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1. Introduction
Banach [2] showed and proved a crucial conclusion
in complete metric spaces, namely that each
contraction mapping of a complete metric space has
into itself a unique fixed point. Bakhtin [1] and
Czerwik [7], as a generalization of metric spaces,
developed the notion of b- metric spaces in 1989. For
the study of fixed points in standard metric spaces or
other generalized metric spaces, many academics
extended and confirmed this theory, we recommend
(M. Boriceanu [4], Bota et al. [5], Ding et al. [8], al.
[10], Ozturk et al. [12]. A. Harandi, Mehmet Kir et
al., Many researchers, on the other hand, have used
rational type contractive conditions (Khan et al. [11],
Sarwar and Rahman [13], S. Xie et al. [15] and[14]
Merdaci, S., and T. Hamaizia ). In this work, we
show and expand some common fixed point theorems
that are also valid in generalized Banach space, we
also provide some specific examples to show the
veracity of our results.
A mapping F : H - H where (H,||.||) is a Banach
space, is said to be a contraction if there exists
0 < k < 1suchthat, forall x,y € H,

|Fx — Fy| < z||lx—y|. ... (1.1)

ABSTRACT

In this work, we introduce Some common fixed point

theorems of p—
contraction in Generalized Banach space. The provided
theorem is a generalization and extension of many well-
known theorems.

contraction and (a,8) composition

Definition 1.1[3] :If H nonempty is a linear space
having s > 1, let ||.|| denotes a function from linear
space H into R that satisfies the following axioms:
l.forallx€ H ||x|]|= 0, ||x]| = 0 if and only if
x = 0;

2.forallx,y € H ,llx+y|l < s[llx[l + llyll;
3.forallx € Hya € R, ||ax || = || ||x |I;

(H, |I- I )is called generalized normed linear space. If
for s = 1, it reduces to standard normed linear
space.

Definition 1.2[3] Let (H,||.||) be a generalized
normed space then the sequence {u,} in H is called,
1. Cauchy sequence iff for each € > 0, there exist
n(e) € N such that for all m,n > n(e) we have
lun — umll <e.

2. Convergent sequence iff there exist u € H such
that for all €> 0, there exist n(e) € N such that for
every n = n(e) we have |Ju, — u|| <e.

Definition 1.3[3]: generalized Banach space is a
linear generalized normed space in which every
Cauchy sequence is convergent.

Lemma 1.1.[6] Let 0 <p < 1. And u,v =0 Then
the following inequality is holds
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(u+v)? < u? +v?,...(1.2)
Lemma 1.2.[9] Let (H,|.]]) be a G.B.S. with a real
number s = 1, and F self-mapping on H, assume
that {u,} is a sequence in H defined by u,,,; = Fu,
if,

”un—un+1” Sa ”un—l - un”r
...(L3)
where « € [0,1), 0 <sa<1. Then {u,} is a
Cauchy sequence and is a converges to some u* € H
asn — +oo.
2. Main Result
Definition 2.1: Let H be a G.B.S. with ||.||, s = 1
and let F,Q : H — His said to be p — contraction,
such that

forall n e N

IFx=xII? + (lx=yllllQy-yI)*®

Fx — P< q +
IFx =yl L+ lIFx-QyIIP

(lx=Qyll llx—Fx|)? lx—QyIl® @2.1)

(lx-yll+ 1IFx—Qyl)P 1+ ly—Fx||P "~

for all x,y € H,0 <P < 1where a,band c are
nonnegative real numbers and (0 <a + bsP +
2cs?P<1),(1<as? <1).
Theorem 2.1: Let (H,|.|[)be a G.B.S. and let
F,Q:H — H be a two mappings a p — contraction.
Then F and Q have a unique common fixed point.
Proof: We define a sequence. {u, } in H such that
Upse1 = Fuy, Uy, = Qupyyq, foralln € N.
J.1(2.2)

(D) We'll show that {u,, } is Cauchy sequence,

If, u, =u,,, forall n € N, and let n = 2z, then
Uy, = Uy,q a5 Well as the condition(2.1) with
X = uy,andy = u,,,, We have,

luzze1 = Upzi2ll” = IFUz, — QuggeqI®

<a IFuzz—uzllP +Uluzz—uaz+11QUzz+1—Uzz411DF
- 1+ [IFupz—Quaz411IP
(lluzz=Quaz41ll llugz—Fua, )P

(luzz—uzz41ll+ IFuzz—Quaz41IDP
1+ l[uzz41—FuzzlIP

+b

luzze1=uzz 0P +Ulu2z—uzz41llu2z42—tzz411DP
1+ |luzz42-uzz41IP
(luzz—uzz+2ll luzz—uz2z441)F

(luzz—uzz4+1ll+ luzze1—uzz42IDP
luzz—uzz42ll P

1+ luzz41-uzz41 1P
= cluy, — u2z+2||P
< ¢ (s(lugz = Upgeall + llugzrs — Uzze2ll))®, by
Property (2) from definition (1.1 ) and by condition
(2.1) and by lemma [1.1 ], we get,
luzzer — Uzziall® < ()P [
luzz41 — Unz4211)P]
< ¢ (P [ Mluz, = ugzeallP + Nluzze1 — Uzzs2lIP]
luzze1 — UnzszllP < C(S)?  lugzer — UzzeallP,
raising two sides of the inequality to the power of

=a

(”uZZ - uZz+1" +

1/p,
which is a contradiction. Because 0 <cs = y <1,
luzz41 — Uzziall < Villtozer — Upzsall,-.. (2.3)

Now, if n = 2z 4+ 1 then using the identical
arguments as were used in the case u,,= u,,,4, it can
be shown that from now on, we assume that u, #
Uy, foralln €N.

luzzeq — u22+2||P = |[Fuy, — Qu2z+1||P

TJPS

< a IFuzz—uzgllP +(lluzz—uzz41l1QU2z+1—U2z41 )P
1+ |Fuzz—Quaz44IP
(lluzz—Quzz+1ll lluzz—Fuzgll )P
(luzz—tzz41 11+ IFuz;—Quaz41IDP
lluaz=Quaz4ll P
1+ |[uzz+1—Fuoz P

N2zt =2z ll” +Uluzz—uzzallltzzs2—tzz41 DT
1+ luzz+2—u2z+1 1P
+ (luzz—uzz42ll luzz—uzz+11)F

= a

(luzz—tzz+1ll+ uzze1—Uzz421DP
+ luzz—uzzs2ll ¥
1+ luzz41-uzz4111P
N2zt =2z ll” +Uluzz—uzzallltzzs2—tzz41 DT
1+ luzz+2—Uzz+1 1P
(luzz—uzz42ll luzz—uzz441)P
(luzz=uzz4+1ll+ luz2z41—U2z42IDP
+ lluzz—tzz42ll P
1+ luzz41—uzz411IP
= a luzze1—uzzllP (1 +luzz—uzz41lP) +
1+( lluzz—uzz+11DP
(luzz—uzz+2ll luzz—tzz441)P
(luzz—uzze1 1+ luzze1—tzz421DP
+ ¢ lluz, — Upppall ®
by condition (2.1) from lemma 1.1, we get
< a luzzs1 — |l +
b SP Nlugz—uzz42lIP luzz—uzz41IP
[luzz—u2z+2lIP
+ ¢ (sllluzz = Uzzerll + [uzzeq — UzziallD P

= a

+b

- 1 sP
Since, <
[(luzz—uzz+1ll+ luzz+1—uzz+21)P ] lluzz—uzz+2lIP
such  that [lluzz — uzzpall # 0 and (lluz, —

Upzerll + lUazer — UzzealDP # 0],
we get,

luzz41 — UzziallP < @
b s? |luz, — uzzeall?

+ ¢ 5P [ugz — ugpqallP + llugzer — uzze2|l? ]

< a lugzer —upll? +bsP lug, —ug,poll?

+ ¢ 5P [luzy — uzgppall? + ¢ 8P llugzpr — Upzg2ll?P ]
(1 = cs? Hllugzrs —Ugpp2ll? < (@ + bsP +
¢ sP) lluzy — uzze4llP

luzzer —uzll? +

(a+bsP+csP)

luzze1 — UazeollP < (-cs?) llu,, —
u2z_+_1||p- ) ] ]
Raising two sides of the inequality to the power of
1/p.
We get,
(a+bsP+csP) L

uzzer —Usziall = (P luas -
Upzal
luzze1 — Uzzsall < Vzl||u2z —Upzpall s .. (2.4)

_, (a+bsP+csP) =
y = (—(1—csv) wr< 1.

where (0 <a + bsP+ 2csP <1).

From (2.3)and (2.4) by using lemma (1.2) limit
n— oo we can deduce that {u,} is a Cauchy sequence
in (H,]|. 1)), and that is a converges to some u” € H as
n — +oo.

(11) We will prove that Fu™ = Qu’ = u’.

by property (2) from definition (1.1 ) and condition(2.
1), we have,
llu™ — Fu™||P
Fu[I?

< (slllu® = ugnsall + lugnss —
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< SPIlut —ugpeoll? + SPIFut -
Quan41ll?
=< sPllu” = ugnq2ll? + sP a
IFu* —uw* 1P +(llu" ~uzn+1l1QUan+1~Uznt1 )P
1+ [|Fu*—Quan+1lIP
u*—Qu w*—Fu*|)P
+ sPb (lv"—Quan+4llll I P ¢

(Il ~uzn+all+ IFU*—Quan+1IDP

lu*—Quan 1 IP
1+ lluzn+1—Fu*|IP
— *
= SP||u” — uppqoll? + sPa
IFu —u* )P + (" ~uzntallluzntz—tzn+1 )P

1+ [|Fu*—uzn42|IP
. -
+ sPh (lu”~uznizll lu*=Fu|)P
(Il ~uzn+1ll+ IFu*~uzn421)P
lu —uzn2llP

1+ luzn41—Fu*|lP

by take the limit asn — +oo, we obtain that

lu* — Fu*||P < sP aM < sPa|Fu"—
1+ ||[Fu*~u*||P

u”||P

Since 0 <sPa < 1, hence ||lu* — Fu*|| = 0, thus

Fu* =u".

Similarly, we obtain

+ sPc

llu” — Qu™||? < (sllu® = ugnsrll + llugnyes —
Qur|IH®
< SP|lut —ugpqllP + s |[Fup, —
QurllP
< SPllu™ — upzps2ll? + sP a
IFuzn=uznllP +(lluzn-u’llllQu”—u|)P
1+ |[Fuzn—Qu*||P
; spp el eyruzb?
(luzn—u*ll+ lIFuzn—Qu*|HP
lluzn—Qu*|IP
1+ [[u*~FuzplP
= SP|lu” — ugpqall? + sP a
luzn41=tznllP +(lluzn—u|lllQu*—u*|)P
1+ [[uzn+1—Qu*|IP
+ P (||u2n—Q11*|| ||u2n_u2n+1*||)p + sP c
(luzn=u*lI+ lluzns+1—Qu*|DP
lluzn—Qu*|I?
1+ ||u*—uzn+1|!p ) ]
by take the limit as n - +oo, we obtainthat,
lu* —Qu*|lP < sPc |lu*—Qu*||” which is

contradiction. (0 < sPc< 1)
[lu* — Qu*|| = 0, thus Qu* = u”.
Thus u* is a common fixed point of F and Q.
(1I1) We'll show that F and Q have a unique common
fixed point.
Suppose now that u* and v, are different common
fixed points of F and Q, then from (2.1), we have
lu” —v*||I” = |IFu” — Qu*||P
IFu*—u*||P +(llu*~v*lllQv*~v*I)P

< a +
1+ ||[Fu*—Qv*||P

lu*—Quv*|IP
1+ |[v* —Fu*||P
llu*=u*IIP +(llu*—v*|lllv*—v* )P
1+ [lu*—y*||P
lu*=v*||P

1+ |lv*—u*||P

(" —Qu™|l llu"—Fu”|DP
(lu*=v*lI+ [IFu*—Qv*[)P

= a

(w=v™ |l llw*=u* )P

(lu=v*[I+ lu*=v*|)P

llu*—v*||P

14 [l —v*|[P

lu" —v*|IP <

1),

we have |lu*—v*||= 0, ie. u*=v"

+b

llw”—v"|IP

< * __ a.%||D <
e =l =vilP, (0<c<

TJPS

We proved that F and Q have a unique common
fixed point.

Corollary 2.1.Let Hbe a G.B.S. with ||.|| and let
F,Q: H —» H be a two mappings on H fulfilling the
condition,s = land (0 <p <1)

VIIFx=xIl +{/llx-yllley-yl

IFx =0yl < a 1+ /IFx—Qyll +
b Vlx=Qyll llx—Fx|| c Vix=ayll

lx=yll+ IFx—Qyll 1+ /lly—Fx[ ’
... (2.5)

forall x,y € H, where a,band c are nonnegative
.real numbers. and

(0 <a+ byvs +2c+s <1). Then F and Q
have a unique common fixed point.

Corollary 2.2.Let Hbe a G.B.S. with ||.|| and let
F,Q : H — H be a two mappings on H fulfilling the
condition,s = 1land (0 <p <1)

IFx — Qyl|IP < a IFx=xII” + (lx=yllley-yIDF

(llx=Qyll llx—FxIDP oo
x—=Qy| ||lx—Fx

(lx=yll+ IIFx—QyIDP* ™ (2.:6)

for all x,y € H, where a,band care nonnegative
.real numbers. and

(0 <a + b~s <1). Then F and Q have a unique
common fixed point.

Corollary 2.3.Let Hbe a G.B.S. with ||.|| and let
F,Q:H — H be a two mappings on H fulfilling the
condition,s = 1and (0 <p <1)

IFx=xI” + (lx-yllllQy-yID®

_ P
|Fx (gyll =a 1+ [IFx-QyllP th
llx—Qyll
Ty @7

for all x,y € H, where a,band c are nonnegative
.real numbers. and

(0 <a+2b%s <1). Then F and S have a
unique common fixed point.

Definition 2.2: Let Hbe a G.B.S. with |.|| and
s = 1 a mappings F,Q: H — H is said be a (a,f)
composition contraction if fulfilling the condition,
IIQ(IZxS)— FQyll < a|lFx - FQyll + B IlQy — QFxll,
for all x,y € H, where a, and c are nonnegative

1
real numbers, as < < ands g < 1.

Theorem 2.2: Let Hbe a G.B.S. with ||.|| and
F,Q:H - H a (a, B) composition contraction. Then
QFx and FQy have aunique common fixed point.
Proof: We define a sequence.{u,} in H as a result,
Fu, = upiq, QUuyi1 = Uppyo,QFu, =
Upty and FQUy 11 = Upys, (2.9)
forall n eN.
If, n = 2zfor all n € N, as well as the (3.20) with
X =uy,andy = u,,,, We have,
luzz42 — Uzzasll = [1QF Uz, — FQuosy4 |

< allFuy, — FQuaziqll + BlIQuazys —
QFuZZ”
= alluzzer — Uzzesll + Bllugzez — Uzzzll =

alluzz41 — Uzzesll
by property(2) of the definition(2.1),

condition (2.9), we have

and the
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[uzz42 — Unzasll < as[ [uzz41 — Upzuall +
”uzz+2 — Uz+3 ” ] s

luzz42 — Unzasll < T—as luzz41 — Uzzszll

luozs2 — Uozasll < Viiugzer — uzziall, let ¥y =
< 1.

Using lemma (1.2) limit n — co we can deduce that
{u,} is a Cauchy sequence in (H,||.||), and that is a
converges to some u” € Hasn — +oo.

(1) We will prove that Fu™ = Qu’ = u’.

as
1-as

by property(2) of the definition(2.1), and the
condition (2.9), we have

lu"—FQu*ll < s[llu" —uzziall +  llutzze2 —
FQu™|l]

=5 [[u" — upzpall + s |QFuy, — FQu™|
< s [lu' = Upzpall + s @llFuy, — FQu'|l + BllQu* —
QFuZZ”

= sl =gl +
FQur|l + BllQu™ — Quaz44ll,
by take the limit as z — +oo, we get,
[lu* — FQu*|| < sallu*—FQuT||, which is a
contradiction because 0 < sa < 1.
Thus |[u* — FQu*|| =0, FQu* = u’,
Similarly, we get,
lu™ — QFu’|| < s[llu” — ugnisll + lluznes — QFu™(l]
= s[llu” — uznssll + IFQuaner — QFu™|l]
= slu” — uzn4sll + s[ allFu™ — FQuapiqll +
BllQuans1 — QFu™|l],
by take the limitasn — +oo, we get,
lu"— FQu*|| < spB |lu"—FQu*|, which is a
contradiction,
Because (0 <sf < 1).
Thus |[u* — QFu*|| = 0, QFu* = u”.
(1I1) Now We will show that QFx and FQx have a
unique common fixed point.
Assume that u*, v° € H such that, u* # v are
common fixed points of QFx and FQx, by (3.20), we
have

s alluzzeq —
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