Tikrit Journal of Pure Science (2023) 28 (5): 176-181
Doi: https://doi.org/10.25130/tjps.v28i5.1585

IAS]

@ Tikrit Journal of Pure Science
2 L,,A,f’“/ ISSN: 1813 — 1662 (Print) --- E-ISSN: 2415 — 1726 (Online)

=\ ——

i) el | Gt 2 LS 2 o Sk |

Journal Homepage: http://tjps.tu.edu.ig/index.php/j

Quadratic BH-algebras and Quadratic TM-algebras
Shwan Adnan Bajalan!, Mohammed Shihab Hassan?, Aram K. Bajalan®
123Department of Mathematics, College of Education, University of Garmian, Kurdistan Region -Iraq.

Keywords: B-algebra, BH —algebra, BG- ABSTRACT

algebra and TM-algebra. In this paper we present the notion of “quadratic”

ARTICLEINFO. BH-algebra and TM-algebra, and show that every
Article history: quadratic BH-algebra and TM-algebra (X;*,e),e €
_Received: 10 May 2023 | X has a product of the form xxy=x—-y+e ,

where x,y € X; if X is a field with |X| = 3 and BCI-
algebra. Moreover, we show some theorems and
-Accepted: 12 June 2023 | €xamples with relationships among B-algebra, BH —
algebra, BG-algebra and TM-algebra.

-Received in revised form: 10 June 2023

-Final Proofreading: 24 Oct. 2023
-Available online: 25 Oct. 2023

Corresponding Author*:
Shwan Adnan Bajalan
shwan.adnan@garmian.edu.krd

© THIS IS AN OPEN ACCESS ARTICLE UNDER
THE CC BY LICENSE
http://creativecommons.org/licenses/by/4.0/

176


https://doi.org/10.25130/tjps.v28i5.1585
http://tjps.tu.edu.iq/index.php/j
mailto:shwan.adnan@garmian.edu.krd
http://creativecommons.org/licenses/by/4.0/

Tikrit Journal of Pure Science (2023) 28 (5): 176-181

Doi: https://doi.org/10.25130/tjps.v28i5.1585

TJPS

doas il TM sally Lasasill BH sl
TNl el S al ) e Gl e, N cBlals e glise (s
Gl ¢G5S will] o sla)S daals il LS clallf meid "

, Aon il TM ool s A 5 BH asd o 53 IS 0 0 5 R 500 TM ol 5 Lm0 BH sl o see pai sl 12 3
se BCl sl oS5 | X =3 dis X osSiladie y,y e X dun xxy=x—y+eddl Je S (X;*,e),e € X
ol o) 5l (G MR e ALY 5 il il (any (i e I3 e

1. Introduction

Y. Imai and K. Iseki have presented two
classes of unique algebras: BCK-algebras
and BCl-algebras [1, 2]. It is acknowledged
that a suitable subclass of the BCl-algebra
course may be the course of BCK-algebras.
Hu and Li offered a comprehensive lecture
on theoretical algebras called BCH-
algebras in [3, 4]. They have demonstrated
that the BCl-algebra course might be a valid
subclass of the BCH-algebra course. After
Literatures introduced the idea of BG-
algebras in 2008 [5]. The idea of BH-
algebras Definition 2.5 has been introduced
in another paper [6]. K. Megali and Dr. K.
A. Tamilarasi [7] introduced the idea of
BH-algebras in 2010. introduced the idea of
B-algebras in 2022 [8]. In addition, we
introduce the notion of "quadratic” BH/TM-
algebras, where each quadratic BH-algebra
and TM-algebra has the form x xy = x —
y +e where x,y € X; if X is a field with
|X| = 3 and BCl-algebra.

This study provides a new notion of

“quadratic” BH-algebra and TM-algebra,

and show that every quadratic BH-algebra

and TM-algebra, (X;*,e),e € X has a
product of theform x*xy=x—-y+e,
where x,y € X ; when X is a field with
|X| = 3 and is BCl-algebra. Moreover, we
show some theorems and examples with
relationships among B-algebra, BH -
algebra, BG-algebra and TM-algebra.
2. Preliminaries
Definition 2.1 An algebra (X is not an
empty set; = is a binary operation,e is a
constant) is called a B-algebra if three
requirements are satisfied:

a) (x*xx) = e,

by (x*xe)= x,

c) ((x*y)*z=x*(z*(e *
y))) (Forallx,yand z € X).

Example 2.2 [3] suppose that F is set of all
real number except for a negative integer k,
(F,*) define by:

k(x — y)

k +y)

, then (F;*,0) is a B-algebra.

Definition 2.3 An algebra (X; *, 0) (X is
not an empty set; = is a binary operation ,0
is a constant) is called a BG-Algebra if three
requirements are satisfied:

(1) (x*xx = 0),

(2) (x*0 = x),

3) ((x xy)* (0*y) = x) (For all
x and y are elements of X ).

Example 2.4 [5] Suppose that (X ; *,0),
Where X = {0,1,2}

X*xy =

* 0 1 [2
0 0 1 [2
1 1 0 |1
2 2 2 |0

, Then (X ; *,0) is a BG-algebra.
Definition 2.5 An algebra (X is not an
empty set; = is binary operation ,0 is
constant) is called a BH-algebra [7] if three
requirements are satisfied:
a) (x xx = 0),
b) (x*0 = x),
) ((x*y) = 0and (y *x) =
0> x=y) (For all
x and y are elements of X).
Example 2.6 [7] Suppose that (X;*,0),
where X={0,1, 2, 3}:

* 0 |1 2 3
0 0 [3 0 2
1 1 10 0 0
2 2 |2 0 3
3 3 |3 1 0

Therefore, (X;*,0)is BH-algebra.
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Definition 2.7 An algebra (X is not a null
set; * is binary operation,0 is constant) is
called TM-algebra if three requirements are
satisfied:
. (x*0 = x),
il ((x*y)*(x*z)z(z*
y)) (Forallx,yand z €
X).
Example 2.8 [11] suppose that Z be the set
of all integers, and suppose that kx = {kx :
keZ}. Then(Z;*,—) and (kZ;*, —), are TM-
algebras “—” is subtraction.
Proposition 2.9 [11] Let (X;*,0) is a TM-
algebra, then

1) (x xx = 0),
2)  ((xxy)xx =(0xy)),
3) (xx (xxy) =
y) (Forallxand y €
X).
3. Quadratic BH-algebras and

Quadratic TM-algebras

3.1 Quadratic BH-algebras

Assume X is a field with |X| >3, an
algebra (X;*) is called quadratic if x * y
defined by

X*xy = a;x% + a,xy + azy® + ax +
asy + ae,

where a4, ... ag € X are fixed.

A quadratic algebra (X; =) is said to be a
quadratic BH — Algebra if for some e € X it
satisfies the condition (a), (b) and (c).
Theorem 3.1.1 Assume X is a field
with |X| > 3, then every quadratic BH-
algebra (X;*, ) has the form x xy = x —
y + e, where x,y € X.

Proof:

(x*y) = Ax? + Bxy + Cy? +Dx+

Ey +F.

(3.1)

Consider (a).
(x*xx)=e =
B + 0O)x?].
(3.2)

Suppose that x = 0 in (3.2). Then we
obtain F = e. Hence (3.1) it appears to be
x*y = Ax? + Bxy + Cy? — (—Dx —
Ey) +e. (3.3)
If y:= xin(3.1), then e =(x*xx) =
e+ (A+B +C)x*> + (D + E)x, (3.4)

[(D +E)x+F + (A+
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For all x € X, and hence we obtain[4 +
B+ C]=0=D+E, that is, E =
—D and B = —A—C . Hence (3.3
apparently, it is (x*y) = (x — y)(Ax —
Cy + D) + e.(3.5) suppose that y :=

e in (3.5). Then by (b)

We have x =(xxe)=¢e+ (x—
e)(Ax — Ce + D),

(3.6)

On BH-Algebra that is, (Ax —Ce+ D —
D(x —e) = 0.

Because X is a field, either (x —e) =
Oor[Ax —Ce+ D]—1 = 0.

because |X| =3, we have [Ax —Ce +
D]—1 =0,forallx = einX.S0A =

0,1 —D 4+ Ce = 0.thus (3.5) apparently,
itis
[(x—y)+Cx—y)le—y)]+e=xx
y.
(3.7)
To satisfy condition (c), suppose that x * y
and y * x.

Y *x

= -0 +Cy—x)(e—-x)

+e. (3.8

0=@x*y)—(y*x)
= @x=—y)+Cx—-—y)(e—-y)+te—(y
—x)—=C(y—x)(e—x)
— é.

0=2x—y)+2C(x—y)2e—y —x)
We obtain C = 0, then x = y. This means
that every quadratic BH-algebra (X;*, €) has
of the form X*xy=x—y+
e ,where x,y € X,completing the proof.
Theorem 3.1.2 Assume X is a field
with |X| = 3. Then every quadratic BH-
algebra on X is a BCl-algebra.
Proof: Itis direct from Theorem (3.1.1) and
3.2 Quadratic TM-algebras
Assume X is a field with |X| >3, an
algebra (X; *) is called quadratic if x x y
defined by
X*y = a;x2 + axy + azy? + azx +
asy + ae,
where a4, ... ag € X are fixed.

A quadratic algebra (X; =) is said to be
a quadratic TM — Algebra if for some e € X
it satisfies the condition i and ii.
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Theorem 3.2.1 Assume X is a field
with |X| > 3, then every quadratic TM-
algebra

(X,*,e) has of the form x*xy=x—y +
e, Where x,y € X.

Proof:

(x*xy) = Ax?* + Bxy +Cy? + Dx +
Ey +F

(3.9)

(xxx)=e =[(A+B +0O)x* + (D +

E)x] + F. (By Proposition 2.9) (3.10)
Let x =0 in (3.10). Then we obtain F =
e. Hence (3.9) it appears to be

(x+xy)= Ax* + Bxy +Cy* + (Dx +
Ey)+e. (3.11)

If y= xin (3.11), thene = (x*x) =
—(-D—-E)x+(A+B +(0)x* (3.12)
For any x € X, and hence we consider
(A+ B+ C)=0=(D + E), that is,
E = —D andB = —A —C. Hence (1.3)
Apparently, itis(x*y) = [(x —y)(Ax —
Cy + D)] + e.(3.12) suppose that y = e
in (3.12). Then by (ii)

We have x = xxe =[(x —e)(Ax —
Ce +D)] +e,

(3.14)

On TM-Algebra that is,[(Ax —Ce+ D —
D(x —e)] = 0.

Because X is a field, either (x —e) =
Qordx —Ce+ D —1 = 0.

because |X| =3, we have (Ax — Ce +
D)—1=0,forallx = einX.So A =
0,1—D +Ce = 0. Thus (3.12)
apparently, it is
[(x=y)+Cx—y)e—y)]te=(xx
y). (3.15)
To satisfy condition (ii) we consider:
[Cexy)x(xx2)] =[[(x*xy)— (x*
z))]+Cl(x*y) = (x*2z)][e — (x
z)]]+e (3.16)
=[x=»)+Cx—-y)e—y)+te—
(x—2)—C(x—2)(e—2z)—e]+C[(x —
V)+Cx—-y)e—-y)+e—(x—2)—
C(x—2)(e—2z)—c¢e]le—(x—12)—
C(x—2z)(e—2z)—e]+e
=[-y+z+C(x—-y)e-y)-C(x—
z)(e—2)] + C[(x —y) + C(x — y)(e —
y)—(x—2)—Cx—2z)(e—2)][—(x—
z)—C(x—2z)(e—2)]+e
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=-y+z+Cx—-y)e—y)—C(x—
z2)(e—=2z)—C(x—y)(x—2z)—2C(x —
iee—y)(x—2z)+C(x—2)2+C2(x —
z)2(e—2z)—C2(x —y)(x—2z)(e — 2)
—C3x—-y)e-y)(x—2z)(e—2)

+ C2(x —z)2(e — z)

+ C3(x — 2)2(e — 2)2]
=—y+z+Cx—y)(e—y)—C2(x—
V) (x—2z)2e—y—2z) +2C2(x —
z)2(e—2z)—C(x—2z)(e—y)+ C3(x —
zZ)(e—2)[-(x—y)e—y) +(x—
z)(e — z)]
=—y+z+Cle—y)(z—y)+C2(x—
z)[-(x—y)(2e—y—z)+2(x —z)(e -
2)]+C3x—-z)(e-2))[-(x—y)(e—
y) + (x —2)(e —2)]

(3.17)
zxy=z—-y+C(z—-y)e—y)te

(3.18)

By (3.17) and (3.18) we obtain

[Cexy) x(xx2z)] —(z*xy) =0

=[C*(x—2)[-(x—¥)(2e —y — 2)
+2(x—2)(e —2)] + C3(x
—z)(e—2z))[-(x—y)(e
—y) + (x—2z)(e—2)]]

Consider ¢ = 0. This means that every

quadratic TM-algebra (X;*, e) has of the

form xxy=x—y+e,where x,y € X,

completing the proof.

Examples 3.2.2 Let R be the set of all real

numbers. Define x * y:= (x - y) + /5,

then (R; *,/5) is quadratic TM-algebra

and quadratic BH-algebra.

Theorem 3.2.3 Assume X is a field

with | X| = 3, then

(X; *,0) is BCl-algebra. +— (X; *,0)

is quadratic B-algebra. (X;%,0)

is quadratic BH-algebra.

Theorem 3.2.4 Assume X is a field

with |X| = 3. Then every quadratic TM-

algebra on X is a BCl-algebra.

Proof: It is direct from Definition (2.7) and

by Theorem (2.10) [11].
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4. Relation between
algebras.

Theorem 4.1 Every B-algebra is BG-
algebra.
Proof: It is an instantaneous follower
Theorem (2.2) [5].
Because of the following result, the vice
versa of theorem (4.1) is not true by
Example (2.4) [(0%2)x1]= (2%1) =
2
and[0* (1 (0 * 2))] =[0*(1 % 2)] =
(0+x1)=1
imply  [(0%2)*1]#[0 = (1 = (0 =
2))].
Theorem 4.2 Every BG-algebra is BH-
algebra.
Proof: By Proposition (2.8) [5].
Because of the following result, the convers
of Theorem (4.2) is not true by example
(2.6)
[2 «3) «(0=x3)] =1+ 2.

some

Theorem 4.3 Every TM-algebra is BH-
algebra.

Proof: (x*0) =x
definition (TM-algebra)

By

(x*x)=0 By proposition
(2.9
(For all x and yeX )((y*x) =

0 and (x*xy)=0 - x = y).
Proposition (2.4) (V1) [11].
Because of the following result, the convers
of Theorem (4.3) is not true Example (2.6)
[(0x1)*(0%x2)] =3+ 2=(2%1).

By

Theorem 4.4 Every TM-algebra is B-
algebra

Proof: By Definition (2.7) and Proposition
(2.3) [11]

Let (X,x,0) is TM-algebra

(For all x,yand z are elements of X))

((xxy)xz=(x*2)*y) (4.1)
Putiny = (exy) in(4.1)

= (x*(z*(exy))

However, it is B-algebra.

For example, suppose that (X;*,0) is

algebra, Where X = {0,1,2,3,4,5}
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Because of the following result, the convers
of Theorem (4.4) is not true
Since(1*2)*(1%3)=2%x4=3 #5=

(3*2).
Theorem 4.5 Every B-algebra is BH-
algebra.
Proof: By definition TM-algebra and

Lemma (2.3) [4].
Because of the following result, the vice
versa of theorem (4.7) is not true by
Example (2.6)

[(1x2)«3] =(0%3) = 2
and [1*(3*(0*2))]=[1*(3*
0]= @=x3)=0
imply  [(1%2)%3] #[1 = (3 = (0 =

2))1.

We can summarize the diagram as follows:

B umpp BG ===pBH =T M

N

Conclusion

we present the notion of “quadratic” BH-
algebra and TM-algebra, and show that
every quadratic BH-algebra and TM-

algebra, (X;x,e),e € X has a product of
the form xxy=x—y+e, wherex,y €
X; when X is a field with |X| =3 and is
BCl-algebra
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