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1. Introduction

Nakano [1] started researching modulars on
linear spaces and the idea of modular linear
spaces, which is a generalization of metric
spaces, in 1950. Then, it was fully developed by
Luxemburg [2], Mazur, Musielak, and Orlicz [3,
4, 5]. Since then, much research has been
conducted using the concepts of modulars and
modular spaces of different Orlicz spaces [6] and
interpolation theory [7, 8]. Although a modular
gives fewer features than a norm, it is more
logical in many particular circumstances.
Remember that [9] provides results on the
concept of a partial modular metric space with
some fixed points. According to Kowzslowski's
formulation [10, 11], a modular on a vector
space X is defined as follows:

Definition 1.1: Let X be an arbitrary vector
space. A functional p: X — [0.o0]is called a
modular if for any arbitrary x,y in X
Dpx)=0iff x=0.

ii) plax) = p(x) for every scalar a with
la |=1.
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i) p(ax + py) < p(x) + p(y) ,if a + B
=1,0a=20,=20

If we replay (i) by p(ax) = 0 for all a > 0

implies x = 0 then p called semi modular

If (iii) is replaced by p(ax + By) < ap(x) +

Bp(y)ifa + B = 1L,a =20, B = 0,thenpis

called convex modular if p is modular in X,

then the X,

X:p(AX) = O0asA - 0}

space. X, is a vector subspace of X and can be

set given by X,={x €

is called a modular

equipped with an F-norm defined by setting (see
[12]).
I x ll,=inf{y >0 :p(%) <v}.x€X,

In 2008, Chistyakov [13] proposed the concept
of a modular on an arbitrary set and developed
the theory of metric spaces. He also introduced
the idea of modular metric spaces formed by F-
modular and developed the theory of these
spaces produced in 2010 [14] by modular such
that they were referred to be modular metric

spaces.
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Definition1.2[14]: Let X be a nonempty set. A

function p:(0,00) X X X X — (0,00) is said to
be a metric modular on X if satisfying, for all

x,y,z € X then the following condition holds:

i) py(x,y) =0 forall y >0 ifandonly
ifx=y
i) p(y) =u,(,x) forally >0

i) pye0(0,y) < i1y (,2) + pig(2,y) for all
y,0 >0

If instead (i), we have only condition

(i") uy (x,x) = 0 forall y >0 then u is said to
be a (metric) pseudomodular on X.

The main property of a pseudo modular u on a
set X is following: given x, y € X, the function

0 <y - u,(xy) €[0,00] is nonincreasing on
(0, 00).

In fact, if 0 < 8 < y then (iii), (i) imply

ty (6, ¥) < py—g (X, X) + g (x, ) = g (x, y).

In recent years, researchers have worked to
develop the concept of modular, for example
some fixed-point theorems for a general class of
mappings in modular G-metric spaces [15],
Partial modular space [16], The Meir-Keeler
type contractions in extended modular b-metric
spaces with an application [17] and many more
[18, 19].

The idea for the study came from similar ideas in
normed space such as [20, 21].

The following is a list of some common
definitions used in the body of the research.

Definition1.3: Let X be a vector space, a

mapping ||.]: X = [0,o] is F-pesudonorm if
satisfy
1) [lx|| = 0 impliesx = 0

2)  Alyxll = llx|| forall [y| = 1
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llx + Il < llx|l + llyll forall x,y € X
| Brxr — BXIl = 0 Br = B

llx, —x|| > 0as k - o

3)

4) for and
Definition1.4: Let X be a vector space, a
mapping ||.||: X = [0, oo] is s-pseudonorm or s-

homogenous where s € (0,1] if satisfy

1) lloff=0

2)  lyxll = llx|l forall [y| = 1

3)  llx+yll < llxl[ + llyll forall x,y € X
4 lyxll=1lylPlixll 0<s<1

2. Main Results

Definition 2.1: Let X be a vector space over the
field F, a map p: (0,0) X X — [0, o) is called t-
pseudomodular if satisfying the following

1) p,(0) =0 foralla>0.

2) pa(Bx) =po(x) foralla>0and |B| =
1.

3)

Paruox + By) <

Pa(x) + pu(y) forall a,u>0 and o, =
0 ssto+B=1.

If (1) replaced by p,(x) =0 forall a >0 if
and only if x = 0 then p is called t-modular.

If (1) replaced bylim,_ . p(Bx) =0 for all
B > 0 then p is called t-semi modular.

If (3) replaced by pgi,(ox + By) < opg(x) +
Bpu(y) forall a,u>0 and o, =

0 ssto+B=1 then p is called t-convex
modular

Theorem 2.1: If r > 0 then limg_q pe(x) =
limge0 Pasr (X)

Proof: Let limg_ po(x) = L then forall e > 0
there exist p > 0 such that |p,(x) — L| < € for

all a>p so a+r>u therefor |pyer(x) —
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LI<e

for all a>u hence

limg o pair () =L
Proposition 2.2: If X be a vector space over the

field F and p is t-pseudomodular on X then the
} is

Proof: Let x,y € X, to prove x+y€X, i.e

x €X :limy-o pe(yx) =0

a— oo

set X,,:{

vector subspace of X

limy-o po(y(x+y)) =0 .Let €¢>0 since

a— oo

x € X, then limy-o p,(yx) = 0 therefor there

a—0

exist §; and py > 0 such that if |y| < §; then
1pa (Y20 <§ for all @ > py, and since y € X,

then limy-o p,(yy) = 0 therefor there exist §,

a—oo

and u, >0such that if |y|<d, then

for all a>u,, . Assume

lpa (V)| <3

6= so if

min(8s.5,) lyl <& then [2y] <25 ,

take @ = 2max{uq, u,}
limy-o pa(y(x +¥)) = limy-o pa+a(y(x +

a— oo a—00

, 1
_’y)) = lim y—0 pa+a(§ ZV(X + y)) <

a—oo

limy-o po (2yx) + limy-o0 p, (2yy) < §+§

a—0o a—00

e forall @ > pusop,(y(x+y)<e and since

Pa(y(x +y) 20 then |pa(y(x +y)| <e for
ala>p solimy-o p,(y(x+y)) =0

a—0o

Therefore, x +y € X,,.

Let x € X,,5 € F toprove fx € X, it is clear
if § = 0 the statement holds.

If £ #0 let toprovelimy—o p,(y(Bx)) =0,

a— 0o

assume e>0 since x €X, then
limy-o py(yx) =0 so there exist § >0 and

a—00
u > 0such that if |y| <& then |p,(yx)| <e
foralla > u
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Assume 6‘=%| , if |lyl<8 we get

|Byl <& then |p,(yBx)| <€
u therefore, limy-o p,(¥(fx)) =0

a— oo

for all a>

SO

Bx € X,. Hence X, is vector subspace.
Proposition2.3: Let p be a t-modular on X
.Then:

)  payx) =pu(lylx) foralla >0

D)  limgoe pa(¥x) < limg_ e pg(x) for
lyl=1

C) If 0,8 € C and |o| < |B] then

limg_,e Pe(0x) < limg_e0 pe (Bx)

d)  pyr o Eizrvix) <

Yit1Pe; (x;) foralle; >0,n =

2 and Y y; =1

Proof: a) Let x € X, and y € F then p,(yx) =

Pa (L

Iyl |V|x) = pa(lylx) (since |ﬁ| — 1)

b) Letx € X,andy € F ,|y| <1 then by (a)
limg 00 pe (¥x) = limg 0 pa+u(yx) =
limg o0 Para(|Y|%) =1limg e paiq (Iy1x +

(1 =1yD0) < limg_,0 pa(x) + limg_,c, pe (0)
= (since p,(0) = 0) therefor limy_,¢ p,(¥x) <

limg_,e po (x)

C)LetxeX,, o, €Cand|ag| <|B| then by
(a)

lima—wo Pa (:%: |B|x) < lima—wo pa(lﬂlx) =

limgy_ e pg(0x) = lim,_,o po(Jo|x) =

lim,_e pa(Bx)  therefor  limy e po(ox) <
limg e po (Bx)

d Take n=2 then pg2 o (i ving) =

Pay+a, V1X1 + V2X2) < pa, (x1) + pg, (x2) =
7=1Pa; (x;)  (since y; +y, =1). Now we

suppose the statement it is true for n=k and

prove for n=k+1 so pzi_c:llai(zﬁ-‘;‘fyixi)z

Pa+ay+-+ag+ags, (lel tVaXy + ot VX +
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Yi+1Xk+1) =

Paj+ay++ag+ag,, (Zz 17Yi (Zk 1x1 +ot
1= 1

Yk

lez

) + Vk+1xk+1) =

Py tayttaptage (Diet Vi (Brxy + - +

Brxi) + Vier1Xk41) < Pay+-ta,(BrXy + -+

BrXi) + Payyy Xks1) < Pay (1) + pa, (x2) +
“+ Pay (i) + Payy, (Kis1) = P, pal(xi)

Hence, the statement is true for n=k+1 and the

statement true foralln > 2.

Corollary 2.4: If 0 <a; < a, then p, (x) <

Pa,(x) forallx € X .

Proof: Since a; <a, thena,=a; +p8 ,B8>

0 S0 pg,(x) =pa,+p(1x +0.0) < pg, (x) +

pp(0) = pg,(x) (since pg(0)=0) .

Pa,(x) < pg,(x) forallx € X, .

Hence

Corollary2.5: For every x € X the function
p:[0,00) x X - [0,00) is decreasing function
with respect to a.

Theorem 2.6: Let p: [0,00) X X — [0, ) be a t-

pseudomodulr and | Il ,: X, — [0, o) define by

I x ll,= inf{u > 0 :limg_,c Py ( ) < u } then

a) Il x|, exist, forall x € X,

b) If |Bl=1 then Il Bxll,=Il x 1, for all
x €X,

A lx+yl,<lxl,+Il yll, for all
x,y €X,

d If N>1then |l Nxll,<NI xI, for all
x €X,

Proof: a) To show || x Il, exist we must prove

the set {u > 0:limy_ o Pg ( ) < u } non-empty

Since x € X, then p,(yx) >0 ,asy - 0,a -

o0
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Let € =1 this implies there exist § > 0 such
that if |[y| <& and u > 0then |p,(yx)| <1 =

e for all a> u,because § >0 there exist
n € N such that %< & hence pa(%x) <1l<n
therefor

nef{u>0: llma_,oopa( )<u} , SO the set

{u > 0:lim,_, e pa( ) < u} non empty and
since 0 is lower bound of the set {u>
0:limg_ pa( ) <u} then |l xll,= and

exist for all x € X,,
b)

u
= inf{u >0: limy_e Py (Iﬁulx) < u}

proposition 2.3 —a

I Bx ll,= inf{u >0 limg,e pg (Bx) <

u

from

<u

=inf{u > 0: lim,_, e pg (E) <u}
=l x .
c) Letx,y € X, then from definition of I x I,

for all € > Othere exist u > 0 such that u <

. X -
I xll,+€ and limg,q pq (;) <u , since
u . x —
T, e <1 then limg 0 pa(—” x"p+6)
limg_, 00 pa(—"x” +E;) < limg_e pa( y<u<
” X "p+ € , then lll’n[]{_)oo pa(m) <
I xll,+€ .
- _ y
— ) <
Similarly we get limg o p“(||y||p+e) <
Iyll,+e Let u=ll xll,+€¢ and v=
I yll,+e then — —>0and —+—=
u+tv’ u+v
1. To prove
u+ve{u>0:limg,y,py (xzy) <u}
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x+y
u+v

LJ—/) < limgL e pg G) + lim,_, 0 Py (X)

ut+vv

u x

) = limg_ e Py (—— +

utvu

limg_, o0 P (

<

u+v so u+vef{u>0: llma_)oopa(x+y)<

u}
Iy I+ 2e

hence Il x+yl,<u+v=Ixl,+
Since € arbitrary then | x +y ll,<Il x ll,+
Iy, forall x,y€X,.

d) Let B>0 and limy_o pg (%) <pB since

N=>1 then lim,_,e Py —Nx) <
limg-se0 P (3) < SB<NB so that Npe
{u > 0: limg_e pg (%) < u} therefor

inf{u > 0: limy_e Py (%) < u} < NpB for

I >0 and hma_,oopa()<ﬁ , SO |l

Nxl,<NB this implies 2

< B hence

"N;"p <p is lower bound for {ﬁ >0:
limy_, o Pg (%) < ﬁ} then 4o < Il, hence
I Nxll,< NI xIl,forall x€X,

Theorem 2.7: Let p:[0,00) X X — [0,00) be a
t-pseudomodulr and Il Il ,: X, — [0, o) define by
I x ll,=inf{u >0 :limg_q pa( ) <u} then

a)
lima—)oo Pa (Vx1) < lima’—)oo Pa (sz)

ally > 0thenll xq l,<Il x; Il,

If X1,%2 € X, such that

for

b) I 0<y <y, then |l yixll,<lyzxl,
forall x € X,

C) If I xll,<1 then limge pe (%) <
I,

d) If Il x,ll,—andye€Cthen|l yx, ll,—

0asn— o
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Proof: a) Let A = {u >0 : limy o Py (x1

u

u},Bz{u>0:lima_mpa(%)Su} to
show B € A
Let ue€Bthen limg,p (G2 <u , since

lima—mo Pa (yxl) < lima—wo Pa (sz) <u then
u € A therefor B € A . Hence infA < infB so

g Hp<Il x5 1l .
b) If y; = y, then the statement is true

Suppose  y; <y, then <1 . Now let
2

<u

A= {u >0:limy,q pg (y;x)

{u >0 : limyo 0 Py (yiux) <ulToproveC 4,

J
let ¢ € Bthen (yi—x

limg_ o Pa ) <c. Since

Y1
Y2

; Yix ; Yi¥eX
limg,00 P (_) = limg00 P (__) <
c ¥, ¢

<1

limy e Pg (yix) <c this implies c€A so
infA <infB
Therefor I yyx l,<Ill vy, x I, forall x € X,,.

<

¢) Since Il x ll,= inf{u > 0 :limg-.co P ()
u} and Il x ll,< 1 then there exist u- such that

0 <ue <1 and limg e py () < ue. Now we
shall prove if 0 < y and lim,_,,, pg (%) <y then

limge0 po (X) <y

df 0<y<1 and limg,e pg (%) <y then
liMgsco P (6) = liMgsco P (¥ ) <

liMgoseo o ) < ¥
-If y>1 then
1M g0 P (6) = liMgscn P (03 <

iMoo P (5) < ue < 1 < y.Therefor

limg_ o pg (x) is lower bound for the set
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{u > 0:limg_, e Py G) < u} , hence

limg,_ e py < inffu>0:p, (g) <u,vVaz=0}
Therefor limg_e pe <Il x Il .

d)Let N positive integer number and |y| < N
sincey < |y| < N theny < N so by (b)

I yxn l,<Il Nxy l,< N Il x, I, 0 asn -

I,
(0]

Therefor || yx, l,» 0 asn — oo

l,
Proposition 2.8: If p:[0,0) X X — [0, ) is t-
semi modular the function which define by

I x ll,= inf{u > 0 :limg_e, p (Z) S} is F-
normon X,,.

Proof: 1) If x=0 then |l 0ll,= inf{u >
0 :limy e Py (3) <u}=influ>

0 :limg_e pe (0) < u}

=infflu >0:0<u}=inf(0,00) =0 .

Conversely let |l x Il,=0 then |l x Il,=

influ > 0 :limy_e Py (E) <wu} =0 then there

exist

u, >0 such that u,—>0asn—->oc and

limg 00 Pg (ui) <u, vn

Let y positive integer, since u,, — 0 then there
exist positive integer k such that yu,, <1 vn >
k
Since t-semi  modular  then

p s

<

limy 0 P () = limg,e, pg (yun uin)

limg e Pa (uL) <u,—-0 for all n>k So

limg e po (¥x) =0 Vy >0 ,hencex =0

2y x llp=inf{u > 0 :limge po () < )
=inf{u > 0 :limy_ pg (%) <u}

from proposition 2.3-a
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=inf{u > 0 :limg_, o P (x)

- =<
u

u}
=l x
3) similarly proposition 2.6-c
4) Let B, —» B and [lx, —x ||, >0 asn > o

to prove ||Bpx, — Bx|]| > 0asn - o

Writing ¢, = B, — B and y,, = x,, — x we have
cp—=>0andy, > 0asn - o

Now give e >0 and since x € X,, we get

Pa (cng) -0 asn— 0s0p,, (cnf) <e€
Hence ||c,x || = 0 , taking N positive integer
such that [B,| < N Vn we have

IBnxn — Bxllp = |BnXn — Bnx + Bnx —

Bxllpy < |Bnxn = Buxllp + | Bnx — Bxll, =
IBn Cn — 2, + 1| (B — Bxll <

INyn lI+llcnxll < Nilyn lI+llcpxll = 0 asn -
o

Hence ||Bnx, —Bx|l, > 0asn — o

Therefor || x ll,= inf{u > 0 :limg.co pg (%) <

u
u} is F-normon X,,.
Definition 2.2: Let X be a vector space over the
field F, a map p: [0, ) X X — [0, o) is called t-
s-convex modular if satisfy the following
Dp,x)=0 iff x=0.
2) pa(Bx) = po(x) foralla>O0and |B|=
1.
3)
Pa+u(ox + By) <
0pa(x) + Bpu(y) forall a,u>
0 and 0,=20 s.t o+ p=1forse€ (0,1].
Theorem 2.9: If X be a vector space over the

field F and p is t-s-convex modular on X then

}

x € X:limy-o pa(yx)=0=0

a— oo

the set X, = {

is vector subspace of X
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Proof: Letx,y € X, toprovex+y € X, ,

Let € > 0 since x € X,, then lim -0 p,(yx) =
a—oo

0 therefor there exist §; and u, such that if

Y1 <8y then |pu(yx)| < ()~**le  for all

a>p , and since  y€X, then

limy-o p,(yy) = 0 therefor there exist 6, and

a— 00

Uy > 0such that if |y| < &, then |p,(yy)| <
(%)‘S“e for all @ > u,. Assume § = %
so if |y| <6 then |2y| <26 and let u=

2 max{py, iy}

. . 1
1im -0 pe (¥ (x + ¥)) = limy—o para (5272 +

a—oo ax—oo
Z2yy) <

1 .
G)* limy—o pe (2yx) +

a—0

1 . 1 1, _
G limy-o pa(2yy) < GG e +

a—>00
(%)S(%)_S“e =€ 50 p(y(x+y)<e forall

a>up and since p,(y(x+y)=0 then

|pe(¥(x +¥)| <€ s0 limy-o pa(¥(x +y)) =

a—0

0 therefore x +y € X,,.

Let x € X,,5 € F toprove fx € X, it is clear
if § = 0 the statement holds .

If B #0 toprove limy-o pg(Y(Bx)), assume

a—oo

€ >0 since x € X, then limy-o p(yx) =0

a— 0o

so there exist 6§ >0 and u > Osuch that if

lyl <& then |p,(yx)| <€ for all @ > u. Take

5 :% ,if |yl <8 we get |By| <6 then
loa(¥Bx)| < € for all a>u therefor
limy-o pa(yx) =0 .S0 Bx € X,

a—00

Hence X,, is vector subspace.

Proposition2.10: Let be a t-s-convex

p
modular on X and 0 < s < 1 then
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a)  pa(yx) = pe(lylx) foralla>0

b) limg e pe(¥x) < |y|°limg e pa(x) for
lyl<1
c) |If o,B € C and |a| < |B] then

limg_,e0 P (0X) < limg_co po (Bx)
d) pyr o, Qi vix) <

i=1(i)°pq; (x;) foralla; = 0,n >
2 and XiL,(r)° =1
Proof: a) similarly proof of proposition 2.3-a
b) Let x € X,andy € F,|y| <1 then by (a)
limg 0 o (V%) = limg_eo P (I¥1X) =
limg e pa(lylx + (1 —y)0) <

[¥1° limgeo pe (%) +
(1 = [yD*limge pe (0) = |y]° limg-,o pa (%)
(since limg_,q pe (0) =0)

Therefor limg_e pa(¥x) < 7|5 limg_ e po (%)

c) Letx € X, , g,p € Cand |o| < |B| then by
(a)
lo|

limge P (l,‘Tl

limg_,00 pe(0X) = limg,00 pe ([o]x) =

Blx) <

|o|

g 1Moo Pa(IB1%) < limgeo pa(IB1X) =

limg e po(Bx)  therefor limg e pe(ox) <
limg,o pa (Bx)

d) Take n=2 then p2?=1ai(212=1]/ixi) =
Pay+a, (V1%1 + V2X2) < ¥i®pa, (X1) +

Vi*Pa,(x2) = Xie1Vi®pa; (k1) (since y4° +
y.° =1 ). Now we suppose the statement it is

true for n=k and prove for n=k+1 so
k+1 —

Pziﬁ:ll ai(2i=1 Vixi) =

Paj+a++ag+ags (V1x1 tVaxa + ot YRXe t

Yi+1Xk+1) =

v:® :
Z{'(—1 yiS)le +

1
k Sy:
Paj+ay++ag+ags ( i=1(i)s <(
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4 (F

SE )Sxk) + Vk+1xk+1>
i=1 Vi

Pa,+ay++ag+ags ( ?:1()/1'5)% (Brxq + -+
Brexx) + Vk+1xk+1) =

i210rD° Pay o var (Brxs + -+ B +
Vi1 Payyy Xis1) < TS (B Pa, (x1) +
B2’ e, (x2) + - + Bi’ Py, (X)) +

Vk+1spock+l (Xk41) =

1(Vl)s<zk1 5 Pa, (X1) + -+

Zk ” SPak (xk)> + Vir1°Pagyy Kier1) =
=1

Y1°0a, (1) + -+ Vi pe, (i) +
Y15 P

statement it is true for n=k+1 then the statement

Vi1 Payyy Xis1) = (x;) hence the
true foe all n = 2

Theorem 2.11: Letp be t-s-convex modular,
and ||. ||3: X, — [0, ) define by

llx][5 = inf{u > 0 : limg_e pg (%) <1} then

us

the following holds
a) If o, p € C such that [o| < |B] then |[ox||5 <

I1BxIl5
b) llx +yllp <
c) If N positive integer then ||Nx||3

llx[[5 + llyll5 forall x,y € X,

< N|lx|l3
Proof: a) If ¢ = B then the statement holds

If 0 < S then % <1 also (%)s <1 for € (0,1] .

Now to prove {u >0 :

limgee pe D <13 €

u

u>0:limg0py, (<1}, let yE{u>
us

0 ¢ 1My P (F) < 13 50 limgoseo po () <
]/S

us

1.Then
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_> < limg o P (; d
yS

limg—e0 Pa < ) <

)/S

) 1iMgen po () < limg oo p ) < 1
yS

Vs

(since (%)5 <1)

Hence y€{u>0:lim;0p, (<1} ie
us
fu>0 :lima_)oopa(a—g_f) <1}<inf{lu>0:
us
limgoe pe C) <1} . Therefor [lox||§ <
us
IBxll5

b) Let e>0 and since |[|x||5 =influ>0:
limg e pe ((5) <1} then there exist p >0
us

such that u < |[x]|} + € and limg_,c, Py ( ) <u

, since P ”s <1 then limg_,e pg (ﬁ) =
M gco pe (uxulz ‘e ﬁ) iMsco P (u) SH<
xS +€ , then  limgo e (m) <
lxll5 + € .

Similarly we get limy_e Pg (m) <

Il yll,+e.Letu=|x|[5+€e andv =|ly||5 +

=~ 2 >0and
u+v u+v

€ then — +2=1.To
u+v u+v

x+y
prove u+ve€{u>0: pax+y(7) <u} take

Axy = Ax T Qy

. +
limy_ e Py (x_yl =
(u+v)s
1 1
. us X vs y
limg 00 Pata ( 1 T _1) <
(u+v)sus  (u+v)swvs
y
mhma—wo Pa ( ) + —hma_,oo Pa ( ) <
LI | SO
u+v u+v
u+ve€{u>0:limg,e pq (%) <u} hence

lx+yll; <u+v=|xll; + llyll; + 2¢ , hence
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lx+ ylI5 < lIxlp + Iyl

o) [INx|l5 = llx + x + -+ x||5

N-times

< Nlx||3
Thererom2.12: Letp be t-s-convex modular,
and ||. |5: X, — [0, o) define by

llx]15 = inf{u > 0 : limy_oo pe () < 1} then

us

the following holds
a)

limg_,0 po (¥xz) for all y >0 then ||x]|3 <

If x;,x, € X, such that limg_,o, pg (Y1) <

2115

b) If |Ix]|; < 1thenlimg,o pe < X3

¢) If|lx,ll3 = 0 and y € C then |lyx,l|l; — 0
asn — oo

Proof: a) Let = {u > 0:lim,_e po () < 1},

us

B={u>0:limg,e pq x—i)sl} to show
us

BCcA

Let vEB so v>0and limg,ep, (3) <1

Vs

. X1 . X2
limgse P (7) < liMgse pe (7)) < 1
us vs

thenv € AhenceB € 4

since

Therefor infA < infB i.e [[xq|5 < ||x2]I5

b) Since inf{u > 0 : limy_q pg %) <1i<1

us

then there exist O0<wv<1 such that

limg e Pg (%) <1so
vs

1
limy_ e pg (x) = limg_ o, po (Vs %) <
vs

vlimg_ e Py (%) <v<l1 then
vs
.Now let

limg e pg () <1 ye{u>0:

limgoo P (7) < 13}

us
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If 0<y<1 and limy e pq (%) <1 so
]/S

1
limg o pg (%) = limg_,eo g (¥ %) <

yS
Ylimgoe pe () SV e @
]/S
If y>1 ssince pg (x)<1 we get

limg e pe (X)) <1<y ...(2)
From (1) ,(2) we get lim,_, po (x) is lower

bound for the set {u > 0 : lim,_,, py (%) <1}
us

hence limg_, o pg (%) < inf{u >0:

liM o0 fg (i) <1 } = Ix therefor
us

limg_o0 po (%) < Il

c)Similarly proof of proposition 2.7-d

Theorem 2.12: If p is t-s-convex

pseudomodular and, 0 <s <1 then |x||; =

influ >0 : limg_e Pg %) <1} is s
us

homogenous

Proof: 1)

01l = inffu > 0.+ limg e ()
us

influ >0 :limy,,p, (0)<1}=
influ>0:0<1}=inf(0,0) =0

<1

}

2)

IA

us

lyxllp = inf{u >0 : limgoe P (V_’l‘)

1}=inf{u>0:1ima%pa(%)s1}=

us

inf{u > 0:limy_, 00 Py (%) <1 } = |Ix|I3
us

3) similarly proof of theorem 2.11-b

2) <

llyxIly = inf{u >0 : im0 Pg (V_’i)

us

'V'f‘) <1 } =
us

1 } = inf{u > 0:limg_ e pa(
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u
[yl

[Y® inf{— > 0:limg0 Py <1

1
s

()
[y ISl

Therefor ||x||5 = inf{u > 0 : limg_e g () <

us

1} iss-homogenous
Theorem2.14: If p is t-s-convex modular and,
then

0<s<1 llx||5 = inf{u >0 :

limg e pe () < 1} iss-norm.

us
3. Conclusion

The main result that we obtained from this
article is the definition of t-modular and the
good results that resulted from it, including the

definition of the norm in the form | x l,=
influ > 0 :limg_ o pg (E) <u}, and it was

proven that this norm forms F-norm when p is t-

semi modular.
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