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Introduction

A Stochastic differential equation is one of which
more of its terms are stochastic process. [Arnold,
1974][1]. According the feature of randomly
(stochastic) the numerical analysis for solving
stochastic differential equations are also different in
some key array from that of ordering differential
equation .

The stochastic process {x (t), t € [0,00)} of the form:
[2]

dx(t)= a(x(t),t)dt + B(x(t),t) dw(t) ...(1)

Where a(x(t),t) is drift term, B(x(t),t) is diffusion
coefficient and {w (t)} is a wiener process.

Or equivalently,

X (1) = X (0) + f a(x(t), dt + [} Bx(t), Ddw(®) ...
)

0 <t<T, X(0)isthe initial value.[11]

lette[ty,T], a(.), B (.) sufficiently smooth in some
region and F(x(t),t) is twice differential in that region
. Then It6 ’s formula is:[11]

Fx(D,0) = Fx(t))+[ 2
JE (@Cx(), 9) 52 + SB2(x(5), s)

& BCx(s), ) - dws ... (3)
Or equivalently by using Taylor Series :[10]

taF

)ds +

ABSTRACT

The aim of this paper is to study Itd ’s formula for some stochastic

differential equation such as quotient stochastic differential equation, by
using the function F (t, x (t)) which satisfies the product Ito’s formula,
then we find some calculus relation for the quotient stochastic
differential equation and we generalize the method for all m supported
by some examples to explain the method.

dF(x(t),t) =
(6F(xt)+ ax, £) oD | 1 B x, t)a F(xt))dt+

B () T dw @

The stochastic differential equation models have
been used after with great success in a variety of
application areas, including biology, epidemiology,
mechanics, economics and finance. The concept of
the important of these models initialized in 1905, [3].
Various authors have explained and study their
contribution in this field. Kloeden and Platen [4]
discussed the numerical solution of stochastic
differential in detail. Platens [5] study the strong and
weak approximation methods for the numerical
methods to get the solution of stochastic differential
equations. Further work on some stochastic
differential equation as they presented two explicit
methods for It6 SDEs with Poisson-driven jumps.
Nayak and Chakraverty [6] worked on numerical
solution of fuzzy stochastic differential equation.
Christios H.skiadas, [7] Study the exact solution of
stochastic differential equation (Gomertz,
Generalized logistic and revised exponential. Akinbo
B.J. et al [2] study numerical solution of stochastic
differential equation .And so on.

OF(x t)
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In this paper, we investigate the form for some
(quotient) stochastic differential equation with
constant coefficients with first order, second order
and then we generalize it for m-order (quotient)
stochastic differential equations. We also give some
examples with exact solution to explain the method.
Related works and method

Definition 1 :( random variable) [8]

A random variable is a mapping or a function from
the sample space Q onto the real line R, (i.e. X: Q
—R)

Definition 2: (stochastic process) [9]

A stochastic process is a family of random variables
denoted by {x(t), t € T} where t is time parameter and
TeR.

Definition 3: (Wiener process) [11]

A wiener process (Brownian motion) over [0, T]
denoted by {w (t)} is a continuous-time stochastic
process satisfying:

1: W (0) =0

2: Forall t, s >0, W (t)-W(s) is normally distributed
with mean zero and variance|t — s|.

3: The increment’s W (t)-W(s) and W (v)-W (u) are
independent.

Definition 4 :( It - integral) [10]

Consider the stochastic integral
I(F)=I(FYW)=J" f(s, w)dw(s, w) then the Itd-integral

is [ (O dt=limy e X5, f(t)Awy,  where Aw;=
[W(tksq) — W(ty)] and w(t) is wiener proocess or we
can write it by fab f()dw(t) then the mean

EQfOdw®) =0 E((f) fOdw(r)?)=
[PEf?(D)dt .The It5 °s formula for y,(wW)=v(t.x,)
with dx= f(t,w)dw, is given by
_/0v 1.9 0v v

dyt— (E + Ef E)dt +f5dwt .

And then a stochastic process {x (t): t € (0,) } is
said to satisfy 1t6 — stochastic differential equation .
dx(t)= a(x(t),)dt + B(x(t),t)dw(t) iffort > 0itisa
solution  of x(=x(0) + [ ax(®),t)dt +

Jy B&®, Hdw(D) . ... (5)

Definition 5 :( 1t6 ’s formula) [11]

Let X (t) be a real-valued stochastic process then

x(a) = x(b) + ["Fdt+ [ Gdw ... (6)

For some G e L?(0, T), F € L}(0, T) and O<a<b<T.
Then X (t) is a stochastic differential equation
satisfies:

dX =Fdt+Gdw; for
Remark .[14]

L' [0, T], L?[0, T] denotes the space of all real-
valued, adaptive processes {x.} , {y.} respectively ,
such that

E (foTlxtldt) < oo

E (f0T|Yt|dt) < ®

If u: R x [0,T] = R is continuous and their first
and second partial derivative for t exist and are
continuous. If we take Y(t) = u(x(t),t) ,

0<t<T.

TJPS

Then the following equation is called (Ito ’s
formula):

dy = Lt + 2ax +
) at s 0x

ou” 52 u

oz G)dt + ——Gdw

The Ito product rule: [12]

Let the change in the process x, between t and t+At is

given by Ax.=x..a: - X When At is very small, then

we have

dX(=Xerdr - Xe OF Xeyar=X¢ - dX¢ ... (7)

Suppose  x;; and x,, are two stochastic processes,

then:

d (X1X20) = Xy AXpe Ko Xy o HAX (X

Proof: by using equation (7) , we get

1
2

—0u u_1
_(E)t+F6x+

auz 2

XmtXthxl(t+dt)X2(t+dt)_ X1tXat

O%1 =X (t4dt)= X1t = X1 (e4dt) =X X - (8)
AX5e=Xp (t+dt) X2t = Xz(erdr) =UX2e X ... (9)
Then we get:

d(X1eX20)= (AX1¢+X1) (AXoetXae) - (X2eXar)

=X ¢0Xp H0X (0K +X1 ¢ 0Xor Xy (Xpe-X1eXat

=X, 0% +Xq 0K X1 0X5 ... (10)
Theorem :(1): (Ito ’s product rule) [11]

Let dx; = o ()dt + B;()AW(D) ; (i = 1,2)
(0<t<T): o;()L1 (0, T) , B; (t)eL2(0, T),. Then
d(x, (Dx2 (1) = X (DX (1) + X2 (DdX, (D) +
B (DB (Dt

Let a;(t) = a;; B;(t) = B; independent of t,
wherei = 1,2
Therefore d(x,(D)x, () = X, (O)dX, (1) +

X, ()dX; (t) + B1Bzdt ... (11)
Theorem :( 2) [11]

Let u(x)=x", m=0,1,2,... then
d(xm):mxm—ldx+§m(m-1) XM-2G2(lt
Clearly for m=0, 1 and m=2, follows from the Ito’s
product.
Now let the formula from -1 then.
d (x™~1) =(m-1) x™2dx+ %(m-l)(m-Z) xM3G2dt
= (m-1) x™2d(fdt+gdw)+ %(m-l)(m-Z) xM3G2dt
d (x™) =d(xx™1) =x d ")+ x"ldx+(m-
1) x™2G2dt
=x ((m-1) x™~2dx+ 2(m-1)(m-2) xM-3G2dt) +(m-
1) x™~2 G2dt +x™~tdx
=mx™~Ldx+ %m (m-1) x™2G2dt ... (12)
With these tools in hand, we can find the It5 ’s
quotients rule for stochastic differential equation.
The quotient rule:
Proposition (1): If x; and xt,are two stochastic
processes satisfies
dx(t); = o;(x(t), )dt + B;(x(t), H)dw(t) :i=1,2
Or equivalently satisfies the solution
X)) =
X(0) + fyax(®),0dt + [, BE(®), Hdw(b):
Then d ( xq(t) ) = X2(0dx; (O =x1 (Odxz(O-dx; Odx2 () |

x2(t) (x2(t))?

X1(t) 2
ey (03 0%2 ()
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Proof:
Let x,(t) = x4; x,(t) =x, and suppose that h=x,
and g=x, where h and g are time-independent
d(Xy=d (2) =d (hg™), let f(h,g) :2 then

X2

1 —-h 2h
fh:g’fg:g_z'fhhzo'fgg:g?’fhg:gh:g_z ,
applying 1t6 multi dimentional formula yields[7] .

h
dC) =d(f(hg)) = f dh + fedg + Jfn(dn)? +

. AL
=~dh- —dg + (0)<dh)2+1(2h)(dg>2 - dhdg

g o s
:% + g—3(dg)2 ,
X, then we have

X Xpdxq—Xqdx,—dx,dx X
d (1) = BTREEER 4 () L (19)

So the proof is complete.
Proposition (2): let
stochastic processes, then
d (292

( x2(t) )
_ (x2(£)%(2x1 (dx1 (+GF dt)— (x4 (1)) * (22 (1) dxz (1) + G3 dt)
(x2()*
(2% (®dxs (+GFdt) (2%, (t)dxa () +G3dt)

(x2()*
X1 (t
E 18;6(2x2 (©dx, (1) + GZdt)?
Proof:
Let (x,(t)? = x%; (x,(t))? =x3 and suppose that
h=x? and g=x3where h and g are time-independent:
2
d( 2 )2=d(%) :d(E) =d(hg™)., let f(h.g)=~ 2 then fu=2
Xp X5
-h h
=0 =25 fgg= 23 + fhg= fgh—gz1 , applylng It5
multi- dimensional formula yields . d(g)zd(f(h,g))
= f,dh +f,dg+ ifhh(dh)z ~f,(dg) >+fpgdhdg

=dh- —dg+ (0)( dh)2+ 1(“‘)( dg)?—dhdg

—dh-gldg+ (dg)?- 1dhdg _7&“‘ hgf dhdg, b

Where h=x? and g=x2 , then:

2 442 _ 2 qx2 2 342 2
X1 N2 _ Xpdx7-x7dx3—-dx7dx5 | X 242
d(2)2= - +X(dxd)

where h = x; and g =

x.(t) and x,(t)are two

(d9)*

From equation (12) we have dx™=mx™~1dx+ %m (m-
1) x™~2G2dt
dx2—2xdx+32(2 -1) x°G2dt = 2xdx+G2dt , so that
d (x1 )2 x2(2x1dX1+G dt)— xl(szdx2+G2dt)
X
_ (ledx1+GZdt)(2X2dxz+G22dt)

4
X2

E(ZXZdXZ + G%dt)z

.. (14)

Then the proof is complete.

Now, if we have ( 2—1 )™ withx,(t) and x,(t) are
2

given as before then :

q (ﬁ m _x‘zn(mx{"_ldx1+%m(m—l)x‘ln_zG%dt)

)

x3Hm

TJPS

xP (mx&n_1 dx, +%m(m—1)x’2n_2 G3 dt)

GG)m

(mx{“'ldxl +%m(m—1)x‘1“'2G%dt)(mx‘z‘“'ldxz +%m(m—1)x§“'ZG%dt)

x5Hm
(X;:m (mx2 ~ldx, + %m(m - l)x’zn‘zGﬁdt)
...(15)
Proof:
Let h=x and g=x¥
independent then

d( 2 Hm=d() =dC) =d(hg™) ,
fhzé,fhh—o f_gz ,fgg—g3 s fg=fen=— 21, aplylng
1td multi -dimensional formula yields .
dO=d(f(hg)=fudh  +f,dg+
gfgg(dg)%fhgdhdg

:édh- g%o|g+§(0)( dh)2+ 1("‘h)( dg)z-—dhdg

where h and g are time

let f(h,g)=> " then

~fyn (dh)?+

=dh- gizdg+gh_3( dg)Z-gizdhd _%fdhdg +
h
g_3(dg)2
Where h=x" and g=x3" then:
d ( X1 )m - xgﬂ‘clxrln—xrlndxrzn—t:le‘dx2 xP (dx m)z

(X%)m B)m\
From equation
1) xm=2G2dt[11]
q (X_1 ym _x‘zn(mx'f"ldxl+%m(m—1)x'1“'2G{dt)
X2 B xHm
x‘f‘(mxg‘_ldx2+%m(m—1)xrzn_2G%dt)

(5)m

(11)  dx™=mx™ ldx+ %m (m-

(mx‘ln_ldxl +%m(m— 1)x'1“'2G§dt)(mx§1'1dx2 +%m(m—1)x'2“'2G%dt)

(x5)m
3)m (mx2 “ldx, + - m(m — x> 2szt)
The proof in the S|m|Iar way likewise for m=1, 2.
The exact solution for the proposed formulas:
In this paragraph we give some examples for some
order of quotient stochastic differential equation with
two functions f(x (t), t) and g(x (t), t) which satisfies
ito formula to, explain the method.
Lemma: (see [13])
Suppose {wy, is a Brownian motion then, by using
Ito's Formula, we get:
dwi= 2wdw, + dt, (dw,)?=dt, dtdw, = 0 and
dwd = 3widw, +3w,dt ... (16)
Example (1):
Let f(x) = sin(x) and g(y) = y— 1:y # 1, where f
() and g () are two processes satisfies equation (2),

then find f d(= ) where a=0, b— Bi1=PB=1,04 =

a, =0
Solution: by the Ito product rule equation (11) then
we have

d (g) =d (S;n(f)) —d(sm(x)) + sin(x) d— +
B1B2dt
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fab d (é) = fab d (S;n(f)) f (—d(sm(x)) +
sin(x) dy%l + B1B,dt)
:fab y%1d(sin(x)) + fab sin(x) d yTll + fab B1B,dt

Jy dGinG)) =

sin(b) sin(a)

(b) 1_ (a) 1 f Sln(X)d f BlBZdt (17)
_ sm(b) _ sm(a)

f sm(x)dy LT et ..(18)

From (17) and (18) we get

b 1 . __ [ sin(b) _ sin(a) _ sin(b) _
f 7 d(sin(0) = [y(b) 1 y@- 1] [y(b>—1

;E:)(aﬂ f B1Bdt = — f B1B.dt ... (19)
From (18) and (19) we get

[PA(7) = [ 17 Babact] + [ - 5%
|1 B:B2dt]

__ sin(b) sin(a)

, since a=0, b— then

Y(b) 1 Y(a) 1’
(sm(x ) (sm(x)) _ 51“(5) _ sin(0) _ L _
= -1  2-1
0= -2 = TZ
Example (2):

Let f(x) = sin(x) and g(y) = y—1;(y # 1) , then
find fab d(é)2 where a=0, b:g,B1 =B,=1,04 =

0(2 = 0
Solution: by the Ito product rule equation (11) then

we have
b . fio (b sin®y,; _ b sin?(x)\ _
Q= [ ACED =, d(3=2) =
2
A [(y 7 dsin?(0) + sin?(9d (Z55) + BiBodt] =
b 2 2
fa 5 1)2 dsin?(x) +f sin (x)d( 1)2) +
b
N BlBZdt
fa o 1)2 dsin?(x) =
sin? (x(b)) _ sin?(x(a)) 2 _
G®-D?  G@-D? = Jsin*(od ((Y(a) 1)2)
J, BiB2dt ... (20)
b . 5 1\ _ sin? (x(b)) _ sin?(x(a))
J, sin*()d (yz) = oo o Y

From (20) and (21) we get

b1 .., _ sin®(x(b)) _ sin®(x(a))  sin®(x(b))
Ja 7 dsin“() = G0z ~ w@-nz  lom-1?

i (@) b b
) — [ BuBadt = — [ BBt .. (22)
From (21) and (22) then we have

sm(x) sin (x(b))

[ AER0y2 = [~ 7By Bode] + [
sin (x(a))
v@-1)? [fa leﬁzdt]

sin?(x(b))  sin?(x(a)) . _ _m
= - ince a= =—then

(y(b)-1)2 (Y() 1)2,5 cea=0,b Zt €
fb d(sm(x) fz d(sm(x)) _ sinz(g) __sin?(0)
a Tyt G-D?  (0-1)?
_ z0-cos(m) J(-cos(@) _ 3@ 4
B %2—1'[+1 1 B %2—1'[+1 ©m2-4mis

TJPS

If w; and w,are two stochastic processes, then
w Wotdwqt—wWitdwo—dwydw: w

d ( 1t) 2t 1t~ Wit - 2t~ 1t 2t + ltdt
Wwat W2t Wit

d (%) =d (w1 —) = d(wyew3)

Wy and X, = wy, then by using

Xpdxq—Xqdxy—dx,dx,

Let x4 =
d (X—1 )= 2 + ﬁ(dxz)2 then we have

d (‘\:Vv:z) wardwyg— W1tv<\1,%’:2t dWltdWZt + Wlt(dWZt)z
But since (dw,,)?= dt and dwdt = 0, then we get

d (Wlt) wardwyg— Wltd;"lzt dwydwyt + Wltdt

Wat Wat Wit
Example 4:
If we, and w2tare two stochastic processes then
d (%= (Wlt = dwft + Who— - +dw] d

Let x%, = w2, and x2t —w2t then by usmg

d(2y2= ““d LS Xl(dxz)z then we
have ’
q (R Wit ) WztdW1t‘W1tdZ"zt‘dW1tdW2t + W1t(d t)z

Wat Wat
Since dw? =2w,.dw, +dt, (dw,)? =dt and dtdw,= 0
then
d E 2

( ) Wit

(2w dwqe+dt) (2w rdw. +dt) w2
1tdwit W( 2tdwat 2t (2W2tdW2t + dt)
2t

wzt(2w1tdw1t+dt)— wlt(2w2tdwzt+dt)

_ w%t(2w1tdw1t+dt)— w%t(ZWthwzﬁdt)

d(2)? =

W2t Wzt

_ [4W1ewardwsrdwae+(dD)?] Wét(4w§tdt +dt?)
Wat

Wit

Example 5:

Let f (X1p, Xpt) = ? and X, =Wy , Xor = Wy , =0
2t

and g =1.

. b
Then find [ f(wye, wao)d(f(wye, W) -
Solution: since x;; =w;; and x,; = wy then

f(x10 X20)=F (W1, W)= W_;

b
f f(w1e, W) df(Wye, Wae)= f — d(W1:) [wn] |2
_[Wlt(b) Wlt(a)]

2 w t(b) w2 (@)
Example 6:
Let X =Wyt 3 Xpr =Wy, a=0and g =1.
Then if:
. b
f (X10, X20) = z_; , find fa df(wye, war)
solution : since x;; =wy, and x,, = wy, then

w b
f(Xu:th):f(Wn:Wzt): W_; fdf(wlt!WZt) =

f wu ) f dwlt + Wltd + B1B2dt]
f d 1t+f Wltd +f Blszdt
— W) W1t(a) b 1
fa wa d Wit = w2t (b) wat(a) i fa Wltszt
fa Bledt ... (23)
b 1 _wir(®)  wi(@)
Jy wied wat war(b) war(@ (24)

From (23) and (24) we get
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fbi we, = Yau® wi@ o wae®d) - wie(@)
@ war 7 woed)  war(@)  war()  war(a)
J, BiBdt
b
= 'fa B1B2dt ... (25)
From (24) and (25) then we have.
b, w b wit(b) wit(a)
d(— = - dt T+ [=2 .
[PAER) = - [ BuBpde T+ [ - 2

b wie(d) wie(@)
dt = MielD)  Mield)
Iy Biz war(b)  wae(a)
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