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Introduction

The partial differential equation can be defined as an
equation whose derivatives include an unknown
function for two or more independent variables, and
partial differential equations can describe many
phenomena, including wave propagation, fluid flow
(air or liquid), vibration, solid mechanics, flow and
distribution of heat, fields, electric potentials, and the
diffusion of chemicals. In air or water,
electromagnetism and quantum mechanics [1- 3].
One of the most interesting features of solving partial
differential equations using finite difference methods
is that many methods based on linear equations with
constant coefficients. it is partial derivatives. Thus,
finite differences methods can be used, which are
classified into three categories: the explicit, implicit,
and semi-implicit methods (Crank-Nicolson), and
most of the methods have defects in stability and
accuracy [4-6]

The first who invented the Crank-Nicolson method
were the two scientists John Crank and Phyllis
Nicolson in the 1940s, who originally applied it to the
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ABSTRACT

I n this paper, we derive the hybrid Crank-Nicolson method

based on the implicit method and the usual Crank-Nicolson
method, where we get more accurate results and faster access
to results. We also used Maple to implement the hybrid
method and the results were identical

heat equation and approached the solution of the heat
equation to some finite networks by approximating
the derivatives in space x and time t with finite
differences, and much earlier, The Richardson
devised the Finite Difference Chart which was easy to
calculate but was numerically unstable and was not
useful[7]. It was not until John Crank, Nicolson
Phyllis, and others performed extended numerical
computations that the instability of the difference
graph was recognized. Therefore, the Crank Nicolson
method is numerically stable and requires only
solving a very simple system of linear equations at
each time level. Thus, the Crank Nicolson method has
become one of the most common methods[4], [5],
[8], [9] . One of the downsides to the Crank
Nicholson method is that it produces a complex
system of linear equations despite the availability of
approximate solutions. Efficiency.

The implicit method is characterized by being
unconditionally stable, the time variable is precisely
controlled, and it can extract the value of the time
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variable with fewer steps. In any case, it is considered
one of the difficult methods when calculating two-
dimensional and three-dimensional. It has the same
number of steps as the explicit method in the first
dimension[5], [10]

The aim of this study was to use a hybrid numerical
equation, between implicit and Crank-Nicolson
method, in order to solve heat diffusion problems and
investigate its stability.

Hybrid Method Algorithm

1- Making a Mesh for the solution area.

2- Finding the values of the node points (the
intersection of the mesh points) using the (explicit or
implicit method).

Explicit formula

wtt = ruf + (- 20uf Frul Ll

Implicit formula

uf = —ruft 4+ (14 2r)uft?
3- Finding the values of the midpoints between every
two points on the horizontal axis and the vertical axis

using the traditional Crank-Nicolson general formula.

k+1
—TULg 2

TJPS

k+1 _ ok
—TUjyp =TUj_y +

—ruf ™+ 2(1 4+ Dt

21 —uf +rufyy....3

Now in this section we will implement a hybrid
method by on the traditional Crank-Nicolson general
formula based on the results of values from nodal
points using other differences method (previous
results) and then finding the values of the median

points using only Crank-Nicolson general formula.

Now we applied the hybrid Crank-Nicolson to solve
the heat diffusion equation

Ju 0%u . .

P s with the following date
e The difference between the units of times is
(At = 2) sec.
e The difference on x-axis is (Ax = 2.5cm ).
In addition, the constant of diffusions is (a = 0.625.)
and the initial and Boundary conditions use as bellow

Initial condition u(x,t)=0° 0<x<10 ¢t=0.
Boundary conditions u(0,t) =4°, u(10,t) = 2°
Solution:

First: we use the following mesh for the values of
node point from apply the implicit method as bellow

[11].
tside |4 i Jiow @ pae @ lose @l g sae
& L & *
4 T:::', u E-EEB? uj EIJE?'.‘-" ul Il.auaeu te; ::ﬂ 2
& L & &
g 0" 00 0 v 0 I o UI
Second: find the midpoint by The Crank-Nicolson 2.4ul = 0.086322189

general formula equation (3)

—ruf ™+ 20+ Nt - = el +2(1 -
r)u]’-‘ + ru]’-‘+1
To find r
r=a-—t>r=0625— =02
Ax 2.5
Where At = k

We substitute the value of j = 1,3,5,7 and k = 0 and
the value of r=20.2 into equation (3) to
find value u},ul, ui, u}

24u} = 0.2(ud + ud +ud +ud) + 1.6u?
2.4ul = 0.2(ud + ud + ul +ul) + 1.6ud
24ul = 0.2(ud +ud +ui +ud) + 1.6u
24uf = 0.2(ud + ud + ui + ud) + 1.6ud

Substituting the initial boundary and known points
2.4ui = 0.2(0 + 0 + 4 + 0.589665654) + 1.6(0)
2.4ul = 0.917933131

u} = 0.382472138

2.4u}
0.2(0 + 0 + 0.589665654 + 0.127659575) +
1.6(0)

2.4u} = 0.143465046

ui = 0.059777102

2.4ul =

0.2(0 4+ 0+ 0.127659575 + 0.303951368) +
1.6(0)

ul = 0.035967579
2.4ul = 0.2(0 4 0 + 0.303951368 + 2) + 1.6(0)
2.4u} = 0.460790274
ul =0.191995947
also to Substitute from j=1,3,5,7 and k=1 and
r = 0.2 value in equation (3) to find u?, u2, uz, u?
24u? = 0.2(ud + ul +ud +u2) + 1.6u}
2.4u3 = 0.2(ud + uf +ud +uj) + 1.6ul
2.4u¢ = 0.2(ui + ui +u? +u?) + 1.6ul
2.4u% = 0.2(ui + ud +u2 +ud) + 1.6ul
Substituting the initial and boundary and known
point’s values and ul, ul, ui, u? value
2.4u? = 0.2(4 + 0.589665654 + 4

+ 1.038017018)

+ 1.6(0.382472138)
2.4u? = 1.737491955
u? = 1.057288315
2.4u? = 0.2(0.589665654 + 0.127659575 +
1.038017018 + 0.317790856) +
1.6(0.059777102)
2.4u?% = 0.510269984
u3 = 0.212612493
2.4u? = 0.2(0.127659575 + 0.303951368 +
0.317790856 + 0.548221099) +
1.6(0.035967579)
2.4u? = 0.317072706
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u? =0.132113628

2.4u2 = 0.2(0.303951368 + 2 + 0.548221099 +
2) + 1.6(0.191995947)

2.4u2 = 1.277628009

u? = 0.532345004

As well as applying the hybrid method algorithm
using the Maple, program

Example:

Let us have rectangular plate by the dimensions
(2*4m) and it is considered on x and y-axis at the
original point:

Where At = 2 sec, Ax = 2.5cm , a = 0.625.

Initial condition u(x ,t)=0° 0<x<10 t=

0.

Boundary conditions u(0,t)=4°, u(10,t) =
20

Solution

step : 1. where k=0

1. where k=0

eval({ +2(1 +r)uj,k+1:r9j71,k+2(1 —r)uj’k+ruj

Fru ) (K=0,j=1,r=02})

+1,k
Fru e
{2.4 u1,1=0.2 u0’0+ 1.6 Uy g +0.2 U o +042u0, 1 +0.2 uz’l}
r

eval({+2(1+r)uj uj_1k+2(1—r)ujk+ru.

k+1 Y41k
+ruj—l,k+1 +ruj+]‘k+1}, {k=0,j=3,r=0.2})

{2.4 Uy =02 U o + 1.6 Uz o +0.2 Uy o +0.2 Uy 4 +0.2 Uy, l}

eval({+2(l+r)q/. rq/.il,k+2(1—r)uj)k+ru.

k+1 YLk
Fru e T (R=0,7=5,r=02))

{2.4u5 1=02u, o+ 16us o +02u, o +02u,  +02u, 1}
eval({ +2(1+r)9/,k+1:ruj71,k+2(1_r)uj,k+r9/+1,k

Fru gty ) (h=0,/=7,r=02))

{2.4 Uy =02 Ug o + 1.6 U; o +0.2 ug o +0.2 Ug +0.2 ug. l}
evaf[ {2.4 w  =02u (16w +02 uy o+ 0.2 uy
+02u, |, 24 y = 0.2u, o+ 1.6 uy o+ 02u, ,+02u,
+0.2 ty s 2.4 g | = 0.2 Uy g + 1.6 Us g + 02 U g +0.2 ty
+02u, 240, =020, + 106 Uy o+ 0.2 ug o+ 0.2u,
+02uy ]}, {HO.U=0‘ w =00y =0,y (=0, ”4,U=0'

s 0 =000 0=0, 07 (=005 =00y =4 uy =404y =4,
ug | = 2, ug 5= 2, Ug 3 =2, U =(.5896656535, Uy
=0.1276595745, ug = 0.3039513678, Uy 4= 1.O3ROLT0176,
uy = 0.3177908556, u, ,=0.5482210992, u,

TJPS

eval({ +2(1 +r)uj’k+1:ruj71’k+2(l—r)uj~k+ruj+1’k
g g Fru b (k=1,=1,r=02))

{2.4 u1,220.2 Uy + 1.6 up +0.2 Uy +0.2 Uy o +0.2 ”2,2}

eval({+2(l+r)uj rq/.il,k-i-Z(l—r)u/.’k-l-ru.

k41 YLk
+rq,.+1’k+l}, {k=1,j=3,r=02})

{2.4 u3’2=0.2 Uy + 1.6 Uy + 0.2 Uy + 0.2 Uy » + 0.2 u4’2}

Ty

eval({ +2(1 +r)uj,k+I:ruj—l,k+2(1 —r)uj’k+ruj+|,k
+1‘uj7|‘kJr1 +ruj+],k+1}, {k=1,j=5,r=0.2})

{2.4 u5’2:0.2 Uy + 1.6 us + 0.2 Ug +0.2 Uy o + 0.2 ”6,2}

eval({ +2 (147w, y=ru | #2010 =ru Fru
+ruj—1,k+l +ruj+|,k+]}, {k=1,j:7,r=0.2})
{2.4u7 2 =02ug  +16u; | +02ug | +02ug 5+ 02ug 2}

rzva!({l—’l u ,=02 uy + 160+ 0.2 uy  + 0.2u

0,2
02wy 5 24u; ;=020 + 16w, +02u | +02u,
020y 5 24u5 ,=02u, 100 +02u5 | +02u, ,

+0.2 Ug 5 2.4 Uy 5= 0.2 g + 1.6 g+ 0.2 Ug +0.2 g 5
+0.2 ”8,2}* {”0,():0 s ”1,0=0' “2_U=0f u3‘0=0, “4_u=0'
s o= 0, g o= a, Uy o= 0, ug o= 0, Uy | = 4, Uy 5= 4, g 3= 4,
g =2, ug =2, g =2, 1y | = 05896656535, u, |

= 01276595745, u, | = 03039513678, u, , = 1.0380170176,
uy 5= 03177908556, u, ,=0.5482210992, u, ,

= 1.3890208804, 1, ,=0.5330610751, u, 5 =0.7534523673,
u, | =0.3824721378, u | =0.05977710233, uj |
=0.03596757852, u, | =0.1919959473 }]

=2, u

{244 u; 5 =2.537491955, 2.4 u; ,=0.5102699840, 2.4 u; ,
=0.3170727050, 2.4 u, , = 1.277628009}

solve( {24, ,=2.537491955, 2.4 u; ,=0.5102699840, 2.4 u;
=0.3170727050, 2.4 u; , = 1.277628009}, {u; ,, u5 ,

Uz 5})

Us 2

{1, 5= 1.057288315, uy , =0.2126124933, ug , =0.1321136271,
u; ,=0.5323450038}
Table 1: comparison of the results of the Crank-

Nicolson hybrid method with the Crank-Nicolson
hybrid method using Maple

= 13890208804, 1, ; = 05330610751, u ;= 0.7534523673})
{244, | =09179331307, 2.4 uy | =0.1434650456, 2.4 u; |
=0.08632218846, 2.4 u; | =0.4607902736}

sofve( {2.4 u oy =0.9179331307, 2.4 Uy | = 0.1434650456, 2.41;5 i
= 0.08632218846, 2.4 u, | = 0.4607902736}, {u, |, uy |, ug .

iy 1})
{uy = 0.3824721378, uy | = 0.05977710233, ug |

=0.03596757852, u, | =0.1919959473 }

step : 1. where k=1
1. where k=1

Crank-Nicolson | Crank-Nicolson Hybrid

Hybrid with maple
0.382472138 | 0.3824721378
0.059777102 | 0.05977710233
0.035967579 | 0.03596757852
0.191995947 | 0.1919959473
1.057288315 | 1.057288315
0.212612493 | 0.2126124933
0.132113628 | 0.1321136271
0.532345004 | 0.5323450038
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