Tikrit Journal of Pure Science (2023) 28 (5):147-153
Doi: https://doi.org/10.25130/tjps.v28i5.1586

IAS]

@ Tikrit Journal of Pure Science
2 "/ ISSN: 1813 — 1662 (Print) --- E-ISSN: 2415 — 1726 (Online)

—=

Y =
et el | i 2 IS 2 i Sk |

Journal Homepage: http://tjps.tu.edu.ig/index.php/j

Applied Lyapunov Stability for Some Nonlinear Stochastic Differential

Equations
Nibal Sabah Abdulrahman™, Abdulghafoor Jasim Salim?
! Department of Mathematics, College of Education for pure Science, University of Mosul. Iraq
2Department of Mathematics, College of Computer Science and Mathematics, University of Mosul. Iraq

Keywords: stability, stochastic(random) ABSTRACT
differential equation, the Lyapunov function. | In this paper, we applied and explain the stability to

ARTICLEINFO. some linear and non-linear stochastic differential

Article history: equations by using the Lyapunov direct second
method, after finding the stochastic differential
equation which obtained by applying the (Ito-
-Received in revised form: 08 Mar. 2023 | integrated formula) and the quadratic Lyapunov
function be taken, we use the Lyapunov theorems to
find and explain if the trivial (zero) solution are
-Final Proofreading: 24 Oct. 2023 | stochastically stabile (p-stable, mean square stable
and stochastically asymptotically stable in the large ),
then we explain the methods by some examples.

-Received: 02 Feb. 2023

-Accepted: 09 Mar. 2023

-Available online: 25 Oct. 2023

Corresponding Author*:
Nibal Sabah Abdulrahman

© THIS IS AN OPEN ACCESS ARTICLE UNDER
THE CC BY LICENSE
http://creativecommons.org/licenses/by/4.0/

147


https://doi.org/10.25130/tjps.v28i5.1586
http://tjps.tu.edu.iq/index.php/j
http://creativecommons.org/licenses/by/4.0/

Tikrit Journal of Pure Science (2023) 28 (5):147-153

Doi: https://doi.org/10.25130/tjps.v28i5.1586

TJPS

Ll e Ldaladl) Al e dleal) Gany Ao Cigighad Ay il Guds
Tallu auls a2 an)ll e rlua JL
dagall dnals cAdpall aglell Luill 4uS s Cludslisl) o |
el drals sludsliflly copalad) agle LS s Cludalih aid "

gadlall

$ulial) AL Al Aladoly Bukasll e g Auadl) Adsloail) Al cValaal) ans o Ll s d SN Al o Caadl 134 b 3
=k s (Ito-integrated formula) 4delSill g Zsapa skt lgde J paall o5 ) Agdaliail) Aloalél) Aabaal) alag) aaxe o g gl allall
Go i) 48 Jally aale ) (5 iaall Jadl 4yl sl ey aim gi g AlanY i ginld Gl ylai Aas ) o3 SUaes Ay i) Cagi gald Al ()
A8y yhall o 511 ALY Glans (e a6 Sl aaall 3 Gdlall &) ) 5 A ) EY) Jane g e S5 p Al

g A (R suiall) Al Aol Alalaall ¢ 3 ) i) Apalial) cilalSl)

Introduction

Studying and applied stochastic differential
equations (SDE) is a nature field of
research. Different types of SDEs (linear or
non- linear) have been used to model
different phenomena in various areas, such
as non-stable stock prices in finance
(Fischer, S., and R.C. Merton [1], the
dynamics of some biological systems Jha,
S.K., Langmead, C.J [2], filtering such as
Kalman filter in navigation control. The
stability means insensitivity of the state of
the system to small changes in the initial
state or the parameters of the system. For a
stable system, the trajectories which are
close to each other at a specific instant
should therefore remain close to each other
at all subsequent instants Lawrence C. E
[3], the scientist Lyapunov in [4],
introduced the new concept of stability in a
dynamical system. Since this time, the
concept of stability has been studied widely
in different senses, Hu, L., Mao, X., & Yi,
S. [5], investigated different types of
stabilities for stochastic  differential
equation. Erkan Nane and Yinan Ni [6] are
studying and extending the stability for the
moments of SDES, Ayman M. Elbaz,
William L. Roberts [7] studied the stability
of turbulent (linear and non-linear) systems
by Lyapunov method approach.

In this paper we use the Ito-integral
formula for linear and nonlinear stochastic
differential equation after assuming the
quadratic Lyapunov function be given in
order to applied the stability theorems
(Lyapunov second direct method). We
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explain the methods by introducing some
examples.
Suppose {x(t)} satisfies the solution of the
following stochastic differential equation
dx(t) = N(x(t))dt + M(x(t))dw (t), ¢
>0 (D
Where N(x(t),t) € R, N(x(t),t)€ R is
measurable functions, with X(0) = x, and
W (t) is the standard Brownian process.
The integrating form of eq. (1) which is
their solution, is:

x(®) = x(0) + [ N(X(s),5)ds +

[ M(X(5),5) dW (s) (2)
suppose that at any initial value x,(0) =
Xo € R™, there correspond a unique global
solution denoted by X (t; to; x,)-

Then equation (1) has the (zero (trivial)
solution or equilibrium position) x;(0)= 0
corresponding to the given initial value
x:(0) = 0.

Definition (1): [8]

Assume that K denote the family of all
continuous non-decreasing functions p
where u: R, — R, such that if rand h are
positive numbers, p(0) = 0and p(r) > 0,
let V(x,t) be continuous function define on
Sp X [tg,©] where S, ={x € R™: |x| <
h} , hence the function V(x, t) is said to be
positive-definite if V(0,t) =0 and, for
some pue€K , V(x,t) =u(lx|) for all
(x,t) € Sp X [tg, 0].

Also, it is said to be negative-definite if (-V
)is positive-definite.

Definition (2): [9], [10]

If for every pair of (&,7) where € € (0,1)
and r > 0 there exists § = 6(¢g,1,ty) >0
such that
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P{|x(t; ty, x0)| <71 forallt = ty} =
1-—¢ 3)
whenever |x,| <8, , then the trivial
solution of equation (1) is stochastically
stable or stable in probability. Otherwise, it
Is said to be unstable stochastically.
Definition (3): [9], [10]

If the trivial solution is stochastically stable
and, moreover, for every ¢ € (0,1) there
exists § = 6(¢g, 1, ty) > 0 such that
P{%i_{rgox(t; to, Xo) = 0} >1-¢

whenever |x,| <8, , then the trivial
solution of equation (1) is asymptotically
stable stochastically.
Also, if it is stochastically stable and for all
X, € R%

P{Ai_r)g x(t;to, xo) = 0} = 1
Then the trivial (zero) solution of the
equation (1) is asymptotically stable
stochastically in the large.
Definition (4): [9]
The trivial solution of

dx(t) = N(x(t))dt + M(x(t))aw (t), ¢t

>0
for some p > 0 is called p-stable if for each
€>0 there exists & >0 such that
Elx(t,@)IP <€,t >0  provided that
gl? < § .
Theorem (1): (Lyapunov theorem)_[8],
[10]

(i) The trivial(zero) solution is said to be
stable, if we find a positive-definite
function V (¢, X,) € CY1(S), X [ty, 0]; Ry)
such that

For all (x,t) € Sy, X [tg, 0] .

Vix,t) =V.(t, X(t)) +
V(@& X(@®)f (X)) <0 (4)
(i) The trivial(zero) solution is called
asymptotically stable, if there exists a
positive-definite  decrescent  function
V(t, X,) € CY1(S), X [tg,©],,R;)  such
that the derivative of V (¢, X;) is negative-
definite.
Definition 5: [11]
The trivial solution of the following system
dx(t) = f(x)dt + h(x)dw(t) (5
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is said to be asymptotically mean square

stable on the interval
[0,00) if it is stable and moreover,
lim EDIX®I1 =0 (6)

That is it satisfies the following limitations
in the neighborhood of the point 0e R™ :
lim E@ [x(t)] = lim E@{x®)X"}=0

Theorem (2): [8], [9]
i): If we have a positive-definite function
V(y,t) € C** ( Spx[to®)Ry) such
that, LV(y,t ) <0 for all (y,t) €
Spx(ty, ), then the (zero) trivial solution
equation (1) is stochastically stable.
ii)If there exists a decrescent function
V(y,t) € C¥? (S, % [to®),Ry), then the
trivial(zero) solution of the given equation
is asymptotically stable stochastically if
LV (y, t) is negative-definite.
iii)If there exists a decrescent radially
unbounded function V(y,t) € C¥? (R™ X
[to,20), R4), then the simple zero solution of
the equation (1) is asymptotically stable
stochastically in the large if such that
LV (y, t) is negative-definite.
I1. PREREQUISITES AND RESULTS:
Suppose we have the quadratic Lyapunov
function V (X,) is given

V(X)) = XTQX,
Where Q is an m X m symmetric positive
definite matrix.
To applied and use the Lyapunov stability
for stochastic differential equation:
let F(t,X(t)) be asmooth function and set
F(t,X(©)) = V(t,Xy) and suppose that it
satisfies the existence of solution of
equation (1), then we can write it by using

Ito - formula as:

av av
dz(t, x,) = (E + NGt x,) +
1 9°V 71%
2 S IM(t,x,)?) dt + 52 M(t,x)dW, (8)
or we can write it as:

dV(t,x,) = LV (t, x,)dt +
2 M(t,x)dW, )
The function LV (X;) <0 for stochastic
differential equation is equivalence with
V(X;) < 0 for deterministic equation.

1: Nonlinear case: suppose we have the
following equation

)
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2 M(t,x)dW, where V(X,) = XTQX,

where LV(t,x) = (5-+SIN(tx) +

1 9%
2 aXZM(t x¢) )

since,
|74
i V.(t,X(t)) =0
o5 = (6X(©) = 20X]
and
2y
Xz Vex (6, X (1)) = 2Q
then

dv(t,x.) = [2XTQN(t, X)
+ M(t,x)TQM(¢, x.)]dt
+ [2X7Q IM(t, x,)]dW,

That is:

LV (xy) = [(2X{QN(t,X) +

M(t,x)"QM(t, %) ] (10)
since Q is symmetric matrix and N(t, X) is

smooth function, we can write equation (10)

as:

LV (x;) = XTON(X) + N(t, x)TQX, +

M(t, xt)TQM(tl Xt) (ll)

which is equivalence with

LV (t,x;) =V (t,X(t)) +

Ve (6, X(D)N (L, X) +

~traceM (t, x;) Ve (£, X (DM (t, x,)

Stochastically asymptotically stable in

the large:
From the theorem we need to prove that
LV (x;) is negative-definite in

neighborhood of x, =0 fort > ¢, .
Since dV(X;)= V(X;+dx;) —V(X,) =
(X¢ + dX )T QX +dX,) — XTQX,
then

av( X; ) =[ XT+ N (&,x)Tdt+
M(t,x)"dw, 1Q[X, + N(t,x,) +
M(t, xt)th] — X{ QX,

X{QX, +

X7 QN(t X)) dt+ x7 QM (t,X,) d w, +N
(t,xt)TdtQX, +
N(t, Xt)T

dtQN (t, X)dt +
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N(t,Xt)TdtQN (¢, x,)dt +

N(t,x,)TdtQM(t, x,)dw, +
M(t,x)Tdw,Qx, +
M(t, x)"dw QM(t, x)dw; — x{ Qx,
By using the rules dt.dt =dt.dW, =
dwe.dt = 0,dw;. dw, = dt
Then We get:
dV(x,) = xI QN(t, x,)dt

+ xI QM (¢t, x,)dw,

+ N(t, x,)TdtQx;

+ M(t,x)Tdw.Qx,

+ M(t,x)TQM(t,x,)dt
By taking the expectation for both sides,
and since {W,} is wiener process which
have the property E(W;) = 0, then we get
E{dV (x,)} = x{ QN (t, x;)dt

+ N(t,x)" QX d,

+ M(t,x)TQM(t, x,)dt

= LV (x;)dt.

—LV(xt) >KV(X,); K =const.
FEV(XD} < —KEW (X)), or L5 <
—Kdt

Then InE{V(X,)} < —Kt

E{V(X;)} < exp(—K?t).

and since

lim E2{X} = lim E{XX{}
hrnEz{Xt} = lim exp( 2Kt)

t—oo

= lim exp(—o0) =0
Therefore equation (12) is asymptotically
stable in large, and the trivial solution is
unstable if LV (x;) is positive-definite in
some neighborhood of X, = 0.
2: linear stochastic system differential
equation:
Suppose we have the following linear
system stochastic differential equation
dx; = x¢dt + bx;dw, t >0 (12)
where o, b are mxm constant matrices, her
N(x(t),t) =x x; and M(x(t),t) = bx;
applying equation (11), we get

LV(x) = xT «T Qx, + x,7Q
o x; + x. b7 Qbx,

In the same method for nonlinear stochastic
differential equation, we compute the
Lyapunov function:
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av(xy) = V(x; +dxe) — V(xe)
= (x¢ + dx)TQ(x + dxy)
—x."Qx,
= [x,” + (dx)"1Q(x + dx,) — x,.7Qx,
=[x + (< x) dt+(Bx,) dB]Q[xe +
{(c xp)dt + BxcdBe}] — [x:" Qxc]
= x,7Qx; + x,TQ(ox xp)dt +
x" Bxed By + (o< x)"dtQx, +
x)TdtQ (o< x,)dt
+(o x)"dtQBx.dB, + (Bx,)"dB.Qx, +
+(Bxe)"dBeQ (o xp)dt- x,. T Qx,
By applying the rules dt.dt = dt.dp; =
dB;.dt =0,dB;.dB; =dt .And taking
expectation With (E (8;) = 0)
E{dV (xp)} = x{ Q(x x,)dt + (
o« x)TQx,dt
+ (Bx)"QBxdt
= LV (x;)dt
Then LV(x,) <0 ifandonly if
[x," oT Qx; 4+ x,7Q o< x; +
x.'bTQbx,] <0 (13)
After we find the values that satisfies the
above equation (13), this explains how to
find the stability of the given equation.
For asymptotically stability we must have
fimE?(x) = 0
Examples: we give some examples in order
to apply and explain the methods.
Example (1): let { X}  satisfies the
solution of the following non-linear
stochastic differential equation
dX, = (aX;" + bX,)dt +
cX dW, (14)
Where a,b,c are
is the wiener process .
Determine the Lyapunov function and the
stability.
Solution:  Here
bX;) ; M(t,X,) = cX;
Then from equation (8), we have
LV(X,) = XTQN(t, X,) +
N(t, Xt)TQX, + M(t, X))TQM(t,X,)
Or
LV( X,) = XF'Q(aX,™ + bX,) + (aX" +
bX) T QX + (cX)"Q (cX,)
Since Q=1, then
LV (t,x;) = 2ax™! + 2bx? + c%x}
To find the Lyapunov function,
V(t, Xy) = V(Xo) = X{QX, , then

(x

constants, W;

N(t,Xt) == (ath +

let
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dV( X, )=V( X, +dx) —V(X) = (X, +

dX, )" QX +dX,) — X[ QX,

av( X, )= x! Q(ax + bx,)dt +

xtTchtdwt + (ax! + bx)TdtQx, +

(cx)TdwQx; + (cx)TQcx, dt =

(ax™* + bx?)dt + cx?dw, + (axP*t! +

bx2)dt + cx?dw + c?x2dt] = (ax™*! +

bx? + axP*t! + bx? + c2x?)dt +

2cxtdw = (Zaxn+1 + 2bx} + c2x2)dt +

2cxzdw

Then dE(V(X,)) = ax,"*! + 2bx? +
2x2)dt = LV (t,x,)dt

To apply Theorem (2), we need to show that

there exists a neighborhood of the zero

point for the equation:

2ax,™*1 + 2bx? + c*x% < 0.

This holds if and only if the following

2
inequality is satisfied x; < ( (2b+c )) -1,

n+1. Thus, to obtain LV(t, Xt) < 0 ,x;
must satisfies the inequality <
—(2b+cz) . . .
(——)»-1; n#1, at each point also if
X = O we, get LV(0) = 0 . Therefore, we
conclude that there exists a neighborhood in
which the function LV(X,) = 2ax™*! +
2bx? + c?x? is negative definite. So, the
trivial(zero) solution x, = 0 of considered
equation is asymptotically mean square
stable on the interval [0,00) since

lli—l;{;loEz{Xt} equal to zero, i.e.

Since —LV (x;) =
KV(Xt) where K is const.

_E{V(Xt)}< —KE{V(Xy)}, or ———

—Kdt
Then by integration, InE{V(X,)} < —Kt

dE{V (Xt}
E(V(Xs} —

therefore E{V(X;)} < exp(—Kt) .and
since
lim E{X?} = lim E(X.X{} , we get

El_)tg E{X?} = tli_)rg(—ZKt) = 0.

Example (2): suppose we have the

following stochastic differential equation:
dX, = 3X.dt + exp(t)?dw,

(15)

Then LV (X,) == (6X? + exp2t?)

To find the Lyapunov function, let V(X;) =

XTQX, , since
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dV( X; )=V( X +dx,) — V(X)) = (X, +
dX, )" Q(Xe+dX,) — X[ QX,
or,
dv(X,) = XI' (3X,)dt + X exp t*dw,

+ (3X)TX,dt

+ exp(t?)X,.dw

+ (exp t?)T exp(t?)dt
By taking the expectation, we get
E(dV(X,)) = 3X2dt + 3X2dt +
exp2t?dt = (6X? + exp2t?)dt
Thatis E(dV(X,)) = LV(X,)dt
Then the stability condition is (6X2Z +
exp2t?) < 0 which is hold if and only if

xe= CE e

For asymptotically stochastlcally stable we
need to show that if the following condition
satisfied

limEZ(X} = 0

since
(dEV(X)) _

E(V(Xp)
LnE(V(Xy)) = fo (6X2 + exp2s?)ds
t

E(V(X) = exp f, (6X2 +
eposz)ds), then

. . t
lim E%{X} = lim exp (Z(fo(6Xs2 +
eposZ)ds)) # 0, then the stochastic

differential equation is not asymptotically
stochastically stable.
Ex: (3): (linear model ), Let we have the

= (6X? + exp2t?)dt

following linear stochastic differential
equation:

dX; = 2X.dt + 3X, dW,

(16)

Then LV (x,) = 13x? . (Where Q=1), the
quadratic function V(X,) = X{QX; , with
Q=1
Then,
av(xy) =V(xe +dx.) —V(xe)
= (x¢ + dx)"Q(x; + dx,)
— x{ Qx;
dv(x,) = xI' Q(2x,)dt + xF Q(3x)dw,
+ (2x,)TdtQx;
+ 3xdwQx;
+ (3x)TQ(3x)dt
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= 4xtdt + 9x%dt + 6x%dw
= 13x2dt + 6x%dw

o LV (x.) = 13x2 > 0 for all values of x,
, then the trivial(zero) solution of equation
(16) is non-stable and also not
asymptotically stable.

Ex: (4): suppose we have the following non-
linear (Square root S.D.E)

dx, = (6 — X(£))dt + y/X(t)dw(t)
(17)
Hence
2X(t)?].
To find Lyapunov function, let V(X,) =
X{QX,, then

dV( X; )=V( X, +dx,) —V(X) = (X +
dX, )T QX +dX,) — X{ QX;
Then

dV(x,) = XI'Q(a(6 — X(t))dt

+ XI'Qy/X(©)dw + (a(8

—X()TdtQx,

+ (VX)) dw QX

+ (VX)) QX (D)dt
E(dV(X,)) = XI (a(6 — X(t))dt

+ (a(6 — X(0)) X.dt

+ (VX@O)yVX (@) dt
= 2X:(a(6 — X(t))dt + y2X(t)dt
= [(2a8 + y?)X(t) — 2X(t)?]dt
Then the trivial solution of equation (20) is

stable for all X () > 222~V V

X(t) < 226"

1. CONCLUSION AND FUTURE
WORKS:

We know that the trivial solution is said to
be stable if the derivative of Lyapunov
function is less than or equal to zero, while
if it is only negative-definite then it is
asymptotically stable. To find the stability
of stochastic differential equation we use
the function LV( X;) <0 which is
equivalence with the inequality V'(X,) < 0
for deterministic equation ,we explain the
stability condition for some nonlinear
stochastic differential equation by using the
direct method (lyapunov direct method),
also we explain asymptotically stable in the

LV(X,) =[(2a6 + y?)X(t) —

and unstable if
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large not almost this condition is satisfies,
that is if the trivial solution is
asymptotically stable but not
asymptotically stable in large by the fact if
the limit is not equal to zero. we explain the
methods by several examples.

As a future studies one can study the
stability (direct method) for some nonlinear
(harmonic or exponential) stochastic
differential equation by using stratonovich
formula for their solution compare it with
Ito formula
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