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1- Introduction

In this field, we proposed one of a nonlinear
autoregressive  model, which is  Gompertz
autoregressive model with order p and denoted by
Gompertz AR(p) model. it depend on the cumulative
distribution function for the Gompertz distribution .
In this non- linear autoregressive model, we will
study and find the stability conditions for limit cycle
by using the local linearization approximation method
when period g > 1 with giving some examples to
Gompertz AR(1) and show when the model be an
orbital stable and orbital unstable. we will study only
the stability conditions for limit when period q by
using the state space .

Many searchers have been able to study the stability
conditions of the limit cycle for many of non- linear
time series models. In (1977), Oda and Ozaki studied
exponential autoregressive model [1] . In (1988)
Priestley M.B. studied the non-stability and non-
linear time series[2]. In 2007 Mohammad and Salim
studied the stability of logistic autoregressive
model,[3]. In (2018), Salim and Ahmed studied
Stability of a Non-Linear Exponential Autoregressive

ABSTRACT

In this paper, we suggest Gompertz Autoregressive model

by using the cumulative distribution function of Gompertz
distribution and, the aim of this paper is studying and finding
the stability conditions of a limit cycle for the Gompertz
Autoregressive model with period, g > 1 with giving some
examples for Gompertz AR (1) to explain the orbital stable or
the orbital unstable with plots the trajectories with different
initial values.

Model [4]. In (2019), Salim and Youns studied Study
of Stability of Non-Linear Model with Hyperbolic
Secant function, [5]. In (2020), Mohammad and
Hamdi and Khaleel studied On Stability Conditions
of Pareto Autoregressive Model, [6].

In this paper we study and find the stability
conditions of a limit cycle for some nonlinear
(Gompertz Autoregressive model ) and give many
examples in order to explain the orbital stable or the
orbital unstable with plots the trajectories with
different initial values .

2- Concepts and Definitions

In 1825, Benjamin Gompertz introduced the
Gompertz distribution. A random variable X has the
Gompertz distribution with two parameters, the first
one A is called scale parameter and the second y is
called shape parameter.The probability density
function (p.d.f) of Gompertz distribution is

2V a
fX;y,0) =]/e’1".eT(e/1 -1) , X>0 y,1>0
And the cumulative distribution function (c.d.f) of
Gompertz distribution is
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FX;y,2) = 1— e 2™ )
(v, A)=1—e2 , X>0 vy,
>0 ..(21)
Figure (2.1) shows the graph of (c.d.f) of Gompertz
distribution with different values of A and Figure
(2.2) shows the graph of (c.d.f) of Gompertz
distribution with different values of y
The smooth jump from 0 to 1 in the under graph of
the cumulative distribution function characterized the
nonlinear behavior. It is useful to define and suggest
the Gompertz autoregressive model which is one of
nonlinear time series [7,8].

; c.d.f of Gompertzp distriution for a different values of lambda
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Fig. (2.1): graph (c.d.f) of Gompertz dist. With different
values of 4
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Fig. (2.2): graph (c.d.f) of Gompertz dist. With different

values of y

Definition 2.1

Let T be a finite positive integer. A k-dimensional
vector X* is called periodic point with period T
if X*=fTX)andX* # f/(X*) for 1<j<T
Here X* is a fixed point of f7, we say that X* is a
periodic point with period T for some T>1. And the
ordered set {X*, f(X*), f2(X*), ..., fT71(X*)} is called
a T-cycle. We say that X, is eventually periodic if
there is a positive integer n such that X* = f™(Xg)
is periodic. We say that X, is asymptotically periodic

if there exists periodic point X* for which
If"Xo) = fT XN >0 as n— oo .[9]
Definition 2.2

A limit cycle of a model

Xr = f(Xr-1,Xr—2,...,Xr_p) where f is nonlinear
function is defined as an closed isolated trajectory

V1, Y141 :YT+2 5+ > YT4q— VT

Where the period g >1 be a smallest positive
integer such that yr,,= yr . Closed means that if the

initial value (y;,y2 ,y3 »-..- » yp) belongs to the limit

CyCIEr then(Yl+kq:Y2+kq! ------ !Yp+kq) = (y1:y2 Y3
oo s yp) forany k € Z*. By Isolated we mean that
every trajectory be sufficiently closed to the limit
cycle approaches to it for T > wor T » —oo If it
approaches to the limit cycle for T — o , then the
limit cycle is , but if it approaches to the limit cycle
for T — —oo , then the limit cycle is unstable.
[6].[10] .

Definition 2.3

By an attractor for f we mean a compact set A such

that the B = {x:lim,_coe4ll f*(x) — yll = 0} have
a positive Lebesgue measure and A is a minimal with
respect to this property. The set B is called the Basin
of attraction for A and it is some time denoted by
B(A) if the attractor is a set of T points
{x1, x5, ..., xp} such that f(x,) = xp41, n=1,2,... T-
1 and f(xr) = x; then we call the attractor A limit
cycle and if T=1 then we call it a limit point.[3],[9]
Definition 2.4

A singular pointy of a (proposed) model X, =
fXr—1, Xr—2s. .0, X1 _p) where f a nonlinear
function is defined to be a point for which every
trajectory of the model beginning sufficiently closed
to the singular point i approaches to it either for
T—>ooor T - —oo . If it approaches to a singular
point for T — oo, then it is stable singular point, and
if it approaches to a singular point for T - —oco |, then
it is unstable singular point. [11],[12] .

Definition 2.5 (Gompertz AR(p): The proposed
model.

Let {x.} be a discrete time series then the Gompertz
AR(p) model(the proposed model) is defined by
X=X, [O(i +Bi (1 _ ettt _1))] Xe_y +

Z ..(2.2)

Where Z, ~ iidN(0,02)

Where {Z,} be a white noise process, y and A are
shape and scale parameters respectively, {a;} and
{B;} are constants i =1,2,3,..,p.

In the following proposition we find the stability
condition of a limit cycle when Gompertz AR (1) has
a limit cycle of period > 1.

PROPOSITION 3.1

If the following Gompertz AR (1) model has a limit
cycle of period g > 1

_ __y(elxt_l _1)
Xe = [a1 + 1 (1 —ex )] Xe—q +2Z¢ ... (3.1)
Then the model (3.1) is orbital stable if
‘H?:1 [al + ,81 -

V(oM j-1_

[)’leTy(“’ ™ 1)(1 — VX¢yj1 e’l"fﬂ-l)] ’ <1..(32)
Proof:

Let  X¢, Xey1, Xeg2s -0 Xerqg = X b€ @ limit cycle of
period g > 1, near each point of a limit cycle
X, suppose 1, be the radius of a neighborhood
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whose center is the point x, such that Y7 - 0 for
n> 2 and for s=¢t+1,..,t+q, by replacing
xs in (31) by x4+, for s=t,t—1 after
suppressing a white noise process we get:

xet e = [a+ By (- ed ] o+
Y1) -.(3.3) A

. . d Xt—1+tYt—1)
We can approximate this term e 21¢" " -1] g
get

.. (3.4)
By using Taylor expansion for e*¥t-1 we get
Mt = 14 Map,_y + L Dy 1

APe_q .. (3.5)
By substituting (3.5) in (3.4) we get

Axg—q 4 Y

e Ta+ape_) e +3
TV oAxp—q _ Axp—q LY
—ea © YPi-1 € +3

¥ pAxiq Axp_ Y
=e2 R Y

et . (3.6)
By using Taylor expansion for e Y¥t-1 eMt=1 e
get

e_ywt—l elxt_l =
Axg_ 2
1 _yl/)t—l ea-xt—l +M- e ] —

2!
Yooy e?e-1 . (3.7)
By substituting (3.7) in (3.6) we get

e‘Ty[el(xt—lﬂlJt—l) -1] _ _TV (eMt-1 —1) (1 _

Yes e¥er) L. (3.8)
By substituting (3.8) in (3.3) we get

Xe+ e = (a1 + b1 [1 - e__;/(el"t_l -1) (1 _
e et )D (g +Pr-1)

(a1 + B [1 - e__/ly(elxt_l _1)] +

Vo eMrt-1 _
ﬁ1)’1/’t—1 eMi-i gz (671 7D ) (tp—1 +Ye-1)

s )

Bivibees e €7 )] (g +1hey)
(a1 + [ [1 —ei 7 (et _1)])xt_1 +

(a1 + B, [1 _ et _1)])

Ye1 t (ﬁlylpt—l e g7 (7 _1)) Xe-1 +
(31]"/%—1 ettt e‘A_V e _1)) Yeoq

but (a1 + By [1 — e (e _1)])xt_1 = x;
Yo = (@ + B [1-ex T D))y 4
(31]"/%—1 et ¢ (0 _1)) Xe-1 F

(Buy et e D)y
But 7., — 0 forall n> 2 this implies to all the
term

TV oAXt—1 _
(Buy erres X D)y, =0

Y( Axp_q -1) Axp—q

e_ylpt—l e

~

TJPS

Y Axt—
Y = [al + B — 3137(9 ‘ 1_1)(1 — VX1 ezx5—1)]
wt_l ann (3-9)
equation (3.9) is a difference equation of variable
coefficients of the first order and it’s difficult to solve
it exactly but we discuss the convergence of the
e

t+q
the difference equation (3.9) is stable (lim;_, ¥, =

0 )if |-
t+q

e
Let T(xe—q) = [a1 +B— ,3197(911 - 1)(1 -
YXe_q e'“‘f—l)] then we can write

Yrp1 = T(x)yy  Consequently

Yrig = T(xt+q—1)¢t+q—1 =
T(xt+q—1)T(xt+q—2)¢t+q—2 =
T(xt+q—1)T(xt+q—2)T(xt+q—3)1l’t+q—3

And after q iteration we get

"
Preq = H?:1 T(xt+q—j)-lpt; then hada: g

e |
|H?:1 T(xt+q—j)|
Finally the difference equation (3.9) is stable if
M2, TCterqp) | < 1
Finally, the limit cycle (if it exists) of Gompertz AR
(1) model is orbital stable if

os e+
__y(eAxt+j—1_1)(1 = YXp4jo1 elxnj—l)] | <1.

Bie
The following proposition is generalized to

proposition (3.1) when the model order p and p> 1
in this case will write the model in state space as
follows

X, =
[ay + B, (1 — Tty
1
0 0 0
H 0 0
1 0

equation (3.9) to zero by checking the ratio

<1

@y + By (1= ey g g (1 = T r)
0 0

Xea +

e, ..(3.10)

Where x., x._1, € are known vectors on the space
RP as follows

Xe = (X Xem1, oo Xeopp1) " Xem1 =

(X—1, Xp—py s Xep) T, € = (Z,,0,0 ...,0)T where e, is
a white noise . and the matrix elements depend on the
random variable x,_, that means the model in (3.10)
can be expressed as follows
X¢ = T(x_1)Xe_q + € Or
Proposition 3.2:

A limit cycle with period g and g > 1 if it exists for
Gompertz AR(p) is orbitally stable if and only if all
the eigenvalues of Matrix A have absolute values
less than One .

Xer1 = T(xp)X¢ + egyq

where A=A;A; ... .A =TI} 1.,4; and
0] )] )] (])
[31,1 32 " A1pg ]
1 0o - 0 0
Aj=1 o 1 - 0 ol, Jj=1..q

[ 0 0 - . 1/1 0 J
a§])1 [al + 61— B el H_l)(l — VX1 eAxH)]

oo (1) e
2,3 P (3.11)
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Proof :

Let the Gompertz AR(P) has represented in state
space and has a limit cycle with period g and gq> 1
and Known as X¢,X¢_1, ., X t1q = X¢ Which is an
isolated closed trajectory and by using the same
hypotheses in the previous proof with substituting in
(3.10 ) we get :

Ketpa=
Ilal +p( - e Ty

1
| 0

L 0

s+ Bpr (L= @ FET Ty a4, (1 - T J

9 X+

—ooo

0
0
0 ]

e
Where .., , P, are vectors known as

[ Yr+1 2
Yo = Ip;t , Py = 1/%:—1 with some the
_wt—p+2 1/’t—p+1
easy calculations we get
r (1) 1 1 1
A1 ai,z) a;g—l al )]
1 0 - 0 0
Yer1 =1 0 1 . : s Y .. (312)
: P 0 0
L 0 0 - 1 0 _
Where this matrix denoted by A; and write as follows
1 1 1
o a2 e aly)
1 0 - 0 0
A=fo 1 .« 0 0
: I 0 0
0 0 - 1 0

o) = [ + By — B e D1~ yx, o2)]
glk) = ay +‘8k(1—el[ etrt- 1]) k=23..,p

We can write the equation (3.12) as Yip1 = A1
that is mean
Yiyo = Ay, and by repeating this operation g
times we get
Yriqg = Aq¥Ptiq-1 = Aqhg-1 - A1ty
Yerg = AgAgor Ay .. (3.13)
[a(l) agz) af; ) (J)'l
1 0o - 0 0 ]
4i=lo 1 0 o » J
: : 0 0
0 0 1 0
=123, ..q

V[ AXpti—
af) = o + = g AT
VXt+j-1 elxt”_l)]

AXpqj—
(l) = + By (1—6’1[ t+j 1_1]> k=23..,p

TJPS

We can write (3.13) as follows  ¥.q =1}, 4; ¥,
and the product of the matrix A;, j=1,2..q is the
matrix A , where ., = A ,Aj >0 asj—> o ,
if the eigenvalues for A; matrix less than 1 then the
limit cycle with period q for the Gompertz (P) is
orbital stable .
4- Application
We apply the proposition (3.1) to the following
examples with an arbitrary values of parameters to
checking the stability of limit cycle.
Example 4.1: Let Gompertz AR (1) model is given
by

—-0.7 X
Xy = [—18— 17(1—606( pext 1_1))]Xt_1+
Zt
Has non-zero singular point ¥ = —2.9968 and a
limit cycle of period 4 which is {0.055,0.032,0.047,-
0.014}. we can calculate that by using the following
condition (3.2)

Mo [-0.8 - 1.7+ 17606 (1) (1 -

0.7 j_1 eO-ﬁxm—l)] | =122281 > 1

The condition (3.2) does not satisfy, and the limit
cycle is orbital unstable. note the Fig (4.1.1) with
different initial values.
Example 4.2: Consider the following is Gompertz
AR(1) model

—-0.9

xe = [-13-1.6(1- s " )|, +
Zt
Has a non-zero singular point iy = —1.9626 and a

limit cycle of period 2 which is 0.27, -0.31 we can
calculate that by using

M2 [-13 - 16+ 16605 (e 7 1)(1 -
0.9x,, j_y €*8%e+i-1) ] | =0.8305 < 1

The condition (3.2) is satisfying therefore the limit
cycle is orbital stable .the Fig(4.2.1) shows the
stability of limit cycle with different initial values.
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) Trajectory plot of Gompertz AR(1) with initial value x(1)=0.2 Trajectory plot of Gompertz AR(1) with initial value x(1)=0.1
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Fig. (4.1.1) shows the orbitally unstable with different Fig. (4.2.1): shows the orbitally stable with different
initial values initial values

5- Conclusion

In this paper, we study and find the stability
conditions of limit cycle for Gompertz autoregressive
model by using two propositions.

The first one is the proposition (3.1), we used the
local linearization approximation technique to find
the stability conditions of limit cycle when the period
> 1 . Also we took two examples with its plots to
explain if the Gompertz AR(1) is an orbital stable or
unstable .

The second proposition (3.2), it is generalized for the
first proposition where we used the state space to
studying the stability conditions of limit cycle .
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