Tikrit Journal of Pure Science Vol. 28 (3) 2023
https://doi.org/10.25130/tjps.v28i3.1435

Tikrit Journal of Pure Science
ISSN: 1813 — 1662 (Print) --- E-ISSN: 2415 — 1726 (Online)

Journal Homepage: http://tjps.tu.edu.ig/index.php/j

BA-Semigroup
Mohammed Khalid Shahoodh
Al-Idrisi High School for Girls, General Directorate of Education in Ramadi, Ministry of Education, Iraq

ARTICLE INFO. ABSTRACT

Article history:

Several algebraic structures have been studied by many

-Received: 3/81/2022

-Received in revised form:18 /9 /2022 authors to discuss the relationships among them. This article
-Accepted: 251912022 aims to study two algebraic structures namely semigroup and
-Final Proofreading: 23/ 4 12023 BA-algebra by combining them in one form namely BA-
-Available online: 25/6/2023 semigroup and investigate some of its properties. This paper
Keywords: BA-algebra, B-algebras, | studied the BA-sub-semigroup, an ideal and BA-

Semigroup, B-homomorphism, 0-commutative
BA-algebra.

Corresponding Author:

\Name: Mohammed Khalid Shahoodh
E-mail: moha861122@yahoo.com

Tel:

©2022 COLLEGE OF SCIENCE, TIKRIT
UNIVERSITY. THIS IS AN OPEN ACCESS ARTICLE

UNDER THE CC BY LICENSE
http://creativecommons.org/licenses/by/4.0/

O

homomorphism of a BA-semigroup with some of their
properties. Some examples are given to illustrate the results.
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Introduction

Abstract algebra is one of the influential branches in
the field of pure Mathematics. The name of algebra
came from the book of the mathematician
Muhammad ibn Musa al-Khwarizmi [1]. This field
deals with study of the algebraic structures such as
groups and rings and studied the relationships among
them.

Many algebraic structures have been studied by many
authors in order to present some new notations such
as BA-algebra which has been introduced by Nouri

0 gl lgaaye o5 38 ALY (ans .BA-8))

[2]. Further, the same author presented the notation of
a BS-algebra [3]. Then, some properties of this
notation have been studied. Furthermore, the
algebraic structure namely B-algebras has been
provided by Neggers and Kim [4] and some of its
properties are studied. A generalization of a B-
algebras namely BG-algebras has been introduced by
C. B. Kim and H. S. Kim [5]. Then, some of its
properties are given such as BG-homomorphism, BG-
isomorphism and quotient BG-algebras. Besides,
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some other properties that concern on the BG-
monomorphism and BG-epimorphism are
investigated. Moreover, C. B. Kim and H. S. Kim [6]
introduced the concept of BO-algebras with some of
its properties. A paper by C. B. Kim and H. S. Kim
[7] presented the idea of BM-algebras and studied
some of its properties. Some other studies had
investigated the direct product of some algebraic
structures. For example, the concept of the direct
product of a B-algebras has been introduced by
Angeline et. al [8]. While, the direct product of a BF-
algebras and BG-algebras are given in [9] and [10]
respectively. In addition, the Lagrange's Theorem for
the B-algebras has been studied by Bantug and
Endam [11].Then, some important mappings which
concentrated on the direct product of a B-algebras
have been investigated by Angeline et. al [12]. On
the other hand, some authors have been presented
some new concepts by combining two algebraic
structures and studied some of their properties. For
instance, an algebraic structure namely BE-
semigroups has been introduced by Ahn and Kim
[13] with some of its properties. Another algebraic
structure namely B-semigroups was defined by Ceven
[14] and some of its properties have been discussed.
Motivated by the work of previous researchers, we
presented the notation of BA-semigroup and
investigated some of its properties in this paper.

The present paper is structured as follows: In section
two, some basic results which are important in this
article are stated. The main results of this paper are
given in section three. While, section four, followed
by the conclusions and future research scope of the
present paper.

Basic Concepts

Some basic results which are important for this study
are given in this section. We started with the
following definition.

Definition 2.1 [1] A system (S,X) is called
semigroup, if X is an associative binary operation.
Definition 2.2 [2] The mathematical system (S, H,
0) is said to be BA-algebra, if it satisfying the
following axioms.

inEBO=uforallu €S,

i B u=0forallu €S,

iAW HL) =tH@HEwv) for all w,v,£t¢€
S.

Definition 2.3 [2] The system (S, H, 0) is said to
be 0-commutative BA-algebra, if for every w«,v» €S
we have « FH (0 FHv) = v H (0 HH w).
BA-semigroup

This section presents the notation of a BA-semigroup
with some of its properties. We commence by
presenting the definition of a BA-semigroup which is
presented as follows.

Definition 3.1 A mathematical system (S, H, X,
0) is said to be BA-semigroup, if it satisfies the
conditions below:

i. (5, H,0) isa BA-algebra,

ii.(S, X)) is a semigroup,

TJPS

iii. uRwHH =wXvrv)H®X+) and
wHNXt=wmXt)H MW X*), VYuuv,te€
S

Example 3.1 Consider the two binary operations H
and X which are defined on the non-empty set § =
{0,1,2} by the following two Tables.

Table 3.1. BA-algebra
H 0 1 2

0 0 1 2
1 1 0 1
2 2 1 0

Table 3.2. Semigroup
1 2

0 0 0 0
1 0 1 2
2 0 2 1

Then, it is easy to verify that (§, HH, X, 0) isa BA-
semigroup. For the distributive property of (S, H,
X,0), we have0X(1H2)=0X1=0=
(OX1HBEOX?2) =0HO0=0. Similarly for the
right side.

Example 3.2 Consider the two binary operations
and Xwhich are defined on the non-empty set § =
{0,1,2} by the following two Tables.

Table 3.3. BA-algebra
H 0 1 2
0 0 1 2
1 1 0 2
2 2 2 0
Table 3.4. Semigroup

X |0 1 2
0 0 0 0
1 0 1 2

2 0 2 1

It's clear that (§, H, X, 0) is a BA-semigroup.
Example 3.3 Consider the two binary operations H
and X which are defined on the non-empty set § =
{0,1,2,3} by the following two Tables.

Table 3.5. BA-algebra

B|10|1]2]3
0 0 1 2 3
1 1 0 1 1
2 2 1 0 3
3 311]13]0
Table 3.6. Semigroup
X |0 1 2 3
0 0 0 0 0
1 0 1 2 3
2 0 2 0 0
3 0 [3 [0 |O

Then, (§, H, X, 0) is a BA-semigroup.

Lemma 3.1 For a semigroup (S, X), v X 0=0X
u=0,Vu€eSs.

Proposition 3.1 Let (S, H, X, 0) be a BA-
semigroup. Then, «u X 0=0X« =0 for every
ueES.

106


https://doi.org/10.25130/tjps.v28i3.1435

Tikrit Journal of Pure Science Vol. 28 (3) 2023

https://doi.org/10.25130/tjps.v28i3.1435

Proof: Let « € §, then by Definitions 2.2, 3.1 we
have «XO0=«uX(OHO)=WwXO0H X
0). By Lemma 3.1,we get 0 HH 0 = 0. Similarly, if
we take the other side which is 0 X« = (0 HH 0) X
u=0Xu«u)HOXw«)=0HO0=0. Therefore,
uX0=0Xu=0foreveryuw €S. m

Definition 3.2 Let (§, HH, X, 0) be a BA-
semigroup. Then,

i. If uXv =vXu forevery u,v € §, then § is
said to be commutative BA-semigroup.

i. If «uBHOBv)=vHOB«) for every
u,v €S, then § is said to be 0-commutative BA-
semigroup.

Remark 3.1 Example 3.1 shows that § s
commutative and 0-commutative BA-semigroup.
Furthermore, a BA-algebra given in Table 3.1 is a O-
commutative.

Definition 3.3 Let (S, H, 0) be a BA-Algebra, then
its called an associative BA-algebra if for every
w,v,t€S we have ulH (v H%) = (w Hv) H
t.

Example 3.4 For Example 3.3, a BA-algebra given in
Table 3.5 is an associative BA-algebra.

Proposition 3.2 Let (5, H, X, 0) be a BA-
semigroup. Furthermore, let H be an associative
binary operation. If « X v = v X u«, then (v H
v)? = u? @2

Proof: Let «u X v = v X« with w,v € §. Then,
by Definition 3.1, we have (« B v)? = (u Hv) X
wH=(wBH»XRu)B (B Rv) =
(WHEXw)B((«Xv)Be?)=u*H
(vXNuw)HBH@wXRu Brv?>=wHB0)H?=
wW BHvrina

Proposition 3.3 Let (5, HH, X, 0) be a BA-
semigroup. Furthermore, let H be an associative
binary operation. If «?* K =v?* K u, then
(u B v)*™ = u®™ @ v?™ wherem € Z+.

Proof: By using Mathematical induction on m. Let
m = 1 then, by Proposition 3.2, the statement is true.
Assume that the statement is true for m = k in order
to show that it's true for k+ 1. That is mean,
(u B v)?* = u?* B¢, Now, (u M wv)?k*=
(uBN*RwB) =@ Br?*)X
(uwBv)=(w*Ber?) Ku) B ((«?*H

/v,zk) g 4)’) — (/b(,2k+1 Bﬂ (/U’Zk g /b(,)) Bﬂ (/b(,2k g
/v,) H /U‘Zk+1) = y2k+1 H (Uzk X /LL) =) (uzk X
v) B v?*1, Thereafter, «?**'H («?* X ) H
(uzk g ’U‘) Eﬂ /U‘2k+1 — (u2k+1 Ba 0) Eﬂ /U’2k+1 —
w1 B 2K+ Thus, the statement is true for k +
1. Therefore, as required. m

Definition 3.4 Let (S, H, X, 0) be a BA-
semigroup and let © < § then, O is said to be BA-
sub-semigroup of §, if for every «, v+ € O we have
uwHveDandu X v € 0.

Example 3.5 For Example 3.1, let © = {0,1}, then ©
is a BA-sub-semigroup of S.

Definition 3.5 Let (S, H, X, 0) and (§', H', X',
0) be two BA-semigroups. Then, the mapping

TJPS

T:8§ — §' is said to be BA-homomorphism, if for
every u, v € § we have

L. T(wBv)=Tw) B TW),

i T7(uXv)=Tu) X' T(v).

Remark 3.2 Let 7:§ -8 be a BA-
homomorphism. If T is (1-1), then T is called BA-
monomorphism. Moreover, If T is an onto, then T is
called BA-epimophism and if 7 is a bijection, then
it's called BA-isomorphism.

Proposition 3.4 LetT7:§ —»§' be a BA-
homomorphism. Then, 7(0) = 0".

Proof: By Definition 2.2, we have T(0) =
TOHEOO)=TO)HTO)=0H0=0.n
Proposition 3.5 Let § and S’ be two BA-semigroups.
Furthermore, let 7:§ — §' be a BA-homomorphism.
Then,

i. If O is a BA-sub-semigroup of S, then (D) is a
BA-sub-semigroup of §".

ii. If O is a BA-sub-semigroup of S, then 771(D) is
a BA-sub-semigroup of S.

Proof: (i) Since O is a BA-sub-semigroup of S, then
by Definition 3.4, we have «wH v €D and «u X
v €D for every w,v €O and let T(O) =
{T(w):we S} Since T7:§—S§" is a BA-
homomorphism, then7(u Hv) =
T(w)H TWw) eT(O) and T(uXwv) =
T(uw) X' T(v) € T(O). iy 71O ={ue
$:T(u) eV} S. That is mean «w € T71(D) &
T(uw) €O. Next, let wu,v €T (D), then
T(w),T(v) € D. Since O is a BA-sub-semigroup of
§', then we have T(w) HT(v) € O and T (u) X
T(v) € O. This gives us « Hv € T71(D) and
u X v € T71(D). Therefore, as required. m
Proposition 3.6 The composition of two BA-
homomorphisms is a BA-homomorphism.

Proof: Let 7:§ — §' and T7*:§ — §* be two BA-
homomorphisms. By definition 3.5, for every «, v €
§ we have T(uH»)=Tw)H T(w) and
T(uXv)=T() X T() and similarly for the
second BA-homomorphism 7*. Thus, (T o T*)(« H
V) =TT (uBv)=T(T ) B T @)) =
T W) B T(T* @) = (T THw) B (T e
THY). Also, (ToTN(uRv)=TT"((vKX
v)) = T(T*(u) X’ T*(v)) =

T[T W) R T(T* (@) = T o THu) K (T o
T*)(v). Therefore, this completed the proof. m
Definition 3.6 Let T:5§ —S'be a BA-
homomorphism. Then, the kernel of T is defined to
be the set {u € §: T (w) = 0_k}.

Proposition 3.7 Let 7:§ —» 8§ be a BA-
homomorphism. Then, kernel T is a BA-sub-
semigroup of S.

Proof: Let w,v € Ker T, then T(u) =0_k and
T (v) = 0_k. Since T is a BA-homomorphism, then
by Definition 3.5, for everyu,v €S we have
T(uBr»)=Tw)H T(w)=0H 0=0. That is
mean «w [H v € Ker T. Again, from Definition 3.5,
wehave T(u X)) =T(uw) X Tw)=0X'0=0
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which implies that « X« € Ker T. Therefore,
Ker T is a BA-sub-semigroup of S. m

Definition 3.7 Let § be a BA-semigroup.
Furthermore, let ® = O € §, then O is said to be
right ( left) ideal of S, if it satisfies the following
conditions.

i. Foreach w e D,v €S, wH v € O impliessv €
0,

ii. Foreach ueQ,ves, vXued (uXwv €
D).

Moreover, if O is both right and left ideal from S,
then we say it an ideal from S.

Example 3.6 Consider the BA-semigroup which is
given in Example 3.3. Furthermore, let © = {0,2},
then O is an ideal of S.

Proposition 3.8 Let 7:§ —>S§'be a BA-
homomorphism. Then, kernel 7 is an ideal of S.
Proof: Let « € Ker T with v € 8, then T(u) =
0_k. Without loss of generality, let « H v € Ker T,
then by Definition 3.6, we have T H«v) =
T(uw) B T(v) = 0. From the other side we have
T(v) = 0. Thus, we get v+ € Ker T. Now, since « €
Ker T, v € § and T is a BA-homomorphism, then
we get TuXRv) =T X' T(v) =
0 X' T(v) =0 which gives us« X v € Ker T. In
same way, TwoXuw)=Tw)X'T(u) =
T()X' 0=0 which gives usv X« € Ker7T.
Therefore, Ker T is an ideal of S. m
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