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Introduction
In our article all rings are commutative ring with non-
zero identity. In the recent years many generalizations
of prime ideals were defined. Here state some of them.
The notion of a weakly prime ideal was introduced by
Anderson and Smith, where a proper ideal P of a
commutative ring R is a weakly prime if x,y € R, and
0#xy€ePthenx€eP oryeP in [5] . Ebrahimi
Atani and Farzalipour defined the nation of weakly
. The authors in [6] and [3]
notions 2 —

primary ideals [8]
introduced  the absorbing  and
n —absorbing ideals in commutative rings. A proper
ideal P is said to be 2 —absorbing (or n —absorbing)
ideal if whenever the product of three (or n+1)
elements of R in P, the product of two (or n) of these
elements isin P.

In [1] and [2], the author Akray introduced the notions
I —prime ideal, I —primary ideal and n —absorbing
I —ideal in commutative rings as a generalization of
prime ideals. For fixed proper ideal I of a commutative
ring R with identity, a proper ideal P of R is an
I —primary if for c,d € Rwithcd € P —IP,thenc €

P or d € VP . Throughout the paper the notation
b, ---b,---b, means that b; is excluded from the
product b, ---b, . A proper ideal P of R is an
n —absorbing I —primary ideal if for by, -+

such that by ---b,,, € P —1IP, then b, ---b, €P or

'bn+1 ER

by -+ bi_1bi41 ++ bnyy € VP for some i € {1,2,-+,n}
where V/P is the radical of the ideal P.

Assume that R is an integral domain with quotient
field F. The authors in [7] introduced a “proper ideal
P of R is a strongly primary if, whenever cd € P with
c,d € F, we have c € P ord € vP. In [9], a proper
ideal P of R is a strongly I —primary ideal if cd €
P — 1P withc,d € F, then c € P ord € VP. It is said
that a proper ideal P of R is quotient n —absorbing
byby-by.y €P  with
bib, b, €P oOr

I — primary” if
bl' bz, e

by b, by,  €P forsome1 <i<n.SetPisan

) bn+1 E F y then
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ideal of aring R, let P be an n —absorbing I —primary
ideal of R and by, ...
(by, e bpyq) is an I —(n+1) — tuple of P if
by-by.1 €EIP, biby--b, € Pand forany 1 <i <
n, by -+ 51 by, € \P.

2 n —absorbing I —primary ideals

,bn11 € R. The statement is that

In this section, we start with to define the definition of

an n —absorbing I —primary ideal of a ring R.

Definition: A proper ideal P of R is an I —primary if

forc,d € Rwithcd € P —IP,thenc € Pord € VP.

Definition: A proper ideal P of R is an n —absorbing
I — primary ideal if for by,---,b,4; € R such that
by--by,, €P—IP , then b;--b,€P oOr

bl bi—lbi+1 bn+1 € \/ﬁ fOI’ some l € {1,2, ,n}

Example 2.1 Consider the ring A = k[ty, t5, ..., tnszl,
where k is a field and suppose that P =
(tity = tpgr, tity o by, titn4n) ; I =
(tyty -t tyty = tyye) . Then P —]P =

(tl ittt t12t2 =t tlztn+2) -
(trty =+ tpy, BF = tn, B tnyg, s - tyyp) . Hence
P is an n —absorbing I —primary ideal but P is not

n —absorbing.

Proposition 2.2 We set that R is a ring. Based on this,
the following statements can be considered equivalent:
(i) P is an n —absorbing I —primary ideal of R;

(ii) For any elements a4, ..., a,, € R with a; -+ a,, not
in VP )
[U?:_f (‘/ﬁ:R ay - @ an)] U (Pigaty -+ @yq) U
(IP:g ay -+ ).

Proof. (i) = (ii) Set ay,..,a, € R such that
a; - a, & VP .

ra; - a, €P

(Piray - ay) S

Let re€ (Ppra;a,) . SO

If ra,---a,€IP , then re
(IPpay - ay). Letra, ---a, € IP. Since a; -+ a, &

VP,

(P:pay -+ a,_q)or for some 1 <i<n-—1we have

either ra;--a,_,€P , that is, re
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ray @ a, € P
(\/ﬁ:R aq ---c?l---an) or aya,a, €EVYP . By
assumption the last case is not hold. Consequently
(Praya,) S [U?z_f (\/ﬁ;R ay & "'“n)] U
(Pigay - ap_1)U(UP:gay -+ ay)

(i) = () Let BBy Pny1 €EP —IP for some
B1, Bz, ) Brs1 € R such that B8, B, &€ P. Then
By € (Pig By Bras)- 1f By -+ Bnsys € VP, then we are
done. Hence we may set S, -+ .., & VP and so by
part (i), (P:rPBz - Bns1) S
(UL, (VP By Bi+ Bs1)] U (Pig B Ba) U
(IP:g B+ Brs1)- BB+ Bns1 € IP and
BBy Bn & P, the only possibility is that 8, €
U, (VP:r By By Bre1)
B1By B, Puss € VP for some 2 < i < n. Hence P

is an n —absorbing I —primary ideal of R. o

, that is, rE

Since

Then

Proposition 2.3 If V be a valuation domain with the
quotient field F. Then all n —absorbing I —primary
ideal of V is a quotient n —absorbing I — primary
ideal of R.

that P is
of V , and

Proof. We can certainly assume
n — absorbing I — primary ideal

a,a, - an,, € P for some ay,a,, ..., a,41 € V such
that a,a, --a, € P. If a,,, € V, thena;i; € V. So
Ay ApQpe1Gni, =a, - a, EP , which is a
contradiction. Soa,,,; €EV. Ifq; eV forall<i<
n, then there is nothing to prove. If a; & V for some
1<i<n then a,-@ - a,. EP SVP
Consequently, P is a quotient n — absorbing

I —primary. o

Proposition 2.4 Set P be an n— absorbing
I —primary ideal of R such that VIP = [P, then VP
is a n —absorbing I —primary ideal of R.

Proof. Let us assume a,a, - an.; € VP — INP for
some aq, a,, ...,a,4+1 € R such that a; - @, - a4, €

VP for every 1 < i < n. Thus, we have n € N such
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that atal ---alt,, € P. If ala}--a},, €IP, then
a,a -+ an.q € VIP = I\/P, which is a contradiction.
Since P is an n — absorbing I — primary, our
hypothesis implies ata} :--ayr € P. So a,a, - a, €

/P and /P is an n —absorbing I —primary ideal of R.

Theorem 2.5 Assume that “forany 1 <i <k, I; isan
n; —absorbing I —primary ideal of R such that\/Fi =
q; is an n; — absorbing I — primary ideal of R,
respectively. Let n=n,+n,+--4+n, . The
following statements does hold:

(1) P, NP, N =N P, is an n —absorbing I —primary
ideal of R.

(2) PP, --- P is an n —absorbing I —primary ideal of
R”.

Proof. The proof of the two parts is similar, so we
prove just the first. Let H =P, N P, N---N P,. Then
VE=P,NnP,N--NP,. Letaa, - a,., € H—IH
for some aq,a,,..,ap41 ER and a;, -+ @, - apyq &
VHforany1 <i<n.By,YyH=P,NP,N--NPis
an n —absorbing I —primary, then a,a,--a, € P, N
P, n---N P,. We prove that a,a,---a, € H. For all
1< i<k,P;is an n; —absorbing I —primary and
a,a,--a, EP;—1IP; , then we have 1<

Bi. B3, ... Bh, < m such that Qgiap:  agi € P . If
BL = B itis for two couples [, and m, s, then

aﬁllaﬁzl cee aﬁ%l cee aﬁiaﬁé cee aﬁ.;. cen aﬁ,tll cee

aﬁi’”aﬁén e aﬁf,% e aﬂmm “es aﬁfaﬁ§ es aﬁﬁk € —\/ﬁ

Therefore a, - dpin -+ a,ay4, € VH , which is a

contradiction.  So ﬁ}' s is  distinct.  Hence

{aﬁll, Agl, oee) A, s (g2, Ap2, vy Qg2 s oo, Apk, Al e aﬁﬁk} =
{a,,a;, ...,a,}. If Gpiagy " gt eP forany1<i<
k, then

alaz ...an =

Gpilpy - Api Qgzlgz  Agz * Agkdpk - gl € H,
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thus, we are done. Therefore, we may assume that

agilgy - gt ¢ P,. Since P, is I = n, —absorbing

[ —primary and

Apilps " Apn, Apzlps = Apf, * Agkdpl = Agk (n+1
=0y Anyq € P — 1Py,

then we have agzage - apz.

‘“aﬂf’aﬁg.“aﬁrklkan‘*‘l E
Pl.

On the other hand,

Apz gz - Agl ~ Qgklgle = Agl Anyg € Pp 0 -0 P

Consequently apzagz - Apz
Qpkapr e Agk Qnyy € VH, which is a

contradiction. Similarly, a - api € Py forevery
L

piapL-

2<i<k.Thena,a,:-a, € H.

Proposition 2.6 Assume that P “is an ideal of a ring
Rwith v/IVP < IP. If VP isan (n — 1) —absorbing
ideal of R, then P is an n —absorbing I —primary
ideal of R.”
Proof. Let +P be an (n— 1) — absorbing, and
bib, by, 1 €EP —IP for
,bn+1 €ERand by b, -+ b, & P. Since
(b1by41)(b2bps1) =+ (bpbpy1) =
(byb, -+ by)b",, € P S VP — IVP.
Then forsome 1 < i < n,

(bibnsa) = (Xbprr) -+ (bpbpys) =
(by By~ b )bist € VP,

and so by +- b; -+~ byb,,, € VP. Consequently P is an

consider
by, by, ...

some

n —absorbing I —primary ideal of R.

We recall that a proper ideal Q of R is an
n —absorbing primary if a;,a,,:-,a,,1 €ER

and a,a,---a,., €Q, then aja,---a, € Q or the
product of a,,, with (n —1) of ay,a,,:-,a,is in
\/5. It is clearly every n —absorbing primary is an

n —absorbing I —primary.

Proposition 2.7 Suppose that R isaringandr € R, a

nonunit and m = 2 is not negative integer. Let
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(0:gx7) S (a) , is an n — absorbing

I —primary, for some I with [P < I™ if and only if (a)

then (r)

is n —absorbing primary.

Proof. Let (r) be n —absorbing I"™ — primary, and
a0, Ay, € (r) for some a,,a,,...,a,.1 ER. If
aay - Apyq € (r™) , then aja,--a, € (r) or
g+ 8; Apyq € /() for some 1 < i < n. Based on
Hence

this assumption, aya, - a,.; € (r™)

a0, Ap(Anyq +7) €(r) . If ajay - an(ane +
r) & (r'™) : then a,a, -+ a, €(r) or
a, - a; - ap(ape +1) €J(r) for some 1 <i<n.
SO0 a;a, - a, E(r) Or a, @ - ay,q €+/(r) for

some 1<i<n Hence, suppose that
a0y ay(apye +1) €E(r™). Thus aia; - ansq €
(r™) implies that a,a,---a,r € (r™) . Therefore,
there exists s € R such that a;a,--a, —sr™ 1€

(0:g ) € (r). Consequently a,a, ‘- a,, € (r).

Proposition 2.8 Assume V is a valuation domain and
n € N. Let P be an ideal of V such that P"*1 is not
principal. Then P is an n —absorbing I*** —primary
if and only if it is an n —absorbing primary.

Proof. (=) Let P be an n —absorbing I™ —primary
that is n’t n —absorbing primary. Therefore, there are
a, ...,an4+1 € R such that a; --- a,,., € P, but neither
Q- a, €P NOr a; @, ay.q EVP for any 1<
i <n. Hence(a;) £ Pforany1<i<n+1. Andso
V is a valuation domain, thus P c (a;) for any 1 <
i<n+1, and so P**! c{(a, ---a,.,). Therefore
P™*1 is not principal, then a; ---a,,; € P — P"*1.
Therefore P is an n — absorbing I™*! — primary
implies that either a, ---a, € P or a; -- @, ay41 €
VP for some 1 <i <n, which is a contradiction.
Hence P is an n —absorbing primary ideal of R.

(&) Is trivial.

Theorem 2.9 We consider that ] € P are a proper

ideal of a ring R.
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(1) Let P is ann —absorbing I —primary ideal of R,
then P /] is a n —absorbing I —primary ideal of R/].
(2) Let JcIP and P/] be an n— absorbing
I —primary ideal of R/J, then P is an n —absorbing
I —primary ideal of R.

(3) Let IP < J and P be an n —absorbing I —primary
ideal of R, then P /] is a weakly n —absorbing primary
ideal of R/J.

(4) Let JP < IP, ] be an n —absorbing I —primary
ideal of R and P/J be a weakly n —absorbing primary
ideal of R/J, then P is an n —absorbing I —primary
ideal of R.

Proof. (1) Set by, by, ...,b,41 € R such that (b; +
Dby +]) - bpsa € (P/D—=IP/])=(P/
D—=UP)+))/]. Then bib, b, € P —IP and
from being P is an n —absorbing I — primary, we
obtain b, ---b,, € P or by -+ b, -+ b, ., € VP for some
“1<i<n. And so (by +]) - (b, +]) €EP/] Or
(by+ ) (B +)) =~ (bnss + D) ENP/] = P]]
for some 1 <i<n. Hence we prove that P/J is
n —absorbing I —primary ideal of R/].”

(2 Set byby--b, ., €P—-IP for
by, by, ... Then (by +)(by +]) -
(bpsa + ) € (P/]) = UPY/]) = (P/])—1(P/])
From being P/J is an n —absorbing I —primary, we
obtain that (b +J)--(b,+J)€ P/] or (b, +
J) (b, +]) ++ (bpsy + 1) € JP/] =P/J for some
b,:-b, EP or

some

ybuy1 ER

1<i<n Therefore
by b, by.1 € VP for some 1 < i < n, hence P is
an n —absorbing I —primary ideal of R.
(3) Resulted directly from part (1).

(4) Set by --b,,, € P —1IP where by, ...
Note that b, ---b,,; € JP because JP < IP . If
by by €],

by -+ b, bnyy € J] S VP forsome 1 < i < n, since

,bn+1 ER.

then either b,---b, €JS P or

J is an n —absorbing I —primary. If by b, €],
then (by +J) - (bpe1 +J) € (P/]) —{0} and so
b1+ b+ EP/] or (b, +
D) (B, +7]) = (bpys + 1) € \[P/] = P/] for some

either
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1<i<n Therefore by-+b, €EP or

by b, by, € VP for some 1 < i < n. Hence P is

an n —absorbing I —primary ideal of R.

Proposition 2.10 Suppose that P is an ideal of a ring
R such that IP is an n —absorbing primary ideal of R.
If P is an n —absorbing I —primary ideal of R, then P
is an n —absorbing primary ideal of R.

Proof. Let aya,--a,., € P for some elements
a;, a,, ...,a,4, € R such that a;a,--a, &P . If
a,a, - a4, € IP, then IP n —absorbing primary and
a,a, - a, & IP impliesthat a, -+ @, -~ ap,., € VIP S
VP for some 1 < i < n, and so we are done. When

a,a, - an4q & IP clearly the result follows.

Theorem 2.11 If P is an n —absorbing I —primary
ideal of a ring R and (ay,...,an4q) IS an I — (n+
1) —tuple of P for some aq,...,a,4+1 € R. Then for
every element a4, a,, ..., &, € {1,2,...,n + 1} which
1<m<n,

Ci;

al...aa cee 5

—~ m
1 Aoy Angq I S 1P

Proof. We claim that by using induction on m. We
take m =1 and assume a, -+ dg, *** Apy1x & IP for
some x € P. Then a; = dg, -+ Gny1(@q, +x) € IP.
Since P is an —absorbing I —primary ideal of R and

ay g, ne €P ., we  conclude  that

ay - dg, -+ Ag, - Ans1(aq, +x) €VP , for some

1<a,<n+1 different from a; Hence

ay g, yeq €EVP , @ contradiction. Thus
Ay =+ Ag, *** Any P S IP. Here assume that m > 1 and
for every integer less than m the prove does hold. Let

al...a’o? ves

) aa cee

L gyt Any1 X1 Xy Xy € [P fOr
some xq, x,, ..., X,, € P. According to the induction
assumption, we conclude that there exists { € IP such

that
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o~

a1"'aa1"'a/;2"'a/a\m'"an+1(a0l1 +x1)(aa2

+ xz) (aam + xm)

— { + al ...aal ...aaz

Aoy " A1 X1 X = Xy € IP
Now, we have two cases.

Case 1. Set a,, <n+ 1. Since from being P is an
n —absorbing I —primary, then

al e aal e allz e aam e an(aal +

xl)(aa2 + xz) (aam + xm) EP,

or

~ o~

a, - dg, - A, ...a’l;n a*] ...an+1(aa1 + x1)(aa2
+ ;) (@, + %) €VP
for some j < n + 1 distinct from a; ’s; or
a; - dg, - A, "'a/t;n"'an+1(aa1 +
x;) - (ag, + %) (ag,, +xm) € VP
for some 1 <i <m. Thus either a;a, ---a, € P or
ay G Ay € VP or a, el Ay € VP
which each of these cases which is a contradiction.
Case 2. Set a,,, = n + 1. Since from being P is an
n —absorbing, I —primary, then
ay - g, Ag, - Agy ...m(aal + x1)(aa2 +

x2) (aam + xm) €P,or

TJPS

Proof. (i) Since P is assumed not to be an
n —absorbing primary ideal of R, so P has an I —
(n+1)— tuple zero (by,..,byy,) Tfor some
by,..,bpy1 ER . Let cicy -y € IP for some
C1,Cy -, Cnyr € P . Therefore, according to the
Theorem 2.11, there is A €IP such that (b, +
¢1) (bpy1 + Cppq) = A+ ciCy - Cryq & IP. Hence
(b +
1) (by +¢;) - (byyy + Cppq) € VP for some 1 <

i <n. Thus either by b, €EP Of by -+ b, bpyq €

either (by+¢y) - (by+c,) EP or

VP for some 1 <i <n, which is a contradiction.
Hence P"*1 c |P.

(i) Clearly, VIP € +P. As P™*1 c [P, we obtain
VP < +/IP, we are done.
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