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ABSTRACT 

In this paper we present the notion of “quadratic” 

BH-algebra and TM-algebra, and show that every 

quadratic BH-algebra and TM-algebra  (𝑋;∗, 𝑒) , 𝑒 ∈

 𝑋 has a product of the form   𝑥 ∗ 𝑦 = 𝑥 − 𝑦 + 𝑒 , 

where 𝑥, 𝑦 ∈ 𝑋; if 𝑋 is a field with |𝑋| ≥ 3 and  BCI-

algebra. Moreover, we show some theorems and 

examples with relationships among B-algebra, BH –

algebra, BG-algebra and TM-algebra. 
 

 

© THIS IS AN OPEN ACCESS ARTICLE UNDER 

THE CC BY LICENSE 

http://creativecommons.org/licenses/by/4.0/  

 

https://doi.org/10.25130/tjps.v28i5.1585
http://tjps.tu.edu.iq/index.php/j
mailto:shwan.adnan@garmian.edu.krd
http://creativecommons.org/licenses/by/4.0/


  

 

  
Tikrit Journal of Pure Science (2023) 28 (5): 176-181 
Doi: https://doi.org/10.25130/tjps.v28i5.1585  

 

177 

 التربيعية  TMالجبر التربيعية و    BHالجبر

 ٣ارام خلیل ابراهيم باجلان, 2حسن  شهاب , محمد  1باجلان علي عدنان شوان

 ، العراق كردستان  إقليم، جامعة كرميان  التربية، كلية  الرياضيات،قسم   1،2،3

 الملخص 

 ,   لتربيعيذ   TM   لجبر  و   لتربيعيذ    BH  لجبر  تربيعي  كذ   أن  نبين  و,   لتربيعيذ   TM   لجبر  و   لتربيعيذ    BH   لجبر  مفهو   نقذم    لبحذ،    هذا   في

 (𝑋;∗, 𝑒) , 𝑒 ∈  𝑋   يكون علي  لشذذذذكذ𝑥 ∗ 𝑦 = 𝑥 − 𝑦 + 𝑒,    ،حيذ𝑥, 𝑦 ∈ 𝑋 عنذممذي يكون .𝑋    حقذ|𝑋| ≥ علاوة   BCI   لجبرو يكون  3

ر. لجب  أنو ع   لنظرييت و  لأمثل  مع  لعلاقيت بين بعضك نعرض بعض على ذ 

1. Introduction 

Y. Imai and K. Iseki have presented two 
classes of unique algebras: BCK-algebras 

and BCI-algebras [1, 2]. It is acknowledged 

that a suitable subclass of the BCI-algebra 

course may be the course of BCK-algebras. 

Hu and Li offered a comprehensive lecture 

on theoretical algebras called BCH-

algebras in [3, 4]. They have demonstrated 

that the BCI-algebra course might be a valid 

subclass of the BCH-algebra course. After 

Literatures introduced the idea of BG-

algebras in 2008 [5].  The idea of BH-

algebras Definition 2.5 has been introduced 

in another paper [6]. K. Megali and Dr. K. 

A. Tamilarasi [7] introduced the idea of 

BH-algebras in 2010. introduced the idea of 

B-algebras in 2022 [8]. In addition, we 

introduce the notion of "quadratic" BH/TM-

algebras, where each quadratic BH-algebra 

and TM-algebra has the form 𝑥 ∗ 𝑦 = 𝑥 −
𝑦 + 𝑒  where 𝑥, 𝑦 ∈ 𝑋 ; if 𝑋  is a field with 
|𝑋| ≥ 3 and BCI-algebra. 

This study provides a new notion of 

“quadratic” BH-algebra and TM-algebra, 

and show that every quadratic BH-algebra 

and TM-algebra, (𝑋;∗, 𝑒) , 𝑒 ∈  𝑋  has a 

product of the form   𝑥 ∗ 𝑦 = 𝑥 − 𝑦 + 𝑒  , 

where  𝑥, 𝑦 ∈ 𝑋 ; when 𝑋  is a field with 

|𝑋| ≥ 3 and is BCI-algebra. Moreover, we 

show some theorems and examples with 

relationships among B-algebra, BH –

algebra, BG-algebra and TM-algebra. 

2. Preliminaries 

Definition 2.1 An algebra ( 𝑋  is not an 

empty set; ∗  is a binary operation, 𝑒  is a 

constant) is called a B-algebra if three 

requirements are satisfied: 
a)   (𝑥 ∗ 𝑥)  =  𝑒, 
b)   ( 𝑥 ∗ 𝑒 ) =  𝑥, 

c)  ((𝑥 ∗ 𝑦) ∗ 𝑧 = 𝑥 ∗ (𝑧 ∗ (𝑒 ∗

𝑦))) (For all 𝑥, 𝑦 𝑎𝑛𝑑 𝑧 ∈ 𝑋 ).  

Example 2.2 [3] suppose that 𝐹  is set of all 

real number except for a negative integer k,  
(𝐹,∗) define by: 

𝑥 ∗ 𝑦 =
𝑘(𝑥 −  𝑦)

(𝑘 +  𝑦 )
  .  

, then (𝐹;∗, 0) is a B-algebra. 

Definition 2.3 An algebra (𝑋; ∗ , 0)  (𝑋 is 

not an empty set; ∗ is a binary operation ,0 

is a constant) is called a BG-Algebra if three 

requirements are satisfied: 

(1) ( 𝑥 ∗ 𝑥 =  0),  
(2) (𝑥 ∗ 0 =  𝑥), 
(3)  ((𝑥 ∗ 𝑦) ∗ (0 ∗ 𝑦) =  𝑥)  (For all 

𝑥  𝑎𝑛𝑑 𝑦 are elements of  𝑋  ). 
Example 2.4 [5] Suppose that  (𝑋 ; ∗ ,0), 

Where 𝑋 = {0,1,2} 

* 0 1 2 

0 0 1 2 

1 1 0 1 

2 2 2 0 

, Then  (𝑋 ; ∗ ,0) is a BG-algebra. 

Definition 2.5 An algebra ( 𝑋  is not an 

empty set; ∗  is binary operation ,0 is 

constant) is called a BH-algebra [7] if three 

requirements are satisfied: 

a) (𝑥 ∗ 𝑥 =  0),   
b)  (𝑥 ∗ 0 =  𝑥),   
c) ((x ∗ y) =  0 𝑎𝑛𝑑 (𝑦 ∗ 𝑥) =

 0 →  𝑥 =  𝑦)   (For all 

𝑥 𝑎𝑛𝑑 𝑦 are elements of  𝑋 ). 
Example 2.6 [7] Suppose that  (𝑋;∗, 0) , 

where X= {0, 1, 2, 3}: 

* 0 1 2 3 

0 0 3 0 2 

1 1 0 0 0 

2 2 2 0 3 

3 3 3 1 0 

Therefore, (𝑋;∗ ,0)is BH-algebra.  

https://doi.org/10.25130/tjps.v28i5.1585
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Definition 2.7 An algebra (𝑋 is not a null 

set; ∗ is binary operation,0 is constant) is 

called TM-algebra if three requirements are 

satisfied: 

i. ( 𝑥 ∗ 0 =  𝑥) , 

ii.   ((𝑥 ∗ 𝑦) ∗ (𝑥 ∗ 𝑧) = ( 𝑧 ∗

𝑦))  (For all 𝑥 , 𝑦 𝑎𝑛𝑑 𝑧 ∈

𝑋 ). 
Example 2.8 [11] suppose that ℤ be the set 

of all integers, and suppose that 𝑘𝑥 = {𝑘𝑥 ∶
𝑘𝜖ℤ}. Then(ℤ;∗, −) and (𝑘ℤ;∗, −), are TM-

algebras “−” is subtraction. 

Proposition 2.9 [11] Let (𝑋;∗, 0) is a TM-

algebra, then 

1)  (𝑥 ∗ 𝑥 =  0),  
2) ((𝑥 ∗ 𝑦 ) ∗ 𝑥 = (0 ∗ 𝑦)), 

3) (𝑥 ∗ (𝑥 ∗ 𝑦) =
 𝑦 )  (For all 𝑥 𝑎𝑛𝑑 𝑦 ∈
𝑋  ).   

3.  Quadratic BH-algebras and 

Quadratic TM-algebras 

3.1 Quadratic BH-algebras 

Assume 𝑋  is a field with  |𝑋| ≥ 3 , an 

algebra  (𝑋; ∗)   is called quadratic if 𝑥 ∗ 𝑦 

defined by  

𝑥 ∗ 𝑦 = 𝑎1𝑥2 + 𝑎2𝑥𝑦 + 𝑎3𝑦2 + 𝑎4𝑥 +
𝑎5𝑦 + 𝑎6,   
where 𝑎1, … 𝑎6 ∈ 𝑋 are fixed. 

A quadratic algebra (𝑋; ∗) is said to be a 

quadratic BH – Algebra if for some 𝑒 ∈ 𝑋 it 

satisfies the condition (a), (b) and (c).  

Theorem 3.1.1 Assume 𝑋  is a field 

with  |𝑋| ≥ 3 , then every quadratic BH-

algebra (𝑋;∗, e) has the form 𝑥 ∗ 𝑦 = 𝑥 −
𝑦 + 𝑒, where  𝑥, 𝑦 ∈ 𝑋. 

Proof:  
 (x ∗ y ) =  Ax2  + Bxy + Cy2  + Dx +
Ey + F.          

(3.1)  

Consider (a).  

( 𝑥 ∗ 𝑥 ) = 𝑒 = [(𝐷 + 𝐸)𝑥 + 𝐹 + (𝐴 +
𝐵 + 𝐶)𝑥2 ].       

(3.2)  

Suppose that  𝑥 =  0  in (3.2). Then we 

obtain 𝐹 =  𝑒. Hence (3.1) it appears to be 

 𝑥 ∗ 𝑦 =  𝐴𝑥2  + 𝐵𝑥𝑦 + 𝐶𝑦2 − (−𝐷𝑥 −
𝐸𝑦)  + 𝑒.     (3.3) 

 If  𝑦 ∶=  𝑥 𝑖𝑛 (3.1),  then  𝑒 = ( 𝑥 ∗ 𝑥 ) =
 𝑒 + (𝐴 + 𝐵 + 𝐶)𝑥2  + (𝐷 + 𝐸)𝑥, (3.4)  

For all 𝑥 ∈  𝑋, and hence we obtain[𝐴 +
 𝐵 +  𝐶 ] =  0 =  𝐷 +  𝐸 , that is, 𝐸 =
 −𝐷  and  𝐵 =  −𝐴 − 𝐶 . Hence (3.3) 

apparently, it is  (𝑥 ∗ 𝑦 ) =  (𝑥 − 𝑦)(𝐴𝑥 −
𝐶𝑦 + 𝐷) + 𝑒. (3.5) 𝑠𝑢𝑝𝑝𝑜𝑠𝑒 𝑡ℎ𝑎𝑡  𝑦 ∶=
 𝑒 𝑖𝑛 (3.5). Then by (b)  

We have 𝑥 = ( 𝑥 ∗ 𝑒) =  𝑒 + (𝑥 −
𝑒)(𝐴𝑥 − 𝐶𝑒 + 𝐷),                 

(3.6)  

On BH-Algebra that is, (𝐴𝑥 − 𝐶𝑒 +  𝐷 −
1)(𝑥 − 𝑒)  =  0. 
Because  𝑋  is a field, either (𝑥 − 𝑒 ) =
 0 𝑜𝑟 [𝐴𝑥 − 𝐶𝑒 +  𝐷 ] − 1 =  0. 
because |𝑋| ≥ 3 , we have [𝐴𝑥 − 𝐶𝑒 +
𝐷 ] − 1 =  0, for all 𝑥 =  𝑒 in 𝑋. So 𝐴 =
 0,1 − 𝐷 + 𝐶𝑒 =  0. thus (3.5) apparently, 

it is 
[(𝑥 − 𝑦) + 𝐶(𝑥 − 𝑦)(𝑒 − 𝑦)] + 𝑒 = 𝑥 ∗
𝑦.                                  

(3.7)  

To satisfy condition (c), suppose that  𝑥 ∗ 𝑦 

and 𝑦 ∗ 𝑥. 
𝑦 ∗ 𝑥 
=  (𝑦 − 𝑥) + 𝐶(𝑦 − 𝑥)(𝑒 − 𝑥)
+ 𝑒.                                  ( 3.8) 

                   0 = (𝑥 ∗ 𝑦) − ( 𝑦 ∗ 𝑥 ) 

=  (𝑥 − 𝑦) + 𝐶(𝑥 − 𝑦)(𝑒 − 𝑦) + 𝑒 − (𝑦
− 𝑥) − 𝐶(𝑦 − 𝑥)(𝑒 − 𝑥)
− 𝑒.  

0 =  2(𝑥 − 𝑦) + 2𝐶(𝑥 − 𝑦)(2𝑒 − 𝑦 − 𝑥) 
 We obtain 𝐶 =  0, then 𝑥 = 𝑦. This means 

that every quadratic BH-algebra (𝑋;∗, e) has 

of the form  𝑥 ∗ 𝑦 = 𝑥 − 𝑦 +
𝑒 , 𝑤here  𝑥, 𝑦 ∈ 𝑋,completing the proof. 

Theorem 3.1.2 Assume 𝑋  is a field 

with  |𝑋| ≥ 3 . Then every quadratic BH-

algebra on 𝑋 is a BCI-algebra.  

Proof:  It is direct from Theorem (3.1.1) and  

3.2 Quadratic TM-algebras 

Assume 𝑋  is a field with  |𝑋| ≥ 3 , an 

algebra  (𝑋; ∗)   is called quadratic if 𝑥 ∗ 𝑦 

defined by  

𝑥 ∗ 𝑦 = 𝑎1𝑥2 + 𝑎2𝑥𝑦 + 𝑎3𝑦2 + 𝑎4𝑥 +
𝑎5𝑦 + 𝑎6,   
where 𝑎1, … 𝑎6 ∈ 𝑋 are fixed. 

       A quadratic algebra (𝑋; ∗) is said to be 

a quadratic TM – Algebra if for some 𝑒 ∈ 𝑋 

it satisfies the condition i and ii.  

https://doi.org/10.25130/tjps.v28i5.1585
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Theorem 3.2.1 Assume 𝑋  is a field 

with  |𝑋| ≥ 3 , then every quadratic TM-

algebra  

(𝑋,∗, 𝑒) has of the form 𝑥 ∗ 𝑦 = 𝑥 − 𝑦 +
𝑒, where  𝑥, 𝑦 ∈ 𝑋. 
Proof: 

  (𝑥 ∗ 𝑦) =  𝐴𝑥2  + 𝐵𝑥𝑦 + 𝐶𝑦2  + 𝐷𝑥 +
𝐸𝑦 + 𝐹                  

(3.9) 

(𝑥 ∗ 𝑥) = 𝑒 = [(𝐴 + 𝐵 + 𝐶)𝑥2  + (𝐷 +
𝐸)𝑥] + 𝐹.   (By Proposition 2.9)     (3.10)  

Let 𝑥 = 0 in (3.10). Then we obtain  𝐹 =
 𝑒. Hence (3.9) it appears to be 

 (𝑥 ∗ 𝑦 ) =  𝐴𝑥2  + 𝐵𝑥𝑦 + 𝐶𝑦2  + (𝐷𝑥 +
𝐸𝑦 ) + 𝑒.               (3.11) 

 If 𝑦 =  𝑥 𝑖 n (3.11), then 𝑒 = ( 𝑥 ∗ 𝑥 ) =
 −(−𝐷 − 𝐸)𝑥 + (𝐴 + 𝐵 + 𝐶)𝑥2     (3.12)  

For any 𝑥 ∈  𝑋, and hence we consider 

(𝐴 +  𝐵 +  𝐶)  =  0 = ( 𝐷 +  𝐸), that is, 

𝐸 =  −𝐷 and 𝐵 =  −𝐴 − 𝐶 . Hence (1.3) 

Apparently, it is( 𝑥 ∗ 𝑦 ) = [(𝑥 − 𝑦)(𝐴𝑥 −
𝐶𝑦 + 𝐷)] + 𝑒. (3.12) suppose that  𝑦 =  𝑒 

in (3.12). Then by (ii)  

We have 𝑥 =  𝑥 ∗ 𝑒 = [(𝑥 − 𝑒)(𝐴𝑥 −
𝐶𝑒 + 𝐷)] + 𝑒,     

(3.14)  

On TM-Algebra that is,[(𝐴𝑥 − 𝐶𝑒 +  𝐷 −
1)(𝑥 − 𝑒)]  =  0. 

 Because  𝑋  is a field, either (𝑥 − 𝑒)  =
 0 𝑜𝑟 𝐴𝑥 − 𝐶𝑒 +  𝐷 − 1 =  0. 
because  |𝑋| ≥ 3,  we have  (𝐴𝑥 − 𝐶𝑒 +
𝐷 ) − 1 =  0, for all 𝑥 =  𝑒 in𝑋.So  𝐴 =
 0,1 − 𝐷 + 𝐶𝑒 =  0.  Thus (3.12) 

apparently, it is 
[(𝑥 − 𝑦) + 𝐶(𝑥 − 𝑦)(𝑒 − 𝑦)] + 𝑒 = (𝑥 ∗
𝑦 ).                                         (3.15)  

To satisfy condition (ii) we consider:  
[(𝑥 ∗ 𝑦) ∗ (𝑥 ∗ 𝑧)] = [ [(𝑥 ∗ 𝑦 ) − ( 𝑥 ∗
𝑧))] + 𝐶[(𝑥 ∗ 𝑦 ) −  (𝑥 ∗ 𝑧)][𝑒 − ( 𝑥 ∗
𝑧)]] + 𝑒   (3.16) 

= [(𝑥 − 𝑦) + 𝐶(𝑥 − 𝑦)(𝑒 − 𝑦) + 𝑒 −
(𝑥 − 𝑧) − 𝐶(𝑥 − 𝑧)(𝑒 − 𝑧) − 𝑒] + 𝐶[(𝑥 −
𝑦) + 𝐶(𝑥 − 𝑦)(𝑒 − 𝑦) + 𝑒 − (𝑥 − 𝑧) −
𝐶(𝑥 − 𝑧)(𝑒 − 𝑧) − 𝑒][𝑒 − (𝑥 − 𝑧) −
𝐶(𝑥 − 𝑧)(𝑒 − 𝑧) − 𝑒] + 𝑒  
=  [−𝑦 + 𝑧 + 𝐶(𝑥 − 𝑦)(𝑒 − 𝑦) − 𝐶(𝑥 −
𝑧)(𝑒 − 𝑧)] + 𝐶[(𝑥 − 𝑦) + 𝐶(𝑥 − 𝑦)(𝑒 −
𝑦) − (𝑥 − 𝑧) − 𝐶(𝑥 − 𝑧)(𝑒 − 𝑧)][−(𝑥 −
𝑧) − 𝐶(𝑥 − 𝑧)(𝑒 − 𝑧)] + 𝑒  

= −𝑦 + 𝑧 + 𝐶(𝑥 − 𝑦)(𝑒 − 𝑦) − 𝐶(𝑥 −
𝑧)(𝑒 − 𝑧) − 𝐶(𝑥 − 𝑦)(𝑥 − 𝑧) − 2𝐶(𝑥 −
𝑦)(𝑒 − 𝑦)(𝑥 − 𝑧) + 𝐶(𝑥 − 𝑧)2 + 𝐶2(𝑥 −
𝑧)2(𝑒 − 𝑧) − 𝐶2(𝑥 − 𝑦)(𝑥 − 𝑧)(𝑒 − 𝑧)  
−𝐶3(𝑥 − 𝑦)(𝑒 − 𝑦)(𝑥 − 𝑧)(𝑒 − 𝑧)

+ 𝐶2(𝑥 − 𝑧)2(𝑒 − 𝑧)
+ 𝐶3(𝑥 − 𝑧)2(𝑒 − 𝑧)2] 

= −𝑦 + 𝑧 + 𝐶(𝑥 − 𝑦)(𝑒 − 𝑦) − 𝐶2(𝑥 −
𝑦)(𝑥 − 𝑧)(2𝑒 − 𝑦 − 𝑧)  + 2𝐶2(𝑥 −
𝑧)2(𝑒 − 𝑧) − 𝐶(𝑥 − 𝑧)(𝑒 − 𝑦) +  𝐶3(𝑥 −
𝑧)(𝑒 − 𝑧)[ −(𝑥 − 𝑦)(𝑒 − 𝑦) + (𝑥 −
𝑧)(𝑒 − 𝑧)]  
= −𝑦 + 𝑧 + 𝐶(𝑒 − 𝑦)(𝑧 − 𝑦) + 𝐶2(𝑥 −
𝑧)[−(𝑥 − 𝑦)(2𝑒 − 𝑦 − 𝑧) + 2(𝑥 − 𝑧)(𝑒 −
𝑧)] + 𝐶3(𝑥 − 𝑧)(𝑒 − 𝑧) )[ −(𝑥 − 𝑦)(𝑒 −
𝑦) + (𝑥 − 𝑧)(𝑒 − 𝑧)]                                                       
(3.17) 
𝑧 ∗ 𝑦 = 𝑧 − 𝑦 + 𝐶(𝑧 − 𝑦)(𝑒 − 𝑦) + 𝑒
         

(3.18) 

By (3.17) and (3.18) we obtain  
[(𝑥 ∗ 𝑦) ∗ (𝑥 ∗ 𝑧)] − (𝑧 ∗ 𝑦) = 0   
= [ 𝐶2(𝑥 − 𝑧)[−(𝑥 − 𝑦)(2𝑒 − 𝑦 − 𝑧)

+ 2(𝑥 − 𝑧)(𝑒 − 𝑧)] + 𝐶3(𝑥
− 𝑧)(𝑒 − 𝑧) )[ −(𝑥 − 𝑦)(𝑒
− 𝑦) + (𝑥 − 𝑧)(𝑒 − 𝑧)]] 

Consider 𝐶 =  0.  This means that every 

quadratic TM-algebra (𝑋 ;∗,  e) has of the 

form 𝑥 ∗ 𝑦 = 𝑥 − 𝑦 + 𝑒 , 𝑤 here   𝑥, 𝑦 ∈ 𝑋 , 

completing the proof. 

Examples 3.2.2 Let 𝑅 be the set of all real 

numbers. Define 𝑥 ∗  𝑦 ∶= (𝑥 –  𝑦) + √5, 

then (𝑅; ∗, √5)  is quadratic TM-algebra 

and quadratic BH-algebra. 

Theorem 3.2.3 Assume 𝑋  is a field 

with |𝑋| ≥ 3, then  

 (𝑋; ∗, 0) is BCI-algebra.                  (𝑋; ∗, 0) 

is quadratic B-algebra.       (𝑋;∗, 0) 

is quadratic BH-algebra. 

Theorem 3.2.4 Assume 𝑋  is a field 

with  |𝑋| ≥ 3 . Then every quadratic TM-

algebra on 𝑋 is a BCI-algebra.  

Proof:  It is direct from Definition (2.7) and 

by Theorem (2.10) [11]. 
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4.  Relation between some 

algebras. 

Theorem 4.1 Every B-algebra is BG-

algebra. 

Proof:  It is an instantaneous follower 

Theorem (2.2) [5]. 

Because of the following result, the vice 

versa of theorem (4.1) is not true by 

Example (2.4) [(0 ∗ 2) ∗ 1] =  (2 ∗ 1) =
 2 

and[0 ∗ (1 ∗ (0 ∗  2))] = [ 0 ∗ (1 ∗  2)] =
(0 ∗ 1) = 1 

imply  [(0 ∗ 2) ∗ 1 ] ≠ [ 0 ∗  (1 ∗  (0 ∗

 2))]. 

Theorem 4.2 Every BG-algebra is BH-

algebra. 

Proof: By Proposition (2.8) [5]. 

Because of the following result, the convers 

of Theorem (4.2) is not true by example 

(2.6)  

 [(2 ∗  3)  ∗  (0 ∗  3)]   =   1 ≠    2. 
 

Theorem 4.3 Every TM-algebra is BH-

algebra. 

Proof:  ( 𝑥 ∗ 0) = 𝑥                       By 

definition (TM-algebra)  

(𝑥 ∗  𝑥) = 0                     By proposition 

(2.9)  

(For all 𝑥 and  𝑦 ∈ 𝑋  ) ((y ∗ x) =
0 and  (𝑥 ∗  𝑦) =  0 →  𝑥 =  𝑦).   By 

Proposition (2.4) (VI) [11]. 

Because of the following result, the convers 

of Theorem (4.3) is not true Example (2.6) 

[(0 ∗ 1) ∗ (0 ∗ 2)] = 3 ≠  2 = (2 ∗ 1) . 
 

Theorem 4.4 Every TM-algebra is B-

algebra 

Proof: By Definition (2.7) and Proposition 

(2.3) [11]   

Let (𝑋,∗ ,0) is TM-algebra  

(For all 𝑥, 𝑦 𝑎𝑛𝑑 𝑧 are elements of   𝑋 )    

((𝑥 ∗ 𝑦) ∗ 𝑧 = (𝑥 ∗ 𝑧) ∗ 𝑦)   (4.1)

  

Put in 𝑦 = (𝑒 ∗ 𝑦)    in (4.1) 

= (𝑥 ∗ (𝑧 ∗ (𝑒 ∗ 𝑦))  

However, it is B-algebra. 

For example, suppose that  (𝑋;∗ ,0)  is 

algebra, Where 𝑋 = {0,1,2,3,4,5} 

 

* 0 1 2 3 4 5 

0 0 2 2 3 4 5 

1 1 0 1 4 5 3 

2 2 1 0 5 3 4 

3 3 4 5 0 2 1 

4 4 5 3 1 0 2 

5 5 3 4 2 1 0 

 

Because of the following result, the convers 

of Theorem (4.4) is not true  

Since (1 ∗ 2) ∗ (1 ∗ 3) = 2 ∗ 4 = 3 ≠ 5 =
(3 ∗ 2). 

Theorem 4.5 Every B-algebra is BH-

algebra. 

Proof:  By definition TM-algebra and   

Lemma (2.3) [4]. 

Because of the following result, the vice 

versa of theorem (4.7) is not true by 

Example (2.6) 
[(1 ∗ 2) ∗ 3]  = ( 0 ∗ 3)  =   2   

and   [1 ∗  (3 ∗  (0 ∗  2))]  = [  1 ∗  (3 ∗

 0)]  =   (1 ∗  3) =   0  

imply   [(1 ∗ 2) ∗ 3]  ≠ [1 ∗  (3 ∗  (0 ∗

 2))]. 
 

We can summarize the diagram as follows: 

 

 

B          BG           BH        TM 

 

 

 

Conclusion 

we present the notion of “quadratic” BH-
algebra and TM-algebra, and show that 

every quadratic BH-algebra and TM-

algebra, (𝑋;∗, 𝑒) , 𝑒 ∈  𝑋  has a product of 

the form   𝑥 ∗ 𝑦 = 𝑥 − 𝑦 + 𝑒 , where 𝑥, 𝑦 ∈
𝑋 ; when 𝑋  is a field with |𝑋| ≥ 3  and is 
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