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ABSTRACT 

In this article, the concept of a soft   -closed set is 

introduced. Its relationships with some other types of soft sets 

are explored and discussed. In addition, via soft   -closed sets 

and soft   -open sets, the concepts soft   -neighborhood, soft 

  -limit point, soft   -derived, soft   -interior, soft   -

closure, and soft   -boundary are introduced and investigated. 
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1- Introduction and Preliminaries 
The concepts and information proposed in [1] are 

used in this article. Molodtsov defined soft sets [2] as 

follows: Assume   is a universe set,      is the 

power of  , and   is a set of parameters. A pair 

                                is known 

as a soft set over  , where          is a function. 

The family of all soft sets over the universal set   

with the set of parameters   is indicated by 

 ̃        ̃   ̃ . In particular,       is indicated 

by  ̃. Maji et al. [3], was defined a null soft set, 

indicated by  ̃, if              and an absolute 

soft set, indicated by  ̃, if              and the 

soft complement of a soft set       is indicated by 

 ̃  ̃             where           is a 

function defined as                   . The 

soft union of        ̃  ̃   ̃         is a soft set 

      ̃  ̃   ̃ , where        ̃              , 

  is a random collection of index and the soft 

intersection of        ̃  ̃   ̃        is a soft set 

      ̃  ̃   ̃ , where        ̃              , 

were defined in. A soft point [4]       is a soft set 

defined as          and    ́        ́       , 
we indicated by   ̃ such that   ̃         , where 

    and    .   ̃  ̃      , if     and     
    . The family of all soft points over   is indicated 

by  ̃   ̃ . The idea of soft topological space   ̃    
over   was defined in [5] is   ̃  ̃    (simply,  ̃), 

where  ̃  ̃  ̃   ̃  is known as “soft topology” on  ̃, 

if  ̃  ̃  ̃  ̃, and  ̃ is closed under finite soft 

intersection and arbitrary soft union. The members of 

 ̃ are referred to as soft open sets. The soft 

complements of every soft open or members of  ̃  are 

known as soft closed sets [6]. A soft set       that is 

both soft open and soft closed is referred to as a soft 

clopen set. The family of all soft clopen sets in  ̃ is 

indicated by  ̃    ̃ . Let       ̃   ̃  ̃   . Then, 

the soft closure of       is  ̃        
 ̃              ̃  ̃           ̃       . Clearly, 

 ̃        is the smallest soft closed set contains 
      [5] and the soft interior of       is 

 ̃           ̃              ̃  ̃           ̃ 
      . Clearly,  ̃         is the largest soft open 

set contained in       [6]. The triple   ̃  ̃ ̃    is a 

soft subspace of   ̃  ̃    where    ,  ̃  
         ̃  ̃              ̃  ̃  is known as “the 

soft relative topology” on  ̃, and        ̃  ̃       
for all   ̃   [5]. 

In this paper, we define soft   -closed sets as the soft 

complements of soft   -open sets. Thus, soft   -

closed sets can be defined via soft semi-closed sets 

and soft pre-open sets. We show that the class of soft 

  -closed sets strictly placed between the classes of 

soft   -closed sets and soft semi-closed sets. We 

introduce the basic properties of soft   -closed sets 

and their relationships with some other types of soft 

sets. Also, we establish the connections between a 

soft topological space and its soft subspace topologies 

through the utilization of soft   -closed sets. In 

addition to these, we introduce and investigate the 

notions of soft   -neighborhood, soft   -limit point, 

soft   -derived, soft   -interior, soft   -closure, and 

soft   -boundary of soft sets. Finally, we provide 

some basic relationships between a soft topological 

space and its soft subspaces in terms of soft   -

interior and soft   -closure notions. 

Further important terms and results are pointed out in 

the coming sections. 
Definition 1.1. A  ̃     ̃  ̃    and 

      ̃   ̃  ̃    is known as a soft semi-open [7] 

(resp., soft pre-open [8], soft  -open [9], soft  -open 

[10], soft  -open [11] and soft regular open [8]) set, 

if       ̃  ̃    ̃          (resp.,       ̃  ̃     ̃   
      ,       ̃  ̃     ̃    ̃          ,       ̃ 

 ̃    ̃          ̃  ̃     ̃        ,       ̃  ̃    
 ̃     ̃         , and        ̃     ̃       )). 
The family of all soft semi (resp., pre,  ,  ,  , and 

regular) open sets in  ̃ is indicated by  ̃    ̃  (resp., 

 ̃    ̃ ,  ̃    ̃ ,  ̃    ̃ ,  ̃    ̃  and  ̃    ̃ ). 
Definition 1.2. The soft complement of a soft semi 

(resp., pre,  ,  ,  , and regular) open set is known as 

soft semi-closed [7] (resp., pre [8],   [9],   [10],   

[11], and regular [12]) closed. The family of all soft 

semi (resp., pre,  ,  ,  , and regular) closed sets in  ̃ 

is indicated by  ̃    ̃  (resp.,  ̃    ̃ ,  ̃    ̃ , 
 ̃    ̃ ,  ̃    ̃ , and  ̃    ̃ ). 
Definition 1.3. A  ̃     ̃  ̃    and       ̃ 

  ̃  ̃    is known as soft    [1] (resp.,  ̃   [13]) -

open set, if       ̃  ̃    ̃  and     ̃  ̃      , there 

is       ̃  ̃    ̃  (resp.,  ̃ ) such that 

  ̃  ̃       ̃      . The family of all soft    

(resp.,  ̃  ) -open subsets of  ̃ is indicated by 

 ̃     ̃  (resp.,  ̃     ̃ ). 

The soft complement of a  ̃  -open set is known as 

 ̃  -closed [13] and the family of all  ̃  -closed sets 

in  ̃ is indicated by  ̃     ̃ . 
Definition 1.4. ([14], [8], [9], [10], [15], [13]) Let 

  {semi, pre,  ,  ,  ,   },                  and 

       ̃   ̃  ̃   . Then,  

(1)  The soft  -closure of         ̃          
      ̃  ̃    ̃         ̃       . They are 

indicated by  ̃         ,  ̃         , 
 ̃         ,  ̃         ,  ̃         , 
 ̃          . 

(2)  The soft  -interior of          ̃         
      ̃  ̃    ̃        ̃        . They are 

indicated by  ̃          ,  ̃          , 
 ̃          ,  ̃          ,  ̃          , 
 ̃           . 

Definition 1.5. [16] Let   ̃  ̃    be a  ̃   and 

      ̃   ̃  ̃   . A soft point   ̃  ̃  ̃   ̃  is known 

as a 
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(1)  Soft semi-neighborhood of   ̃, if there is 

      ̃  ̃    ̃  such that   ̃  ̃       ̃      . 
The soft semi-neighborhood system at   ̃, indicated 

by  ̃    ̃ , is the family of all its soft semi-

neighborhood. 

(2)  Soft semi-limit point of      , if       ̃ 

       ̃  ̃   ̃,         ̃  ̃    ̃  containing   ̃. 

The family of all soft semi-limit points of       is 

named soft semi-derived set of       and is indicated 

by  ̃       . 
(3)  Soft semi-boundary point of      , if         
 ̃  ̃    ̃  containing   ̃, we have       ̃       

 ̃ and       ̃   ̃ ̃        ̃. The family of all 

soft semi-boundary points of       is indicated by 

 ̃        . 
Definition 1.6. [17] Let   ̃  ̃    be a  ̃   and 

      ̃   ̃  ̃   . The soft  -interior of       is the 

soft set  ̃           ̃         ̃        ̃       
          ̃  ̃ . The soft set       is known as a 

soft  -open if  ̃               . The soft 

complement of a soft  -open set is known as soft  -

closed. The family of all soft  -closed sets in  ̃ is 

indicated by  ̃    ̃ . 
Definition 1.7. [18] A soft point   ̃ is known as a soft 

semi- -adherent point of       ̃   ̃  ̃   , if 

 ̃         ̃        ̃, for any       ̃  ̃    ̃ . 
The set of all soft semi- -adherent points of       is 

called soft semi- -closure of       indicated by 

 ̃         . The soft set       is called soft semi- -

closed, if        ̃         . 
The soft complement of a soft semi- -closed set is 

called soft semi- -open. The family of all soft semi-

 -closed (resp., soft semi- -open) sets in  ̃ is 

indicated by  ̃     ̃  (resp.,  ̃     ̃  . 
Definition 1.8. A  ̃     ̃  ̃    is known as: 

(1)  Soft extremally disconnected ( ̃  ) [19], if 

 ̃        ̃  ̃,         ̃  ̃. Or  ̃         ̃  ̃ , 
        ̃  ̃ . 
(2)  Soft locally indiscrete ( ̃  ) [20], if       ̃  ̃ , 
        ̃  ̃. Or       ̃  ̃,         ̃  ̃ . 
(3)  Soft   -space [21], if   ̃   ̃  ̃  ̃   ̃  such that 

  ̃    ̃, there are               ̃  ̃ such that 

  ̃  ̃       ,   ̃  ̃        and   ̃  ̃       ,   ̃  ̃ 

      . 
Proposition 1.9. A  ̃     ̃  ̃    is  ̃   iff  

(1)   ̃    ̃   ̃    ̃  [22]. 

(2)   ̃     ̃  ̃  ̃    ̃) [1]. 

(3)   ̃     ̃  ̃  ̃    ̃) [1]. 

Proposition 1.10. Let   ̃  ̃    be a  ̃   and 

              ̃   ̃  ̃   . Then,:  

(1)  If        ̃  ̃    ̃  and        ̃  ̃    ̃ , 
then        ̃        ̃  ̃    ̃  [13]. 

(2)  If        ̃  ̃ and        ̃  ̃    ̃ , then 

       ̃        ̃  ̃    ̃  [23]. 

Lemma 1.11. [23] For any               ̃ 

  ̃  ̃   , we have: 

(1)         ̃  ̃  ( ̃) iff  ̃          ̃    ̃    
       .  
(2)  If        ̃  ̃    ̃  or        ̃  ̃    ̃ , then 

 ̃     ̃          ̃           ̃     ̃          ̃ 

 ̃     ̃         . 
Proposition 1.12. For any       ̃   ̃  ̃   , the 

following statements hold: 

(1)        ̃  ̃    ̃  iff  ̃         ̃  ̃    ̃  [24]. 

(2)        ̃  ̃    ̃  iff  ̃          ̃     ̃    ̃    
        [22]. 

(3)        ̃  ̃    ̃  iff  ̃          ̃     ̃   
       [22]. 

(4)   ̃           ̃        , if       ̃  ̃    ̃ . 
[18]. 

Proposition 1.13. Let   ̃  ̃ ̃     be a soft subspace of 

  ̃  ̃    and       ̃  ̃. Then,: 

(1)        ̃  ̃     ̃ , if       ̃  ̃     ̃  and 

 ̃  ̃  ̃    ̃  [1]. 

(2)        ̃  ̃     ̃ , if       ̃  ̃     ̃  and 

 ̃  ̃  ̃    ̃  (resp.,  ̃, and  ̃     ̃ ) [1]. 

(3)        ̃  ̃     ̃ , if       ̃  ̃     ̃  and 

 ̃  ̃  ̃    ̃  (resp.,  ̃  ̃  ̃    ̃ ) [1]. 

(4)   ̃          ̃    ̃     , if  ̃  ̃  ̃ [25]. 

Proposition 1.14. Let   ̃  ̃     be a soft subspace of 

  ̃  ̃   : 
(1)  If  ̃  ̃  ̃ (resp.,  ̃    ̃   and       ̃  ̃     ̃ , 

then       ̃  ̃  ̃  ̃     ̃  [1]. 

(2)        ̃  ̃ and  ̃  ̃  ̃    ̃  (resp.  ̃  ̃  ̃    ̃ ). 
Then       ̃  ̃     ̃  iff       ̃  ̃     ̃  [1]. 

(3)  If  ̃  ̃  ̃    ̃  and       ̃  ̃    ̃ , then  ̃  ̃ 

      ̃  ̃    ̃  [26]. 

Theorem 1.15. For any       ̃   ̃  ̃   , we have: 

(1)  (a)  ̃               ̃  ̃  ( ̃        ),       
(b)  ̃                ̃  ̃     ̃         [8]. 

(2)  (a)  ̃               ̃  ̃    ̃     ̃          
(b)  ̃                ̃  ̃     ̃    ̃           
[9]. 

(3)  (a)  ̃               ̃  ̃     ̃        ,       
(b)  ̃                ̃  ̃    ̃          [10]. 

(4)  (a)  ̃          ̃         ̃  ̃        ,        
(b)  ̃           ̃          ̃  ̃          
[10]. 

(5)  (a)  ̃               ̃  ̃     ̃    ̃           
(b)  ̃                ̃  ̃    ̃     ̃          
[24]. 

Proposition 1.16. [1] If   ̃  ̃    is  ̃   (resp., a soft 

  -space), then  ̃    ̃   ̃     ̃   ̃     ̃ . 

Corollary 1.17. [1] If   ̃  ̃    is  ̃  , then: 

(1)   ̃   ̃     ̃ . 

(2)   ̃    ̃   ̃     ̃ . 

(3)   ̃     ̃  ̃  ̃    ̃).  

Lemma 1.18. [1] Let   ̃  ̃    be a  ̃  . Then, 

(1)   ̃         ̃  ( ̃        ), if       ̃  ̃     ̃ .  

(2)   ̃        ̃  ̃     ̃ , if       ̃  ̃    ̃ . 

(3)        ̃  ̃     ̃ , if       ̃  ̃    ̃ . 
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Lemma 1.19. [1] If   ̃  ̃    is  ̃   and 

         ̃  ̃     ̃ , then: 

(1)   ̃           ̃         . 
(2)   ̃            ̃           ̃          
  ̃           ̃            ̃         . 
Proposition 1.20. [1] Let   ̃  ̃    be a  ̃   and 

            ̃  ̃. If       ̃  ̃     ̃  and 

      ̃  ̃    ̃ , then       ̃       ̃  ̃     ̃ . 
Proposition 1.21. Let   ̃  ̃ ̃    be a soft subspace of 

  ̃  ̃    and  ̃  ̃  ̃. If       ̃  ̃    ̃ , then 

      ̃  ̃  ̃  ̃    ̃ . 
Proof. Since  ̃  ̃  ̃, then by Proposition 1.13(4), 

 ̃    ̃       ̃        ,         ̃  ̃. Hence, we 

obtain  ̃    ̃  ̃   ̃       ̃  ̃   
  ̃     ̃         ̃  ̃  ̃  ̃  
  ̃     ̃         ̃  ̃   ̃  ̃    ̃  ̃  ̃     ̃        
 ̃  ̃    ̃   ̃  ̃ 

  ̃     ̃         ̃  ̃     ̃    ̃   ̃  ̃  
 ̃     ̃         ̃  ̃. Since       ̃  ̃    ̃ , then 

 ̃     ̃         ̃      . Thus, 

 ̃    ̃  ̃   ̃       ̃  ̃   ̃       ̃  ̃. Therefore, 

      ̃  ̃  ̃  ̃    ̃ . 

2- Soft   -Closed Sets 

Definition 2.1. A  ̃     ̃  ̃    and 

      ̃   ̃  ̃    is known as a soft   -closed set, if 

 ̃  ̃      is soft   -open. The family of all soft   -
closed subsets of   ̃  ̃    is indicated by  ̃     ̃ . 

Remark 2.2. The definition indicates that 

 ̃     ̃  ̃  ̃    ̃ . But, the converse is not true in 

general. The following examples illustrate the 

previous remark: 

Example 2.3. Let           and           with 

the soft topology  ̃    ̃  ̃                       

                           } where  ̃            
      },  ̃                },                    
       ,                          ,        
               ,                          , 
                           },        
                      and                 
         }. Thus,   ̃  ̃    is a  ̃   over  . The soft 

set                            is soft semi-closed 

which is not soft   -closed. 

Proposition 2.4. Let   ̃  ̃    be a  ̃   and 

      ̃   ̃  ̃   . Then,       ̃  ̃     ̃  iff 

        ̃           , where       ̃  ̃    ̃  and 

       ̃  ̃    ̃ ,        . 

Proof. Obvious. 

Proposition 2.5. Let   ̃  ̃    be a  ̃  . Then, 

(1)   ̃    ̃  ̃  ̃     ̃ . 

(2)   ̃     ̃  ̃  ̃     ̃ . 

(3)   ̃    ̃  ̃  ̃     ̃ . 

(4)   ̃    ̃  ̃  ̃     ̃ . 

Proof. Obvious. 

Proposition 2.6. If   ̃  ̃    is  ̃   (resp., soft   -

space), then  ̃    ̃   ̃     ̃   ̃     ̃ . 

Proof. Applying Proposition 1.16 and Definition 2.1.  
Corollary 2.7. If   ̃  ̃    is  ̃  , then: 

(1)   ̃     ̃   ̃   ̃ . 

(2)   ̃     ̃   ̃    ̃ . 

(3)   ̃     ̃  ̃  ̃    ̃).  

Proof. Applying Corollary 1.17 and Definition 2.1. 

Proposition 2.8. A  ̃     ̃  ̃    is  ̃   iff 

 ̃     ̃  ̃  ̃    ̃) (resp.,  ̃    ̃  . 

Proof. Let       ̃  ̃     ̃ . Then,  ̃  ̃      ̃ 

 ̃     ̃ . Since  ̃ is  ̃  , then by Proposition 1.9(2) 

(resp., Proposition 1.9(3)),  ̃  ̃      ̃  ̃    ̃) 

(resp.,  ̃    ̃  . Thus,       ̃  ̃    ̃) (resp., 

 ̃    ̃  .  
Conversely, let       ̃  ̃ . Then,  ̃         
 ̃     ̃        . That is,  ̃         ̃  ̃    ̃), so 

by Proposition 2.5(3),  ̃         ̃  ̃     ̃ . By 

hypothesis,  ̃         ̃  ̃    ̃) (resp.,  ̃    ̃  . 
That is,  ̃    ̃     ̃           ̃  ̃         (resp., 

 ̃    ̃     ̃    ̃           ̃  ̃        ), then  ̃    
 ̃          ̃  ̃        , but  ̃         ̃  ̃    
 ̃         . Hence,  ̃          ̃    ̃         . 
This means that,  ̃         ̃  ̃ . Thus,   ̃  ̃    is 

 ̃  . 

Corollary 2.9. Let   ̃  ̃    be a  ̃   and 

      ̃  ̃     ̃ . Then,  ̃         

 ̃     ̃        . 

Proof. Since       ̃  ̃     ̃ , then  ̃  ̃      ̃ 

 ̃     ̃ . So, by Lemma 1.18(1),  ̃    ̃  ̃       

  ̃    ̃     ̃  ̃           ̃  ̃  ̃          

 ̃    ̃  ̃  ̃             ̃  ̃  ̃          

 ̃  ̃  ̃     ̃          . Therefore,  ̃         
 ̃     ̃        . 
Lemma 2.10. Let   ̃  ̃    be a  ̃   and 

       ̃  ̃     ̃ . Then,: 

(1)   ̃           ̃          . 
(2)   ̃           ̃          . 
(3)   ̃            ̃            ̃          . 
Proof. (1) By of Theorem 1.15(1b) and Corollary 2.9, 

we have: 

 ̃                  ̃  ̃     ̃          
       ̃  ̃           ̃         . 
(2) By of Theorem 1.15(2b) and Corollary 2.9, we 

have: 

 ̃                  ̃  ̃     ̃    ̃            
       ̃  ̃     ̃    ̃     ̃            
       ̃  ̃     ̃          
       ̃  ̃           ̃           
(3) By Theorem 1.15(4b) and (1), we have: 

  ̃            ̃           ̃  ̃           
 ̃          ̃  ̃            ̃          . 
On the other hand, by Theorem 1.15(5b)(3b) and 

Corollary 2.9, we have: 

 ̃                  ̃  ̃    ̃     ̃           
        ̃  ̃    ̃            ̃          . 
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Therefore,  ̃            ̃            ̃     
      . 
Proposition 2.11. Let   ̃  ̃    be a  ̃   and 

      ̃   ̃  ̃   . Then       ̃  ̃    ̃  iff 

 ̃         ̃  ̃     ̃ . 

Proof. Since       ̃  ̃    ̃ , then by Proposition 

1.12(1),  ̃         ̃  ̃    ̃ . But by Proposition 

2.5(3), we have  ̃    ̃  ̃  ̃     ̃ , so  ̃         

 ̃  ̃     ̃ . 

Conversely, let  ̃         ̃  ̃     ̃ . Then 

Corollary 2.9,  ̃     ̃           ̃     ̃    ̃    
      , so  ̃          ̃     ̃    ̃         . 
Hence by Proposition 1.12(2),       ̃  ̃    ̃ .  
Lemma 2.12. If   ̃  ̃    is  ̃   and 

       ̃  ̃     ̃ , then: 

(1)   ̃            ̃          . 
(2)   ̃             ̃            ̃           
  ̃            ̃             ̃          . 
Proof. Applying Lemma 1.19 and Definition 2.1. 

Proposition 2.13. For any       ̃   ̃  ̃   , we 

have: 

(1)  If       ̃  ̃  ( ̃), then  ̃         ̃  ̃     ̃ . 
(2)  If       ̃  ̃  ( ̃), then  ̃          ̃ 

 ̃     ̃ . 

(3)  If       ̃  ̃  ( ̃), then  ̃         ̃  ̃     ̃ . 

(4)  If       ̃  ̃  ( ̃), then  ̃          ̃ 

 ̃     ̃ . 

(5)  If       ̃  ̃  ( ̃), then  ̃         ̃  ̃     ̃ . 

(6)  If       ̃  ̃  ( ̃), then  ̃          ̃ 

 ̃     ̃ . 
(7)  If       ̃  ̃  ( ̃), then  ̃         ̃  ̃     ̃ . 
(8)  If       ̃  ̃  ( ̃), then  ̃          ̃ 

 ̃     ̃ . 

Proof. (1) By Theorem 1.15(1a),  ̃         
      ̃  ̃    ̃         . Since       ̃  ̃    ̃ , 
then  ̃          ̃    ̃         . So,  ̃         ̃ 

 ̃    ̃ . By Lemma 1.18(3), thus  ̃         ̃ 

 ̃     ̃ . 

(3) By Theorem 1.15(3a),  ̃               ̃ 

 ̃     ̃        . Since       ̃  ̃    ̃ , then 

 ̃          ̃     ̃        . So,  ̃         ̃ 

 ̃    ̃ . By Proposition 2.5(3), thus  ̃         ̃ 

 ̃     ̃ . 

(5) By Theorem 1.15(5a),  ̃         
      ̃  ̃     ̃    ̃          . Since       ̃ 

 ̃    ̃ , then  ̃          ̃     ̃    ̃          . 
So,  ̃         ̃  ̃    ̃ . By Proposition 2.5(3), 

thus   ̃          ̃  ̃     ̃ . 

(7) By Theorem 1.15(2a),  ̃               ̃ 

 ̃    ̃     ̃         . Since       ̃  ̃    ̃ , then 

 ̃          ̃    ̃     ̃         . So,  ̃         
 ̃  ̃    ̃ . By Lemma 1.18(3), thus   ̃         ̃ 

 ̃     ̃ . 

The remaining of this Proposition can be proven in 

the same way.  

Theorem 2.14. Let   ̃  ̃ ̃    be a soft subspace of 

  ̃  ̃   . If       ̃  ̃     ̃ ,       ̃  ̃ and 

 ̃  ̃  ̃, then       ̃  ̃     ̃ . 

Proof. Since       ̃  ̃     ̃ , then 

      ̃  ̃    ̃  and        ̃            where 

       ̃  ̃    ̃ ,      . Since  ̃  ̃  ̃, then 

 ̃  ̃  ̃    ̃  and so by Proposition 1.14(3), 

       ̃  ̃  ̃  ̃    ̃ ,      . Hence,       
      ̃  ̃    ̃            ̃  ̃  
  ̃             ̃  ̃ . Therefore, by Proposition 2.4, 

      ̃  ̃     ̃ . 

Corollary 2.15. Let   ̃  ̃ ̃    be a soft subspace of 

  ̃  ̃    and       ̃  ̃. If       ̃  ̃     ̃  and 

 ̃  ̃  ̃    ̃ , then       ̃  ̃     ̃ . 

Proof. Since  ̃    ̃  ̃  ̃ and by Theorem 2.14, then 

      ̃  ̃     ̃ . 

Proposition 2.16. Let   ̃  ̃ ̃     be a soft subspace of 

  ̃  ̃    and  ̃  ̃  ̃ (resp.,  ̃    ̃ ). If       ̃ 

 ̃     ̃ , then       ̃  ̃  ̃  ̃     ̃ . 

Proof. Since       ̃  ̃     ̃ , then       ̃ 

 ̃    ̃  and         ̃            where 

       ̃  ̃    ̃ ,      . Then,       ̃  ̃  
  ̃             ̃  ̃    ̃             ̃  ̃ . Since 

 ̃  ̃  ̃, by Proposition 1.21,       ̃  ̃  ̃  ̃    ̃ . 
Again, since  ̃  ̃  ̃, then  ̃  ̃  ̃    ̃ , by Proposition 

1.14(3),        ̃  ̃  ̃  ̃    ̃ ,      . Then by 

Proposition 2.4,       ̃  ̃  ̃  ̃     ̃ . 

3- On Soft   -Operators 

In this section, the idea of soft   -open and soft   -

closed sets is used to introduce and define several 

operators on soft topological spaces, such as soft   -

neighborhood, soft   -derived, soft   -interior, soft 

  -closure, and soft   -boundary. 

Definition 3.1. A  ̃     ̃  ̃    and 

      ̃   ̃  ̃    is known as a soft   -

neighborhood of a soft subset       of  ̃, if there is 

      ̃  ̃     ̃  such that 

      ̃       ̃      . If         ̃, then 

      is known as a soft   -neighborhood of a soft 

point   ̃  ̃  ̃   ̃ . 
The soft   -neighborhood system at   ̃  ̃  ̃   ̃ , 

indicated by  ̃     ̃ , is the family of all its soft   -

neighborhood. 
Proposition 3.2. Let   ̃  ̃    be a  ̃   and 

              ̃   ̃  ̃   . Then, 
(1)  If        ̃       , and        ̃  ̃     ̃ , then 

       ̃  ̃     ̃ . 

(2)         ̃  ̃     ̃  iff        ̃  ̃     ̃ ,     ̃ 

 ̃       . 

(3)  If                ̃  ̃     ̃ , then 

 ̃                ̃  ̃     ̃ . 

(4)  If        ̃  ̃     ̃ , then        ̃  ̃    ̃ . 
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Proof. (2) Let        ̃  ̃     ̃  and   ̃  ̃       . 

Then,   ̃  ̃        ̃       . Therefore,        ̃ 

 ̃     ̃ . 

Conversely, suppose that        ̃  ̃     ̃ , 

    ̃  ̃       . Then,     ̃  ̃       , there is 

      ̃  ̃     ̃  such that   ̃  ̃       ̃       . 

Therefore,         ̃   ̃  ̃  ̃       ̃       , 
    ̃  ̃       . It means that        is a soft union 

of soft   -open sets and hence,        ̃  ̃     ̃ . 
The proof for the others is easy to do.  

Remark 3.3. (1) In general, the opposite of part (4) 

of Proposition 3.2 is not always true. 

(2) The soft intersection of two soft   -

neighborhoods of a soft point need not be a soft   -

neighborhood for that soft point.  

As the next examples illustrates: 
Example 3.4. In Example 2.3, (1) we have        
                   is a soft semi-neighborhood of 

    
̃           , but it is not a soft   -neighborhood 

of     
̃           . 

(2) We have                                and 

                              are two soft   -

neighborhood of     
̃           , but 

       ̃         =                 } is not soft 

  -neighborhood of     
̃           . 

Definition 3.5. Let   ̃  ̃    be a  ̃   and 

      ̃   ̃  ̃   . A soft point   ̃  ̃  ̃   ̃  is known 

as a soft   -limit point of      , if 

      ̃        ̃  ̃   ̃,         ̃  ̃     ̃  

containing   ̃. The family of all soft   -limit points of 

      is named soft   -derived set of       and is 

indicated by  ̃        . 

Proposition 3.6. Let   ̃  ̃    be a  ̃   and 

      ̃   ̃  ̃   . If       ̃        ̃  ̃   ̃, 

        ̃  ̃    ̃  containing   ̃, then   ̃  ̃  ̃    

     . 
Proof. Let   ̃  ̃       ̃  ̃     ̃ . Then, there 

exists       ̃  ̃    ̃  such that   ̃  ̃       ̃ 

     . By assumption, we have        ̃        ̃ 

  ̃   ̃, hence       ̃        ̃  ̃   ̃. Thus, 

  ̃  ̃  ̃        . 

Proposition 3.7. Let   ̃  ̃    be a  ̃  . Then, 

      ̃  ̃     ̃  iff   ̃         ̃      . 
Proof. Let       ̃  ̃     ̃  and   ̃  ̃  ̃        . 

On contrary, we suppose that   ̃  ̃      , then 

  ̃  ̃  ̃  ̃      but since  ̃  ̃      ̃  ̃     ̃ , then 

 ̃  ̃      ̃        ̃  ̃   ̃, which is a 

contradiction. Hence,   ̃  ̃      . Thus,  ̃         

 ̃      . 
Conversely, let  ̃         ̃      . To show 

      ̃  ̃     ̃ . Let   ̃  ̃  ̃  ̃     . Then,   ̃  ̃ 

     , so   ̃  ̃  ̃        , then there exists 

      ̃  ̃     ̃  such that   ̃  ̃       and 

      ̃        ̃. Therefore,       ̃ 

 ̃  ̃     . Thus,  ̃  ̃      ̃  ̃     ̃  but since   ̃ is 

arbitrary soft point of  ̃  ̃     , so  ̃  ̃      ̃ 

 ̃     ̃      ̃  ̃  ̃  ̃     . By Proposition 3.2(2), 

 ̃  ̃      ̃  ̃     ̃ . Hence,       ̃  ̃     ̃ .  

In the following result, several properties of the soft 

  -derived set are mentioned: 

Proposition 3.8. For any       ,       ̃   ̃  ̃   , 
the following conditions hold: 

(1)   ̃     ̃   ̃. 

(2)    ̃  ̃  ̃          iff   ̃  ̃  ̃           ̃  ̃ . 

(3)  If        ̃       , then  ̃          ̃ 

 ̃         . 
(4)  ̃           ̃         ̃  ̃          ̃  ̃          

(5)  ̃         ̃  ̃          ̃  ̃           ̃         

(6)   ̃        ̃  ̃         , where  ̃         is 

a soft semi-derived set of       . 
Proof. Obvious. 

In general, the opposite of parts (3), (4), (5) and (6) of 

Proposition 3.8 is not always true. As the next 

examples illustrates: 
Example 3.9. In Example 2.3: 

(1)  Let                              and 

                         . Then,  ̃          

 ̃ and  ̃               
̃      

̃      
̃   

                  , so  ̃          ̃  ̃         , 

but        ̃       . 
(2)  Let                              and 

                            . Then, 

 ̃           ̃ and  ̃           ̃, and so 

 ̃          ̃  ̃           ̃. But, 

       ̃                          , so 

 ̃   (       ̃       )       
̃              . 

Thus,  ̃           ̃         ̃  ̃          ̃ 

 ̃         . 

(3)  Let                          , then 

 ̃          ̃ and  ̃               
̃      

̃   

    
̃                     . Thus, 

 ̃          ̃  ̃        . 

Example 3.10. Let              and           

with the soft topology  ̃    ̃  ̃                

                     }, where  ̃           
      },  ̃                },                    
          ,                      ,              
                                    ,        
                     ,                        
         }. Thus,   ̃  ̃    is a  ̃   over  . Let 
                                , and       
                        . Then,  ̃          

     
̃      

̃      
̃      

̃      
̃                          

and  ̃              
̃      

̃      
̃      

̃      
̃   

                     , so  ̃          ̃ 

 ̃              
̃      

̃      
̃      

̃  . But,        ̃ 
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                            so  ̃           ̃ 

        ̃. Thus,  ̃          ̃  ̃         ̃ 

 ̃           ̃       . 

Theorem 3.11. Let   ̃  ̃    be a  ̃   and       ̃ 

  ̃  ̃   . Then: 

(1)        ̃  ̃         ̃  ̃     ̃ . 

(2)   ̃     ̃          ̃      ̃  ̃        . 

(3)   ̃   (      ̃  ̃        )  ̃       ̃ 

 ̃        . 

Proof. (1) To prove       ̃  ̃         ̃  ̃     ̃ . 

We shall prove that  ̃  ̃       ̃  ̃          

 ̃  ̃     ̃ . Let   ̃  ̃  ̃  ̃       ̃  ̃         . 

Then,   ̃  ̃       and   ̃  ̃  ̃        , there exists 

      ̃  ̃     ̃  such that   ̃  ̃       and 

      ̃        ̃. Thus,       ̃  ̃  ̃     . 

Also, if       ̃  ̃          ̃, then there exists 

  ̃  ̃       ̃  ̃        . This implies that       

 ̃        ̃  ̃   ̃, and so       ̃        ̃, 

which is a contradiction. So,       ̃  ̃         

 ̃. Thus       ̃  ̃  ̃  ̃        , so       ̃ 

 ̃  ̃       ̃  ̃         . This means that 

 ̃  ̃       ̃  ̃          ̃  ̃     ̃  and since   ̃ is 

arbitrary point of  ̃  ̃       ̃  ̃         . So, 

 ̃  ̃       ̃  ̃          ̃  ̃     ̃      ̃  ̃  ̃  ̃  

      ̃  ̃         , then by Proposition 3.2(2), 

 ̃  ̃       ̃  ̃          ̃  ̃     ̃ . Hence,       

 ̃  ̃         ̃  ̃     ̃ . 
(2) Let   ̃  ̃  ̃     ̃          ̃      and 

      ̃  ̃     ̃  such that   ̃  ̃      . Then, 

      ̃   ̃         ̃  ̃   ̃. Let   ̃  ̃       ̃ 

  ̃         ̃  ̃ . Then,   ̃  ̃       and   ̃  ̃ 

 ̃        , so       ̃        ̃  ̃   ̃, this 

means, there exists   ̃  ̃       ̃        ̃  ̃ . 

Since   ̃  ̃      , but   ̃  ̃      , so   ̃    ̃. 

Hence,       ̃        ̃  ̃   ̃. Then,   ̃  ̃ 

 ̃        .  
(3) By part (1),       ̃  ̃         ̃  ̃     ̃ . So 

by Proposition 3.7, we get  ̃          ̃ 

 ̃          ̃       ̃  ̃        . 

Definition 3.12. Let   ̃  ̃    be a  ̃   and 

      ̃   ̃  ̃   . A soft point   ̃  ̃       is known 

as a soft   -interior point of      , if there exists 

      ̃  ̃     ̃  such that   ̃  ̃       ̃      . 

The set of all soft   -interior points of       is 

named a soft   -interior of      , and is indicated by 

 ̃          . It is clear that  ̃           

  ̃              ̃  ̃     ̃        ̃       . 

Using Definition 3.1 and Definition 3.12, we can 

conclude the following result. 

Corollary 3.13. Let   ̃  ̃    be a  ̃  ,       ̃ 

  ̃  ̃    and   ̃  ̃  ̃   ̃ . Then,       ̃  ̃     ̃  iff 

   ̃  ̃  ̃          . 

Proposition 3.14. Let   ̃  ̃    be a  ̃   and 

      ̃   ̃  ̃   . If   ̃  ̃  ̃          , then there is 

      ̃  ̃    ̃  such that   ̃  ̃       ̃      . 
Proof. Since   ̃  ̃  ̃          , then there exists 

      ̃  ̃     ̃  such that   ̃  ̃       ̃      . 

Since       ̃  ̃     ̃ , so there is       ̃ 

 ̃    ̃  containing   ̃ such that       ̃       
 ̃      . Hence,   ̃  ̃       ̃      . 
In the following result, several properties of the soft 

  -interior set are mentioned: 

Proposition 3.15. For any               ̃ 

  ̃  ̃   , the following conditions hold: 

(1)   ̃       ̃   ̃,  ̃       ̃   ̃. 

(2)   ̃            is the largest soft   -open set 

contained in       . 
(3)         ̃  ̃     ̃  iff         ̃           . 

(4)   ̃       ̃              ̃           . 

(5)  If        ̃       , then  ̃            ̃ 

 ̃           . 

(6)   ̃     (       ̃         ̃  ̃            ̃ 

 ̃           . 

(7)   ̃            ̃  ̃            ̃  ̃       
       ̃        . 

In general,  ̃    ̃            ̃  ̃       ̃    

       . 
Proof. Obvious. 

In general, the opposite of parts (5), (6) and (7) of 

Proposition 3.15 is not always true. As the next 

examples illustrates: 
Example 3.16. In Example 3.10: 

(1)  Let                              and 

                            . Then,  ̃      

        ̃ and  ̃                  , so  ̃      

       ̃  ̃            but        ̃       . 

(2)  Let                              and        

                      . Then,  ̃             ̃, 

 ̃            ̃, and so  ̃            ̃ 

 ̃             ̃. But,        ̃               

                            , so  ̃            

      . Thus,  ̃             ̃         ̃ 

 ̃            ̃  ̃           . 

Example 3.17. In Example 2.3, let        
                      and          

                     , then  ̃                   

and  ̃                    , so  ̃            ̃ 

 ̃                                       . 

But,  ̃     (       ̃        )   ̃             

 ̃. Thus,  ̃            ̃  ̃             ̃  ̃      

        ̃         . 
Proposition 3.18. Let   ̃  ̃    be a  ̃   and 

              ̃   ̃  ̃   . Then: 
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(1)  If        ̃         ̃, then  ̃            ̃ 

 ̃             ̃. 

(2)   ̃     (       ̃        ̃  ̃            ̃ 

 ̃           . 

(3)   ̃            ̃  ̃          .  

Proof. (1) Obvious. 

(2)  ̃             ̃          ̃             ̃ 

  ̃ ̃        ̃  ̃            ̃  ̃       ̃ ̃         

 ̃  ̃            ̃ ̃           . 

(3) The proof arises from the fact that  ̃     ̃  ̃ 

 ̃    ̃ . 
In general, the opposite of Proposition 3.18 is not 

always true. As the next examples illustrates: 
Example 3.19. In Example 3.10, since        
                         and                    
             , then  ̃             ̃, 

 ̃             ̃, and so  ̃            ̃  ̃      

        ̃. But,        ̃         ̃.  

Example 3.20. In Example 2.3:  

(1)  Let                              and 

                             . Then,         

       ̃        and  ̃             ̃         

 ̃             ̃. But,  ̃            ̃ ̃      
                                 . Thus, 

 ̃            ̃ ̃             ̃  ̃             ̃ 

        . 
(2)  We have                          , then 

 ̃                  and  ̃             ̃. 

Thus,  ̃           ̃  ̃           . 

Proposition 3.21. Let   ̃  ̃    be a  ̃   and 

       ̃   ̃  ̃  ). Then,  

(1)   ̃       ̃             ̃      ̃             

  ̃           . 

(2)   ̃       ̃              ̃       ̃             

  ̃           . 
Proof. (1) Since  ̃            ̃  ̃     ̃ , then 

 ̃            ̃  ̃    ̃ . So,  ̃      ̃             

  ̃           . By Proposition 3.18(3), we have 

 ̃            ̃  ̃           ̃       . We get 

 ̃            ̃  ̃       ̃            ̃  ̃      

        , so  ̃       ̃             ̃           . 

(2) The proof is similar of part (1). 

Theorem 3.22. Let        ̃   ̃  ̃  ). Then, 

 ̃                   ̃  ̃     ̃ ̃       . 

Proof. Let   ̃  ̃  ̃           . Then,   ̃  ̃  ̃    

  ̃ ̃       . Since  ̃            ̃  ̃     ̃ , 

 ̃            ̃   ̃ ̃         ̃, then   ̃  ̃ 

       ̃ ̃     ̃ ̃       , so  ̃            ̃ 

       ̃ ̃     ̃ ̃       . 

On the other hand, if   ̃  ̃        ̃ ̃     ̃ ̃       , 

then   ̃  ̃  ̃     ̃ ̃       , so there exists       ̃ 

 ̃     ̃  containing   ̃ such that       ̃ 

  ̃ ̃         ̃. That is,   ̃  ̃       ̃       . 

Hence,   ̃  ̃  ̃           . Thus,        ̃ ̃    

  ̃ ̃        ̃  ̃           . Therefore, 

 ̃                   ̃ ̃     ̃ ̃       .  

Definition 3.23. The soft intersection of all soft   -

closed sets in   ̃  ̃  ) containing       is known as 

a soft   -closure of       and is indicated by 

 ̃         , (i.e.,  ̃            ̃              ̃ 

 ̃     ̃        ̃       ). 

The following result contains some properties of soft 

  -closure: 
Proposition 3.24. For any       , 
       ̃   ̃  ̃   , the following conditions hold. 

(1)   ̃      ̃   ̃,  ̃      ̃   ̃. 

(2)   ̃           is the smallest soft   -closed set 

containing       . 
(3)         ̃  ̃     ̃  iff         ̃          . 

(4)   ̃      ̃             ̃          . 

(5)   ̃          ̃  ̃          . 

(6)  If        ̃       , then  ̃           ̃  ̃     

      . 

(7)   ̃    (       ̃       )  ̃  ̃           ̃ 

 ̃          . 

(8)   ̃           ̃  ̃           ̃  ̃            ̃ 

       . 
Proof. Obvious. 

In general, the opposite of parts (5), (6), (7) and (8) of 

Proposition 3.24 is not always true. As the next 

examples illustrates: 
Example 3.25. In Example 3.10: 

(1)  Let                                . Then, 

 ̃               
̃      

̃      
̃      

̃      
̃   

                       and  ̃            ̃. So, 

 ̃           ̃  ̃         . 

(2)  Let                              and        
                      . Then,  ̃           

       and  ̃            ̃, so  ̃           

 ̃  ̃           but        ̃       . 

(3)  Let                                 and 

                               . Then, 

 ̃            ̃,  ̃            ̃, and so 

 ̃           ̃  ̃            ̃. But,        ̃ 

                                   , so 

 ̃                 . Thus,  ̃           ̃ 

 ̃           ̃  ̃            ̃        . 

Example 3.26. In Example 2.3, we have        
                      and                    
         }, then  ̃                  and 

 ̃                 . So,  ̃           ̃  ̃     

                               } and  ̃      

       ̃          ̃            ̃. Thus,  ̃     

        ̃         ̃  ̃           ̃  ̃          . 

Proposition 3.27. Let       ̃   ̃  ̃   . Then, 

  ̃  ̃  ̃          iff         ̃  ̃     ̃  containing 

  ̃,       ̃        ̃. 
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Proof. Let   ̃  ̃  ̃          and suppose that 

      ̃        ̃, for some       ̃  ̃     ̃  

containing   ̃. Then,  ̃ ̃      ̃  ̃     ̃  and 

      ̃  ̃ ̃     , so by Proposition 3.24(2), 

 ̃          ̃  ̃ ̃     . This implies that 

  ̃  ̃  ̃ ̃     , which is contradiction. Therefore, 

      ̃        ̃. 

Conversely, let       ̃        ̃,         ̃ 

 ̃     ̃  containing   ̃. If   ̃  ̃  ̃         , then by 

Definition 3.23, there exists       ̃  ̃     ̃  such 

that       ̃       but   ̃  ̃      . Thus, 

 ̃ ̃      ̃  ̃     ̃  such that   ̃  ̃  ̃ ̃      and 

therefore,  ̃ ̃      ̃        ̃, which is a 

contradiction. Thus,   ̃  ̃  ̃         . 

Corollary 3.28. Let   ̃  ̃    be a  ̃   and       

 ̃   ̃  ̃    and   ̃  ̃  ̃   ̃ . If       ̃        ̃, 

        ̃  ̃    ̃  such that   ̃  ̃      , then 

  ̃  ̃  ̃         .  

Proof. Let       ̃  ̃     ̃  containing   ̃. Then, 

there is       ̃  ̃    ̃  such that   ̃  ̃       ̃ 

     . By hypothesis,       ̃        ̃ so, 

       ̃        ̃. Therefore, by Proposition 3.27, 

  ̃  ̃  ̃         . 

Proposition 3.29. Let   ̃  ̃    be a  ̃   and 

      ̃   ̃  ̃   . Then,  ̃                ̃ 

 ̃        . 
Proof. By Proposition 3.24(5),  ̃         ̃ 

 ̃          and       ̃  ̃         , then       ̃ 

 ̃         ̃  ̃         . 

On the other hand, by Proposition 3.24(2), 

 ̃          is the smallest soft   -closed set 

containing       and by Theorem 3.11(1), 

      ̃  ̃         ̃  ̃     ̃ , so  ̃          ̃ 

      ̃  ̃        . Thus,  ̃                ̃ 

 ̃        . 

Proposition 3.30. For any       ̃   ̃  ̃   . The 

following statements are true: 

(1)   ̃ ̃ ̃            ̃      ̃ ̃      . 

(2)   ̃ ̃ ̃           ̃       ̃ ̃      . 

(3)   ̃            ̃ ̃ ̃      ̃ ̃      . 

(4)   ̃           ̃ ̃ ̃       ̃ ̃      . 

Proof. (1)   ̃  ̃  ̃ ̃ ̃              ̃  ̃  ̃      

                ̃  ̃     ̃ , with   ̃  ̃      , 

      ̃         By Proposition 3.27, 

      ̃   ̃ ̃        ̃,         ̃  ̃     ̃  

with   ̃  ̃           ̃  ̃  ̃      ̃ ̃      . 

(2)   ̃  ̃  ̃ ̃ ̃             ̃  ̃  ̃            

      ̃        ̃,         ̃  ̃     ̃  

containing   ̃     ̃  ̃       ̃  ̃ ̃        

  ̃  ̃  ̃       ̃ ̃      . 

(3) By part (2),  ̃ ̃ ̃      ̃ ̃        

 ̃       ̃ ̃  ̃ ̃         ̃          . 

(4) By part (1),  ̃ ̃ ̃       ̃ ̃        

  ̃      ̃ ̃  ̃ ̃         ̃         . 

Proposition 3.31. For any       ̃   ̃  ̃   , we 

have  ̃         ̃  ̃         . 

Proof. Let   ̃  ̃  ̃         and   ̃  ̃       ̃ 

 ̃     ̃ . Then,       ̃  ̃    ̃  and so       ̃ 

       ̃. By Proposition 3.27,   ̃  ̃  ̃         . 

Thus,  ̃         ̃  ̃         . 

In general, the opposite of Proposition 3.31 is not 

always true. As the next examples illustrates: 
Example 3.32. In Example 2.3, we have         
                  , then  ̃                   and 

 ̃             ̃. Thus,  ̃            ̃ 

 ̃          . 
Proposition 3.33. Let   ̃  ̃    be a  ̃   and 

      ̃   ̃  ̃   . Then,  ̃          ̃  ̃      
      ̃  ̃           ̃  ̃          ̃       ̃ 

 ̃         ̃  ̃          ̃  ̃          ̃  ̃          

Proof. Obvious.  
Proposition 3.34. Let   ̃  ̃    be a  ̃   and 

       ̃   ̃  ̃   . If        ̃  ̃     ̃ , then 

 ̃            ̃          ̃  ̃          , where 

 ̃           is soft semi- -closure of       . 
Proof. Since        ̃  ̃     ̃ , then        ̃ 

 ̃    ̃ , so by Proposition 1.12(4),  ̃           
 ̃          and by Proposition 3.31,  ̃          
 ̃  ̃          . Therefore,  ̃           

 ̃          ̃  ̃          . 

Proposition 3.35. Let   ̃  ̃    be a  ̃   and 

      ̃   ̃  ̃   . If       ̃  ̃    ̃ , then 

 ̃           ̃          ̃     ̃        . 

Proof. By Proposition 3.31, we have 

 ̃         ̃  ̃         . So, it remains to prove 

that  ̃          ̃  ̃        . Let   ̃  ̃  ̃         

Then, there exists       ̃  ̃    ̃  containing   ̃ 

such that       ̃        ̃ and hence, 

 ̃    ̃          ̃  ̃     ̃          ̃. Since 

      ̃  ̃    ̃ , then by Lemma 1.11(1), 

 ̃         ̃    ̃          and       ̃  ̃     

 ̃        , so  ̃        ̃        ̃, by Lemma 

1.18(2),  ̃        ̃  ̃     ̃  containing   ̃. 

Therefore, by Proposition 3.27,   ̃  ̃  ̃         . 

Thus,  ̃           ̃        . 

For the second part, by Proposition 1.12(3), we have 

 ̃          ̃     ̃        . Hence,  ̃          

 ̃          ̃     ̃        . 
Corollary 3.36. If       ̃  ̃    ̃ , then 

 ̃            ̃           ̃    ̃         . 

Proof. This follows from the use of soft complements 

and Propositions 3.35 and 3.30(2).  
Proposition 3.37. Let   ̃  ̃    be  ̃   and 

      ̃  ̃. If       ̃  ̃     ̃ , then  ̃          ̃ 

 ̃    ̃   ̃    ̃ . 
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Proof. Since       ̃  ̃     ̃ , then by Proposition 

1.9(2),       ̃  ̃    ̃ . Hence, by Proposition 3.35 

and Proposition 1.9(1), we have  ̃          

 ̃     ̃          ̃    ̃         . 
Proposition 3.38. Let   ̃  ̃    be  ̃   and 

            ̃  ̃. Then,: 

(1)   ̃           ̃          ̃       , if       

 ̃  ̃     ̃ . 

(2)   ̃            ̃           ̃        , if 

      ̃  ̃     ̃ . 

Proof. (1) Since       ̃  ̃     ̃ , then by 

Proposition 1.9(2),       ̃  ̃    ̃ . Hence, by 

Proposition 3.35 and Lemma 1.19(1), we have 

 ̃           ̃          ̃       . 

(2) Since       ̃  ̃     ̃ , then by Proposition 2.8, 

      ̃  ̃    ̃ . Hence, by Corollary 3.36 and 

Lemma 2.12(1), we have  ̃           

 ̃           ̃        . 
Proposition 3.39. Let   ̃  ̃    be  ̃   and 

            ̃  ̃. Then: 

(1)   ̃           ̃          ̃        

 ̃           ̃          ̃         
  ̃        , if       ̃  ̃     ̃ . 

(2)   ̃            ̃           ̃         

 ̃            ̃           ̃          
  ̃         , if       ̃  ̃     ̃ . 

Proof. (1) Since       ̃  ̃     ̃ , then by 

Proposition 1.9(2),       ̃  ̃    ̃ . Hence, by 

Proposition 3.35 and Lemma 1.19(2),  ̃          

 ̃          ̃         ̃         
  ̃          ̃           ̃        . 
(2) Since       ̃  ̃     ̃ , then by Proposition 2.8, 

      ̃  ̃    ̃ . Hence, by Corollary 3.36 and 

Lemma 2.12(2),  ̃            ̃          

 ̃          ̃            ̃          
 ̃            ̃         . 
Proposition 3.40. Let   ̃  ̃    be a  ̃  , 

      ̃  ̃    ̃  and       ̃   ̃  ̃   . Then,: 

(1)        ̃  ̃          ̃  ̃           ̃ 

      .  
(2)   ̃            ̃        ̃       ̃  ̃      
     . 

Proof. (1) Let   ̃  ̃       ̃  ̃         . Then, 

  ̃  ̃       and   ̃  ̃  ̃         . So,         ̃ 

 ̃     ̃  containing   ̃, we have       ̃       

 ̃. By Proposition 1.20,       ̃       ̃  ̃     ̃  

and   ̃  ̃       ̃      . This implies that 

       ̃        ̃        ̃. Now,       ̃ 

       ̃         ̃ and by Proposition 3.27, 

  ̃  ̃  ̃           ̃       . Thus,       ̃ 

 ̃          ̃  ̃           ̃       . 

(2) Part (1) and Proposition 3.30 provide the proof. 

Proposition 3.41. Let   ̃  ̃    be a  ̃   and 

     ,      ̃   ̃  ̃   . If       ̃  ̃    ̃  or 

      ̃  ̃ and       ̃  ̃    ̃ , then  ̃     

(      ̃      )   ̃          ̃  ̃         . 
Proof. Let       ̃  ̃    ̃  or       ̃  ̃ and 

      ̃  ̃    ̃ . Then, by Proposition 1.10(1) or 

Proposition 1.10(2),       ̃       ̃  ̃    ̃ . 
Since  ̃    ̃  ̃  ̃    ̃  or  ̃  ̃  ̃    ̃ , then 

      ̃  ̃    ̃ . So,      ,      , and       ̃ 

      ̃  ̃    ̃ . By Proposition 3.35, 

 ̃           ̃     ̃        ,  ̃          

 ̃     ̃        , and  ̃           ̃        

 ̃     ̃         ̃        . Also,  ̃  ̃  ̃    ̃  ̃ 

 ̃    ̃ , so       ̃  ̃    ̃ . By Lemma 1.11(2), 

 ̃     ̃         ̃          ̃     ̃         ̃ 

 ̃     ̃        . Hence by Proposition 3.35,  ̃     

       ̃         ̃          ̃  ̃         . 

Note: Let   ̃  ̃ ̃    be a soft subspace of a  ̃   

  ̃  ̃    and       ̃  ̃. Then,  ̃     ̃      and 

 ̃      ̃      mean the soft   -closure and soft   -

interior of       ̃  ̃.  

Now, we have the following results:  

Proposition 3.42. Let   ̃  ̃ ̃     be a soft subspace of  

  ̃  ̃    and       ̃  ̃. Then,:  

(1)   ̃           ̃  ̃      ̃     , if  ̃  ̃  ̃    ̃  

(resp.,  ̃    ̃ ,  ̃,  ̃     ̃ ,  ̃    ̃ , and  ̃    ̃ ). 

(2)   ̃     ̃      ̃  ̃         , if  ̃  ̃  ̃ (resp., 

 ̃    ̃ ). 
Proof. (1) Let   ̃  ̃  ̃          . Then, there exists 

      ̃  ̃     ̃  such that   ̃  ̃       ̃      . 

Since  ̃  ̃  ̃    ̃  (resp.,  ̃    ̃ ,  ̃,  ̃     ̃ , 

 ̃    ̃ , and  ̃    ̃ ), then by Proposition 1.13(1) 

(resp., Proposition 1.13(2), and Proposition 1.14(2)), 

      ̃  ̃     ̃  such that   ̃  ̃       ̃      . 

Therefore,   ̃  ̃  ̃      ̃     . Thus,  ̃           

 ̃  ̃      ̃     . 
(2) Let   ̃  ̃  ̃         . Then, there exists 

      ̃  ̃     ̃  such that   ̃  ̃       and 

      ̃        ̃. Since       ̃  ̃     ̃  and 

 ̃  ̃  ̃ (resp.,  ̃    ̃ ), then by Proposition 1.14(1), 

      ̃  ̃  ̃  ̃     ̃ . Now, if   ̃  ̃  ̃, then   ̃  ̃ 

 ̃     ̃     . If   ̃  ̃  ̃, then   ̃  ̃       ̃  ̃ and 

we have        ̃  ̃  ̃        ̃. Therefore,   ̃  ̃ 

 ̃     ̃     . Thus,  ̃     ̃      ̃  ̃         . 

Corollary 3.43. Let   ̃  ̃ ̃    be a soft subspace of 

  ̃  ̃    and       ̃  ̃. Then,: 

(1)   ̃           ̃  ̃  ̃  ̃      ̃     , if  ̃  ̃ 

 ̃    ̃  (resp.,  ̃    ̃ ,  ̃,  ̃     ̃ ,  ̃    ̃ , 

and  ̃    ̃ ). 
(2)   ̃     ̃      ̃  ̃          ̃  ̃, if  ̃  ̃  ̃ (resp., 

 ̃    ̃ ). 
Proof. (1) By Proposition 3.42(1), 

 ̃           ̃  ̃  ̃  ̃           ̃  ̃      ̃     . 

(2) By Proposition 3.42(2), 

 ̃     ̃      ̃  ̃           ̃          ̃  ̃. 
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Proposition 3.44. Let   ̃  ̃ ̃    be a soft subspace of 

  ̃  ̃    and       ̃  ̃. If  ̃  ̃  ̃    ̃  (resp., 

 ̃    ̃ , then: 

(1)   ̃      ̃      ̃  ̃          . 

(2)   ̃          ̃  ̃     ̃     . 

Proof. (1) Let   ̃  ̃  ̃      ̃     . Then, there exists 

      ̃  ̃     ̃  such that   ̃  ̃       ̃      . 

Since  ̃  ̃  ̃    ̃  (resp.,  ̃    ̃  , then by 

Proposition 1.13(3),       ̃  ̃     ̃ . Since 

  ̃  ̃       ̃      , then   ̃  ̃  ̃          . 

Hence,  ̃      ̃      ̃  ̃          . 
(2) Let   ̃  ̃  ̃     ̃     . Then, there exists 

      ̃  ̃     ̃  containing   ̃ such that       ̃ 

       ̃. Since  ̃  ̃  ̃    ̃  (resp.,  ̃    ̃  , then 

by Proposition 1.13(3),       ̃  ̃     ̃ . Since 

      ̃        ̃, so   ̃  ̃  ̃         . Thus, 

 ̃          ̃  ̃     ̃     . 

Corollary 3.45. Let   ̃  ̃ ̃    be a soft subspace of 

  ̃  ̃    and       ̃  ̃. If  ̃  ̃  ̃    ̃ , then: 

(1)   ̃      ̃       ̃          . 

(2)   ̃           ̃     ̃     . 

Proof. This follows directly from Proposition 3.42 

and Proposition 3.44.  

Proposition 3.46. Let   ̃  ̃ ̃    be a soft subspace of 

  ̃  ̃   . If  ̃  ̃  ̃ (resp.,  ̃    ̃ ) and       ̃  ̃, 

then  ̃     ̃       ̃          ̃  ̃. 

Proof. From Corollary 3.43(2), 

 ̃     ̃      ̃  ̃          ̃  ̃. On the other hand, 

let   ̃  ̃  ̃          ̃  ̃. Then,   ̃  ̃  ̃          and 

  ̃  ̃  ̃. This is, for all       ̃  ̃     ̃  such that 

  ̃  ̃       and       ̃        ̃ and   ̃  ̃  ̃. 

Since  ̃  ̃  ̃ (resp.,  ̃    ̃ ), then by Proposition 

1.14(1),       ̃  ̃  ̃  ̃     ̃  such that 

  ̃  ̃       ̃  ̃ and        ̃  ̃  ̃        ̃. 

So,   ̃  ̃  ̃     ̃     . Hence,  ̃          ̃  ̃  ̃ 

 ̃     ̃     . Thus,  ̃          ̃  ̃  

 ̃     ̃     . 

Definition 3.47. Let   ̃  ̃    be a  ̃   and 

      ̃   ̃  ̃   . A soft point   ̃  ̃  ̃   ̃  is known 

as a soft   -boundary point of      , if 

        ̃  ̃     ̃  containing   ̃, we have 

      ̃        ̃ and       ̃   ̃ ̃        ̃. 

Or equivalently, the soft   -boundary of       is 

 ̃          ̃ ̃           and the family of all soft 

  -boundary points of       is indicated by 

 ̃         . 

Theorem 3.48. For any       ̃   ̃  ̃   , the 

following conditions hold. 

(1)   ̃           ̃           ̃  ̃         . 

(2)   ̃           ̃  ̃           ̃. 

(3)   ̃           ̃          ̃  ̃      ̃ ̃      . 

(4)   ̃          is a soft   -closed set. 

(5)   ̃           ̃       ̃ ̃      . 

(6)   ̃      ̃           ̃  ̃         . 

(7)   ̃      ̃            ̃  ̃         . 

(8)   ̃      ̃           ̃  ̃         . 

(9)   ̃                 ̃  ̃         . 

(10)   ̃                ̃  ̃          

(11)   ̃   ̃           ̃  ̃       ̃ ̃       

 ̃  ̃         . 

(12)   ̃  ̃  ̃           ̃           ̃  ̃      

  ̃ ̃      . 
Proof. (1)  ̃           ̃  ̃          

 ̃           ̃   ̃          ̃ ̃            

 ̃         . 

(2)  ̃           ̃  ̃           ̃           ̃ 

  ̃          ̃ ̃             ̃. 

(3)  ̃           ̃          ̃ ̃           

 ̃          ̃  ̃ ̃ ̃            

  ̃          ̃  ̃      ̃ ̃       {by Proposition 

3.30(1)}. 

(4)  ̃      ̃            ̃      ̃          

 ̃  ̃      ̃ ̃        

 ̃  ̃      ̃           ̃  ̃      ̃      ̃ ̃         

  ̃          ̃  ̃      ̃ ̃        ̃         . 

Therefore, by Proposition 3.24(4),  ̃          is a 

soft   -closed set. 

(5) By part (3), 

 ̃           ̃          ̃  ̃      ̃ ̃       

  ̃      ̃ ̃       ̃  ̃      ̃ ̃  ̃ ̃         

  ̃      ̃ ̃       {by part (3)}. 

(6)  ̃      ̃            ̃      ̃           

 ̃  ̃      ̃ ̃  ̃           {by part (3)} 

  ̃  ̃      ̃            ̃          {by part 

(4)}. 

(7) ̃      ̃            

 ̃      ̃            ̃  ̃       ̃            

  ̃      ̃            ̃  ̃           {by 

Proposition 3.15(5)} 

  ̃  ̃          ̃  ̃            ̃         . 

(8) ̃      ̃           

 ̃      ̃           ̃  ̃       ̃           

  ̃          ̃  ̃       ̃           {by Proposition 

3.24(5)} 

  ̃  ̃          ̃  ̃            ̃         . 

(9)      ̃  ̃          

      ̃   ̃          ̃  ̃            

         ̃  ̃           ̃        ̃   ̃             

   ̃  ̃  ̃            ̃          . 

(10) By part (1), 

 ̃           ̃           ̃  ̃          

         ̃  ̃           ̃  ̃          {by part 

(9)}  (      ̃  ̃         )  ̃ 

  ̃ ̃  ̃          ̃  ̃            

         ̃  ̃         . 
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(11) This follows from (1) and Proposition 3.30(1). 

(12) This follows from (11). 

Remark 3.49. Let   ̃  ̃    be a  ̃   and 

      ,       ̃   ̃  ̃    and        ̃        
does not imply that  ̃           ̃  ̃           

or  ̃           ̃  ̃          , as the next 

example illustrates: 

Example 2.50. In Example 2.3, we have        
                  ,                         ̃ 

  ̃  ̃    such that        ̃        . So, 

 ̃                  and  ̃            

      , this show that  ̃           ̃ 

 ̃            and  ̃            ̃  ̃          . 
Proposition 3.51. Let       ̃   ̃  ̃   . Then, 

 ̃         ̃  ̃         . 

Proof. Let   ̃  ̃  ̃         and       ̃  ̃     ̃  

containing   ̃. Then,       ̃  ̃    ̃ . Since 

  ̃  ̃  ̃        , so       ̃        ̃ and 

      ̃   ̃ ̃        ̃. Hence,   ̃  ̃ 

 ̃         . Thus,  ̃         ̃  ̃         . 

In general, the opposite of Proposition 3.51 is not 

always true. As the next example illustrates: 

Example 3.52. In Example 2.3, we have         
                  , then  ̃                   

and  ̃             ̃. Thus,  ̃            ̃ 

 ̃          . 
Proposition 3.53. For any       ̃   ̃  ̃   , the 

following conditions hold. 

(1)  If       ̃  ̃     ̃ , then  ̃          

      ̃  ̃          . 

(2)  If       ̃  ̃     ̃ , then  ̃          

 ̃          ̃      . 

(3)  If       ̃  ̃     ̃  and  ̃            ̃, then 

 ̃               . 

(4)        ̃  ̃     ̃  iff  ̃          ̃  ̃ ̃      

(i.e.,  ̃          ̃        ̃ . 

(5)        ̃  ̃     ̃  iff  ̃          ̃      . 

(6)   ̃           ̃ iff       ̃  ̃     ̃  ̃ 

 ̃     ̃ . 

Proof. The proof of (1)-(3) are obvious. 

(4) Suppose that       ̃  ̃     ̃ , then by part(2), 

 ̃           ̃          ̃      . Hence,  ̃     

      ̃        ̃. That is  ̃          ̃ 

 ̃ ̃     . 

Conversely,  ̃          ̃        ̃. Then,  ̃   

 ̃          ̃ ̃           ̃        ̃          

 ̃  ̃ ̃  ̃           ̃      . Since       ̃ 

 ̃         , then  ̃ ̃  ̃           ̃        ̃. 

Thus,       ̃  ̃ ̃  ̃ ̃  ̃            

 ̃          . But always  ̃           ̃      . 

This implies that                 . Therefore, 

      ̃  ̃     ̃ .  

(5)       ̃  ̃     ̃     ̃ ̃      ̃  ̃     ̃    by 

part (4),  ̃      ̃ ̃       ̃         by Theorem 

3.48(5),  ̃           ̃      ̃ ̃       ̃      . 

(6) Suppose that  ̃           ̃, then 

 ̃           ̃          ̃  ̃            ̃. This 

means that  ̃           ̃                . 

Hence,       ̃  ̃     ̃  ̃  ̃     ̃ . 

Conversely, if       ̃  ̃     ̃  ̃  ̃     ̃ , then 

       ̃            ̃         . Hence, 

 ̃           ̃          ̃  ̃           

      ̃       ̃.  

Proposition 3.54. Let   ̃  ̃    be a  ̃   and 

      ̃   ̃  ̃   . Then, 

 ̃      ̃      ̃            

 ̃      ̃          . 

Proof.  ̃    ( ̃    ( ̃         ))  

 ̃    ( ̃    ( ̃         )) 

 ̃  ̃      ̃ ̃  ̃      ̃              

= ̃      ̃           ̃  ̃      ̃ ̃  ̃      ̃             

{by Theorem 3.48(3) and Proposition 3.24(3)}.  ..…..(1) 

Now, we have 

 ̃ ̃  ̃      ̃           

  ̃ ̃  ̃      ̃           ̃  ̃      ̃ ̃  ̃             

  ̃ ̃  ̃          ̃  ̃      ̃ ̃  ̃             {by 

Theorem 3.48(10)} 

   ̃ ̃ ̃           ̃   ̃ ̃ ̃      ̃ ̃  ̃            . 

Therefore, by Proposition 3.24(8), we obtain: 

 ̃      ̃ ̃  ̃      ̃           

 ̃       ̃ ̃ ̃            

 ̃   ̃ ̃ ̃      ̃ ̃  ̃               

 ̃  ̃    *( ̃ ̃ ̃         )+  

 ̃  ̃       ̃ ̃ ̃      ̃ ̃  ̃               

       ̃  ̃      ̃ ̃        ̃, where       

 ̃       ̃ ̃ ̃           . So,  

 ̃      ̃ ̃  ̃      ̃              ̃.    …...(2) 

From (1) and (2), we obtain:  

 ̃      ̃      ̃            

  ̃      ̃           ̃  ̃   ̃      ̃          . 

Now, we will show by an example that the opposite 

of part (6) of Theorem 3.48 is not always true in 

general. Thus,  ̃      ̃            ̃         : 

Example 3.55. In Example 2.3, we have         
                  , then  ̃             ̃ and 

 ̃      ̃              ̃. Thus, 

 ̃            ̃  ̃      ̃             and hence, 

 ̃      ̃              ̃           . 

However we have the following result: 

Proposition 3.56. If       ̃  ̃     ̃  ̃  ̃     ̃ , 

then  ̃      ̃            ̃         . 

Proof. Since       ̃  ̃     ̃  ̃  ̃     ̃ , then 

 ̃      ̃            ̃          ̃  ̃     
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  ̃ ̃       ̃  ̃      ̃ ̃  ̃          . Since       

 ̃  ̃     ̃  (resp.,       ̃  ̃     ̃ ), then by 

Proposition 3.53(4) (resp., Proposition 3.53(5)), 

 ̃          ̃        ̃ (resp.,  ̃          ̃ 

     ). This implies that       ̃  ̃ ̃  ̃          

(resp.,  ̃ ̃      ̃  ̃ ̃  ̃         ). Hence, 

 ̃          ̃  ̃      ̃ ̃  ̃           (resp., 

 ̃      ̃ ̃       ̃  ̃      ̃ ̃  ̃          . Thus,: 

 ̃      ̃            ̃          ̃  ̃      ̃ ̃       

 ̃         . 

4- Conclusion  

In this paper, we introduce soft   -closed sets as a 

new class of soft sets which is contained in the class 

of soft semi-closed sets. Also, via soft   -closedness 

and soft   -openness, several new soft topological 

operators are defined. Several characterizations, 

properties, relationships, and examples regarding the 

new concepts are introduced. These results help us in 

the future to study new classes of soft functions such 

as soft almost   -continuity and soft weakly   -

continuity.
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