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ABSTRACT

In this work, the concept of {-Open Set was introduced as a

generalization of open set. Where it is shown that (X, r() is a

Topological Space.
Also, we study T -Interior, ¢ -Closure, Continuity Function.
At last basics Properties of them are given.
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1. Introduction and Basic concepts

In this work, we present some basic concepts in the
topological space, such as the interior which the
scientist studied S.-M. Jung and D. Nam year 2019
[1] and Closure which the scientist studied by N.
Levine at year 1961 [2], as well as the continuous
functions that the scientist studied by Cenap Ozel at
2021[3], Then the Separation axioms To, T1, T2 was
studied by M. Bharti at 2019 [4]. Finally, some of the
theorems and properties that we will generalize open
set to the ¢ -Open set type.
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The definition of topological space is given in [5] as
If X # @, set, 7 is a family of subsets T € P (X) is
named to be topology on X if the following holds:

1- X,0 € .

2-If S U et=>SnUET

3 IfS;eTt>y;S €T

We called a pair (X,7) Topological space.

In [2] the interior set definition is given as: the
topological space (X, 1), if S € X. The interior of S
denoted as union of every open set whose contained
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in S symbolized by Int (S) or S° i.e., the largest open
set that’s contained in S.

Also, the closure set was given in [3] as: Assume (X,
7) be a topological space, S < X. The closure of S is
defined as the smallest closed set whose contained in
S denoted by CL (S) or S .

i.e., the smallest closed set that contained.

Definition 1.1[6]

Let f: (X, 7)—> (,7) be a function where
(X,t),(Y,7) are topological spaces. The function f
is names continuous function if f~1(S) € X for all
opensetinY.

A function f: (X,t)— (Y,%)is named an open if
f(S) is an open set in Y, whenever S € 1.

A functionf: (X,7) — (Y, T) is named closed if f(S)
is a closed set in Y, whenever S is a closed set in X.
Definition 1.2 [4], [7],[8]

A topological space (W, t) is called a To-space if
for any pair of different points of W, there is at least
one open set which includes one of them but not the
other.

A topological space (W, 1) is named a Ti-space if
for any pair of different points x,y in W, there is two
open sets S, T € tst. x € S,y ¢ S and x ¢
T,y €T.

Let (W, t) atopological space is named T2-space or
Hausdorff space if for each pair of different points
can be separated by disjoint open set.

2. Main results

In this section, some new class of sets called Zeta-
Open sets was introduced (briefly ¢ —open) with
some properties.

At last the concept of continuity with some
characterization were introduced too.

Definition 2.1

Let (X, 7) be topological space and S € X. Then is S
is { -open set

IfSNU + @V ze€S3Iopenset Ucontentzst @ = U
#X when @ #S# X

= (0 if S=0
andsnd ={; T o3}
The set of all ¢ —open is denoted by is ¢ —O(X).
Example 2.2:

Let X={ & b,¢} 7={0{a}.{4a b} X}and t¢={X{
b, ¢ }1,{ ¢}, @} then is T-O(X).

Let S=X, @ is ¢ -Open set {from def.}.
Let S={a} is ¢ -Open set

Let S={h} is ¢ -Open set

Let S={ ¢} is not ¢ -Open set

LetS={a,h} isT-Open set

Let S={a, ¢} isnot-Open set

Let S={ b, ¢} isnotl-Open set

T(= {X1 Q),{ é‘ }1{ b }1{ a ’ b }}

Theorem 2.3:

Every open set is C-open set and the opposite isn't
true.

Proof: Let S be a open set if S # @ or X Then is proof
done .

Assume @ =S #=Xandz €S
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PutG=S,S=G =SNG =S # 0.
Example 2.4:
Let X={4 b,¢c} r={0.{a}{a b} X}and r°={X{
b ¢ }{¢} 0} thenis (-O(X)
( 'O(X):{X! Q!{ a }!{ b }!{ é,, b }}! { b } is (-Open
set but not open set
Theorem 2.5:
(X, T-O(X)) is topological space.
1- p, X €{—-0(X) (bydef.{—0(X))
2- LetS, €l—0(X)andz€US, = a" € Astze
Sy+3Gy,ZE Gy
Sg NGy # D= Upgen(Sy NGy) # 0
“ Ugea Sa N Ugea Ga* +0
3- LetS;,S, € -O(X), To prove S; NS, € {—
0X)s.tzesS NS,
4- = z € §5,,z € S,3 open G4, G, contain z
stSinG #0vi=12
=~ SINS,NG NG, + @
Corollary 2.6 :
(X, 7,) finer then (X, 1) .
Proof : By(Theorem 3.3) Every open set is -open
set.
Definition 2.7:
Let (X, 7,) be a topological space and S €X. A
point z € S is called an T - interior point of S and is
denoted by S7or Int; (S). i.e.,
Int;(S)={z € S:3U €1,;2zE€ uc S}
z € Int;(§) ©3U € T,z €UC S
Example 2.8:
Let X={ab,c} ,t={X{4a}{4a ¢} 0}and 7¢={0,{
b,ch{ b}, X} thenis

L ={X{a}{¢}{a ¢} 0} thenis Int(S) . Let
S=X
Let S=X,0 = Int¢ (S) = X,0.
Let S={a } = Int; (S) = {a}.
Let S={h} = Int (S) = @.
LetS={¢c}=Int; (S)={¢}.
LetS={4,h}=Int; (S)={a}.
LetS={a, ¢} = Int; (S)={4 ¢}
Let S={b, ¢} = Int¢ (S) = {¢}.
Definition 2.9:
Let (X,rz) be topological space and S; & X. The -
closure of sets S; is SZUSé and denoted by §¢ or
cly(S) .i.e. 5; = S;US;
Example 2.10:
Let X={ab.c} ={X{h }{b ¢} 0} and r°={0,{
b, ¢ }.{ ¢ }. X} thenis

={X{b}{¢}r{b ¢} B}and {-c(x) ={0 {4 ¢
}{a b }r{a}X}thenis be(S). Let S={X}
Let S=X,0 = cl(S)= X,
LetS={a}=cl;(S)={4 ¢}
LetS={h}= cl;(S)={4 b }.
LetS={¢}= cl;(S)={4a ¢}
Let S={4,h}= cl(S)={a, b }.

(since z€ S; N G;)
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LetS={4,¢} = cl(S)={4,¢}.

Let S={ b, ¢ } = cl()={X}.

Definition 2.11:

Let (X'Tz) and (Y,77) be topological space and f:
(X,r() -(Y,17)

The function f is called g-continuous if the inverts

image for any -open set Y is an
C-open setin X .i.e.

f: (X;7)- (Y, 7p)is g-continuous s () e T
VUET
and the function f is called ¢-dis-continuous if there

exist an ¢-open set in Y. but inverts image is not -
open set in X.i.e.

fis ¢-dis-continuous & U € iz A f71(U) & T
Example 2.12 :

Let X={1,2,3,4} ,7,={X, 0,{1,2}} t5={X, 0,{3,4}
and Y={ ab.c} ,7,={Y.0{ b ¢ 3}, 5={0.Y{2a}}
then is

=X, 0.{1.2}:{1}{2}} i={X,. 0{a }{b }{4a b
s

Define h: (X,7,)=>(Y,77) ;h(1) =&, f(2)=b.f(3) =
fH)=¢

Thus h C- continuous
Theorem 2.13 :

if f: (X,TZ) -(Y,77) and g: (Y, 7)—~>(M,77)

are both ¢ -continuous function , then the composition
gof: (X'TZ) —(M,77) is g-continuous
proof : Let Ve 77 = g~'(V) € 1
continuous)

notes that g~ (V) € Y

= f(g7'(V)) € T, (sinceis fis ¢-continuous)

(since g is -

= (flog™H(V)) € 7, (by composition is f is -
continuous)

= (fog)'(V)) e, (since (gof)~'=f"log™)
~ gof is ¢-continuous. the figure below clear this
theorem .

3- {-Seperation axioms

Some new class of separation axioms were
introduced in this section with their relations.
Definition 3.1 :

A topological space(X,rZ) is¢-TO — space, if for
each pair of distinct points x, ¥ € X, there is either an
 -open set containing x but not  or an ¢ -open set
containing ¥ but not x.

Example 3.2 :

Let X={ ab, ¢} o={X0{a}{4bl},
={@.X{b. ¢ 1{¢}}

thenis 7,={X, 0.{b }{c }.{b ¢ }}.is (X, 1) is (-
To — space.

Example 3.3 :

Let (X, 7,) be topological space

X={ab.c} ={X, 0{a b}}, x={X.0.{¢c}}
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thenis 7, ={X,0.{4a },{ b }{ 4 b }} and let &7,
={X,0,{ 4, }}thenis - To—space

~ (X, ¢, )isnot C- To— space

Because 3, € Xand A ¢ -open set containing & but
not b.

Theorem 3.4 :

The property of being a ¢-T. — space is a hereditary
property.

Proof :

Let (X, TZ) ¢-TO — space and (W, 77 ) subspace of X,
to prove (W, 77 ) is ¢-TO — space

Letx, yEW ;x# y= x,y€ X (since W &X)
“Xis -TO —space = 3V €T, ; (X EUAYEU)V
x eUAyEU)

= U ¢We(W, i7)

(by def. of 77)

T (XEUNWAYy e UNW)V (x ¢ UNWAY € UNW)
=~ (W, 77)is ¢-TO — space.

Definition 3.5 :

Let (X, TZ) be a topological space. Then is the space

X, TZ) is called

{-T1 — Space if for each pair of distinct points x, y e
X, there exists an ¢- open set in X containing x but
not y, and an ¢ -open set in X containing y but not x.
Example 3.6:

LEt X:{é’bVQ} vTx:{xv ®V{é:}.V'{éVb}’{é’l g }} 1
n={X.0{b, ¢ }{a, ¢ },{b}} thenis 7, ={X, 0,{ a
}!{ b }l{ ¢ }l{ é! b }l{ é! ¢ }}IS Z' Ti- Space.
Example 3.7:

Let X={a,b, ¢} 7.={X, 0{a b}}, x={X.0.{¢}}
then 7, ={X,@.{a},{b}{a b}}

~ (X, rz) is not {- T1 — space

Because a,c € X and A two { —open sets U,P s.t.
aelU , a¢P and cg¢U, ceP
Remark 3.8 :

every C- Ty — space is {-To-spase (i.e. - Ty = C-To).
But the reverse implications doesn't hold (i.e. ¢- To #
(-T1). As in the example below :

Example 3.9 :

Let X={ah, ¢ } 7={X, 0 {hc}{¢}}, x={X.0,{
a}{a b}}then 7,={X,0{b}{¢}{b ¢}} then
(X, rz) is ¢- To— space. But doesn't ¢- T1— space.
Definition 3.10 : Let (X, rq) be a topological space,
z€X and S € X. S is said to be {—
neighborhood for a point z if there exist a ¢—
open set U contains z which is contain in S denoted
by nbhd;

Theorem 3.11 :

(X, ‘L'() is ¢-T1— Space if {x } is {- closed V x € X.
i.e, (X, rz) is ¢-T1 — Space if every singleton set in X
is - closed.

Proof : (=) Suppose that X is ¢-T1 — Space, to prove
{x } - closed ¥V x eX
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i.e., X — {x } C- open set, we must prove X—{x }
contains a nbhd; Vy eX{x}

Letye X—{x}=>x=y

~ Xis¢Ti—Space =3 U, Vye {1 i (xeUny ¢
UnxeVyayely)

>yeVynaxel;

=>{xInV;=¢

=>VcX-{x}ryel

>V e X-{x}vyeX-{x}

s X—={x}containsanbhd; Vy e X-{x}

S X={x}C-openset={x} ¢ closed Vx e X.
(«<=) suppose that { x } ¢- closed V x e X, to prove X
is {-T1— Space

Letx, vy e X;x#y=>{x1} {y}are ¢ closed sets
= X—{x} X—{y}are - open sets
SayU=X-{7} V=X-{x}=>EcUAnygU)
AxegVAyeV)

= (X TZ) is ¢-T1 — Space.

Definition 3.12 :

Let (X, TZ) be a topological space. Then is the space

X, r() is called a ¢-T> — space or Hausdorff
space.let x,y € X, for each pair of distinct points,
there exist ¢ -open sets U and V such that x € U, § €
V,and UNV =@ i.e., Xis -T2 —space & V X,y €
X;)gi}_/EIU,VETZ;()gEU/\}'/EV), unv=o
Example 3.13 :

Let X={4 b ¢} .={X0{ab}r{b c}r{b}}
and T ={X.,0.{ ¢ }.{a }{a b}}

so 7, ={X, 8.{a}{b}{¢}{ab}{b ¢}}. Then
(X,r( ) is {- T2 — space

Example 3.14 :

Let X={abh, ¢ } ,={X,0{ 4 by }} and
={X.0{¢}} So, 7, ={X, @{a}.{b }.{a, b }} is
(- T2 —space. But (X, T ) is not - T2 — space
Remark 3.15 :

every {- To — space is {-Ti-spese (i.e. {- To = T-Ty).
But the reverse implications don’t hold (i.e. ¢- T1 #
(-T2). As in the example below

Example 3.16 :

Is (N, T((cof)) C-T1 — space.
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Letx, yEN;x#y,3U =N—{x} € 77,
V=N—{7} €1y, (since US = (N — (x}°={x)
Ve =N — {y})°={y} finite set by define of rc(wf))
>(y EU=N={}AXEU)AN( Y €V=N—{x}A
x€V)

But (N, r((wf)) is not ¢-T, — space if x#y, 3 U =

.N - {)S} € T((Cof)

V=N~ {5} €ty bULUNV £

Theorem 3.17:

Let (X, TZ) be a Z-T, — space if the diagonal

A ={(x,x) € XXX ;x € X}isa-closed subset of
the product X x X.

Proof : (=) Suppose that X is ¢-T, — space, to prove
A C-closed in X x X

i.e.,, XXX — A C-open set, we must prove X X X— A
contains a nbhd; V (x, y) € X X X — A Let (x, §) € X X
X-A= (x,y) €A (def. of deference)

=SXEY (since A has equal coordinate)
wXisa(-T,—space = 3 U,V €1, nv=go,
xeUAy V)

= UXVE Pxxx S Trxxx) (by def. product space)
= U X V C-open set in X x X and
UXVCXXX-AA(X,9)€EUXV (since NV = @)
Since, ifUXV € XXxX-A=3 (x,x) EA= Xx€E
UnxeVlV CH

=~ XX X—A contains anbhd; Vx € X X X—A

= XXX—A € Byxx

= A T-closed in XxX

(<) Suppose that A Z-closed in X X X, to prove X is
(-T2 — space

Letx, yEX;x#y=(x,5) € A (bydef. of A)
= (X, J) EA=XXX—-A

~ A T -closed set = X x X —A C -open set

= 3AUXV; UV e TZ/\()S,}_I)EUXV , UxVc
XxX-A,x€EU,yeV
=UXVNA =0
equal coordinate)
=SUXV=0

= (X, TZ) is -T2 — space.

(i.e., A element in U XV has
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