges and f faces where

n—m+f=2[9]

Theorem2-2:

Let G = (V,E) be a plane graph only Ks,K5 3 is non
plane graph [9].

Now we have to define the dual graph of a graph G
,denoted by G*.The vertices in G* are denoted by f
where we choose a point inside each face to represent
us a vertex, the number of edges in G*

is the same number in G. Where the n* in G* is the
number of vertices, e in G e* in G* is the number of
edges but regarding v in G corresponds to f in G*[9].
Defines:

1-Let G = (V,E) be a star graph where it has two
vertices of one degree connected to an edge forming
the shortest path so that each vertex is one-degree has
a degree of 2, where there v, is the cut-vertex and
center vertex of the graph is said to be Fan graph
and denoted by F,, [5] as in the figure (1):
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Fig. 1: Fan graph

2- Let G = (V,E) be a fan graph n > 3 set of vertices
V4, ..., U, added a new set of vertices uy, ..., u, where
between each pair of vertices of the fanv;, v;,, there
is an adjacent u;, 2n of the edges where v, is cut-
vertex , said to be Cog-Fan Graph denoted by F§
[5] as in the figure(2):
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Fig. 2: Cog-Fan Graph

3- Let G = (V,E) be a half-wheel graph deleted an
edge W, — {e} where v, is center vertex is said to be
Hand Fan Graph and denoted by HF,, [9] as in the
figure(3):
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Fig. 3: Hand Fan Graph

4-Let G = (V,E) be a hand fan graph n > 3 set of
vertices wvy,..,v, added a new set of vertices
Uy, ..., U, Where between each pair of vertices of the
hand fanv;, v;,, there is an adjacent wu;, 2n of the
edges where v, is center vertex , said to be Cog-
Hand Fan Graph denoted by HF, ., [5] as in the
figure(4):
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Fig. 4: Cog-Hand Fan Graph

After knowing the previous graphs, we can say show
by wheel graph of the order exact n after adding a
new set of vertices to it as show in the definition
below, we have the fan graph all of its regions (three
and four edges) and from here said to be cycle fan
graph.

5- Let G = (V,E) be a wheel graph the number of
vertices v, ..., v, is added to it a new set of vertices
n—1 ,where between each v;,v;., there is wu;
adjacent to them and the number of added edges
2n — 2, v, center vertex , said to be Cycle fan graph
and denoted by CF,, as in the figure(5):
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Fig. 5: Cycle fan graph

3. The matrices of some plan graphs and
their dual:

Theorem3.1: Let = F, , n =3 then the following
statements are true:

1. M(G) =n=+n square binary matrix of zero
diameter.

2. I(G) =n=*mbinary matrix, where mis the
number of edges.
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3. D(G) =n=n diagonal square matrix, where
deg(vy) =n—1,deg(v;) =2wheni=1,..,n.
Proof:

1. G = E,, where G is a simple graph and the matrix
of the simple graph is a zero-diameter binary matrix.
2. Itis obvious.

3. G is a simple graph, v, € G where v, is cut-
vertex adjacent all vertices we get deg(v,) =n—1,
v; € G wheni = 1, ..., n the vertices v, ,,, v, adjacent
with v, we get deg(v;) = 2.

Theorem3.2: Let G* =FE; dual of F,, then the
following statements are true:

1. M(G*)=n"+*n* a square matrix of zero
diameter, all elements are zeros except for the last
row and column i,,, jnn = 3.

2. 1(G*) = n* *m binary matrix where n* number
vertices of F,;.

3. D(G*) =n* +*n*diagonal square matrix, where
deg(f,) =3(n—1) , deg(fi) =3 when i=
1,..,n—1.

Proof:

1. G*=F; is a non-simple graph that does not
contain a loop we get Diag(M) = 0, Each face in G
is surrounded by a 3e where in G* is parallel edge
and another edge, where Vf; € G wheni =1, ...,n —
1 adjacent with only f, we get i, jnn In M(G*)
equal 3.

2. ltis obvious.

3. Itis obvious.

Theorem3.3: Let = Ff , n = 3 then the following
statements are true:

1. M(G) =n=+n square binary matrix of zero
diameter.

2. 1(6) =n+mbinary matrix, where m is the number
of edges.

3. D(G) =n=*n diagonal square matrix, where
deg(v;) = 3 , deg(vy) = n— 1 when

i=1,..,n

Proof:

1. Itis obvious.

2. Itis obvious.

3. D(G) a diagonal matrix by definition. Since G =
Ef a simple graph, Jv, € V(G) where v, is a cut
vertex deg(v,) = n — 1,and v;, v;., € V(G) vertices
adjacent to each other and with a new set of vertices
added u; so deg(v;) =3 when i =1,...,n . As for
the added set of vertices deg(u;) = 2when i=
1,..,n.

Theorem3.4: Let G* = F{* dual of Ef, then the
following statements are true:

1. M(G*) =n"*n* square binary matrix of zero
diameter, where M(G*) = 0,1 except for the last row
and column i, jnn = 2.

2. I1(G*) = n* = m binary matrix where n* number
vertices of F¢™.

3. D(G*) = n**n*diagonal square matrix, where
deg(f)) =3,

deg(f,,) = 2 [deg(v,)]wheni=1,..,n—1.

Proof:

1. Itis obvious.

TJPS

3. D(G™) a diagonal matrix by definition. From the
definition of G* where the outer face of Gis f,, the
vertex of G is twice as The degree of the cut vertex
(central) v, in G. As for the interior faces of G since
we have parallel edges Je € E(G) and Vf € F(G)
has 3e So in G* it becomes deg(f;) =3 when
i=1..,n-1

Theorem3.5: Let = HF,, n = 3 then the following
statements are true:

1. M) =n=*n square binary matrix of zero
diameter.

2. I(G) = n+*mbinary matrix, where mis the
number of edges.

3. D(G) =n=*n diagonal square matrix, where

deg(vy) =n—1 , deg(v;) =3 , deg(v,)=
deg(v;) =2wheni =2,..,n—1.
Proof:

1. Itis obvious.

2. ltis obvious.

3. D(G™) a diagonal matrix by definition. G = HF,,
v, be a center vertex where deg(v,) =n—1 and
deg(v;) =3 when i=2,..,n—1. Where v
adjacent to each other and with the center vertex v,
be her degree 3 as for v;, v,,_, adjacent to with two
vertex ,where deg(v,) = deg(v,) =2 , since the
HE, a wheel from which the edge that connects the
primary vertex to the final vertex has been removed,
then these two vertices has a degree of 2.
Theorem3.6: Let G* = HE,; dual of HEF,, then the
following statements are true:

1. M(G*) =n*+n* square binary matrix of zero
diameter, where

M(G*) = 0,1,2

2. 1(¢)=n"+m binary matrix where n”*
vertices of dual.

3. D(G*) =n* =n"diagonal square matrix, D(G*)
elements are odd number, where deg(f;) =
3,deg(f,) =n,wheni=1,..,n—1.

Proof:

1. Itis obvious.

2. ltis obvious.

3. D(G*) a diagonal matrix by definition. From
definition G* , each G* has one outer face, where f,
is the outer face of G whose degree in G* is
deg(f,,) =n and also G* has n inner face where
deg(f)) =3 wheni=1,..,n—1.

Theorem3.7: Let = HF,,,,, n = 3 then the following
statements are true:

1. M(6) =n=nSquare binary matrix of zero diameter.
2. I1(G) =n+=mbinary matrix, where mis the
number of edges.

3. D(G) =n=*n diagonal square matrix, where
deg(vp) =n—1 , deg(vy) = deg(v,) =
3,deg(v;) =5 when i =2,..,n—1 and deg(v;) =
2,deg(u;) =2 wheni=1,..,n

Proof:

1. Itis obvious.

2. ltis obvious.

number
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3. D(G*) a diagonal matrix by definition. Since G =
HF, ., has a center vertex v, where deg(vy) =n—1
as for the non-adjacent vertices with v, which wu;
represents its degree 2 where when i =1, ..., n.

Also, the degree of the vertices of the graph that
adjacent to the previous set and center vertex
deg(v;) = deg(v,) =3 when i=1n and
deg(v;) = 2,deg(y;) =2 wheni=1,..,n.
Theorem3.8: Let G* = HF;;,, dual of HF, 4, then
the following statements are true:

1. M(G*) =n*=*n* square binary matrix of zero
diameter, where

M(G*) =0,1,2

2. 1(6H=n"»m binary matrix where n* number
vertices of HF; .
3. D(G*) = n* = n* diagonal square matrix,

deg(f,,) = 2n,deg(f;) =3 wheni=1,..,n—1.
Proof:

1. Itis obvious.

2. ltis obvious.

3. D(G*) a diagonal matrix by definition. From
definition G* , each G* has one outer face f,, where
deg(f,) = 2n , which adjacent all the inner faces of
the graph represented by f; when i=1,..,n—1.
Whose degree 3 because all inner faces are triangles.
Theorem3.9: Let = CE,, n > 3 then the following
statements are true:

1. M(6) =n+nsquare binary matrix of zero diameter.
2. I(G) =n=+=mbinary matrix, where mis the
number of edges.

References

[1] Aziz, A. A.(1983).Introduction to data theory,
Republic of Irag, Ministry of Higher Education and
Scientific Research.

[2] Tawfik, 1.M.(2013).Links and graphs, Ph.D.
thesis, Plymouth University.

[3] Fasfous, M.W.(2017).A Study of Graph Theory
with Matrix, Representation, Science, Mathematics,
M.Sc., thesis, Paestine University.

[4] Jakhlab, S. A.(2017). d-distance coloring for some
graphs, Faculty of Sciences, Mathematics. Tishreen
University.

[5] Mohammed, H. N.(2018).On Schultz and
Modified Schultz polynomials of some Cog-special

TJPS

3. D(G) =n=n diagonal square matrix, where
elements are odd number.

Proof:
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