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ABSTRACT 

Many academics have recently concentrated on applying 

integral transforms to solve challenging problems in 

economics, biology, engineering, and medicine. In this 

paper, the Kharrat-Toma transform is used to issues related 

to population growth and decay problem. These are 

important topics in the fields of finance, physics, chemistry, 

biology, and society. Many applications show the value and 

efficacy the Kharrat-Toma transform is used to analyze 

concerns with population growth and decrease. The findings 

demonstrate the usefulness of the Kharrat-Toma transform in 

resolving problems associated with population growth and 

deterioration. In population growth and decay problems there 

is a differential equation model in mathematics that can be 

analyzed by the Kharat-Toma transform. We have shown its 

analysis and applications in this article. 
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 لحل مذاكل النمو الدكاني والاضمحلال توما-خاراتتطبيق تحويل 

  4حممی هوزان دلذاد محمد ، 3شوان سوارە فتاح، 2ريباز فاضل محمود، 7سیامەن صدیق حمە

 العراق، الدمیسانیةة الأساسیة، جامع التربیةسهم الریاضیات، كمیة مقدم ع 1

 العراق، الدمیسانیة ة، جامعالتربیةكمیة  الریاضیات،قدم  2
 العراق، جرمه ة ، كمیة العمهم ، جامع الفيزیاءقدم  3

 العراق،  الدمیسانیة ةقدم الریاضیات ، كمیة العمهم ، جامع 4
 

 الممخص

وقد ركز العديد من الأكاديسيين مؤخرًا عمى تطبيق التحهیلات الستكاممة لحل السذكلات الرعبة في الاقتراد والبيهلهجیا والهشدسة 

تهما لسذاكل الشسه الدكاني والاضسحلال. هذه مهضهعات مهسة في مجالات -والطب. في هذا البحث، تم استخدام تحهیل خارات

تهما في قزايا الشسه الدكاني -والفيزیاء والكیسیاء والبيهلهجیا والسجتسع. تُظهر العديد من التطبیقات قیسة وفعالیة تحهیل خراطالتسهیل 

 تهما في حل السذكلات السرتبطة بالشسه والتدههر الدكاني. –رات اوالانحطاط. وتبين الشتائج فائدة تحهیل خ

1- Introduction 

Mathematical models are crucial for improving 

how accurate the biotechnological process is, 

and differential equations are often employed in 

many branches of science and engineering to 

represent complicated physical events [1, 2]. 

Integral transforms are currently regarded as 

among the most practical and straightforward 

mathematical techniques to find solutions to 

complex problems in a variety of fields such as 

science, technology, engineering, and finance. 

The potential of integral transforms to give exact 

solutions to problems without requiring lengthy 

calculations is a crucial feature and advantage. 

Assessment of the improper integrals by utilising 

the Sawi transform of error functions. In  [3] 

author explored the first kind of Volterra Integral 

equations solution with utilizing transform of 

Emad-Sara. Then and in [4] utilized transform of 

Anuj to solve the first kind Volterra Integral 

equations. System of differential equations 

solved by see  [5] using Soham transform [6] by 

utilized the transform of Emad-Sara to solve 

telegraph equation. 

Using of HY integral transform to deal with 

problems of growth and decay. Transform of 

Emad-Falih  utilized [7] for general solution of 

telegraph equation. Transform of Double 

kushare was explored and investigated [8]. 

Currently, Emad Sara, Emad-Falih and Alenzi 

transform have been used [9-11] that also used 

to solve multi-higher order fractional differential 

equations by many authors in [12]. to solve 

Issues related to population growth and decline. 

Rishi transform introduced in [13]. 
There are many applications of modeling in real-

life problems, and in mathematical fields such as 

fractional calculus, modeling is much more 

detailed, such as physics, chemistry, and 

mechanics [14-18]. 
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In our study, the Kharrat-Toma transform is used 

to solve problems of growth and decay. The 

paper is organized as follows: Section two 

contains preliminaries. In Section three Kharrat-

Toma transform is utilized for problems of 

growth and decay. Applications are drawn in 

Section four and the last section gives the 

conclusion. 

2- Preliminaries 

Basic properties of Kharrat-Toma transform.  

In this section, we have established the Kharrat-

Toma transform and elucidated its 

characteristics. Through a number of additional 

studies, we shall gain an overview of the new 

transform. 

Definition 1 [Kharrat-Toma transforms, 

[19]]. The exponentially ordered piecewise 

continuous function with the Kharrat-Toma 

transform the function      defined in the 

interval      , is expressed as: 

      ]    ∫  
 

 
     

  

               

       

Property 1: [19], [20] Some basic functions and 

their Kharrat-Toma transform        .

 

                                           

1               

      
 

      

     
 

          

      
 

                           

      
 

                                   

      
 

 

Property 2: [19], [20] Inverse Kharrat-Toma  transformations for some fundamental functions.

 

                                        

   1    

      
 

        

  

     
 

      

      
 

        

                  

      
 

         

                          

      
 

         

 

Property 3 :[19] (Convolution Theorem) let 

              and              then 

           ]  
 

            

Such that * shows the convolution of   and   , 

then           ∫  
 

 
            . 

Property 4: ( [19], [20]). Both the Kharrat-

Toma transform and its inverse are linear 

operators. 

1. Kharrat-Toma Transformation is linear 

operator 
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  ∑        
 
     ∑           

 
          such that 

   are arbitrary constants. 

2. Inverse Kharrat-Toma Transformation is 

linear operator 

If                  , then 

    ∑         
     ∑    

          
     such 

that    are arbitrary constants. 

Property 5: (see[19], [20]). The Kharrat-Toma 

transformation for integer order derivative of 

     is: 

       ]  

 

         ∑     
                        .     

3. Population growth model 

A first order ordinary linear differential equation 

can be used to mathematically describe the 

population expansion of a plant, cell, organ, or 

species. [21], [22] as 
  

  
         

with initial condition          such that 

    , Let   represent the population size at 

time u, and    represent the original population 

size at time     . 

The above differential equation is mathematical 

model for rate of growth. 

The Malthusian law of population increase is 

referred to as Equation (2). 

The decay problem of the material may be 

quantitatively described by a first-order ordinary 

linear differential equation [21], [22] as 

  

  
         

with initial condition          

Where   denotes the substances quantity at time 

    is a positive real number, and    denotes the 

substances initial quantity at time        

  The negative sign in equation (3) is used on the 

right-hand side to account for the decreasing 

mass of the material with time. Consequently, 

the derivative
  

  
 must be negative. 

3.1. Kharrat-Toma transform for population 

growth problem  

We introduce the Kharrat-Toma transform for 

the population increase problem in this part. Its 

mathematical formulation is presented by (2)  

Taking Kharrat-Toma transform on both sides of 

(2), we have  {
  

  
}           

Applying the Kharrat-Toma transform of the 

derivative of a function, property 5, to equation 

(2), we obtain:  

       ]  
 

         

∑     
                  , we have     

So, we obtain
 

        ∑   
               

         

 

                             

Using initial condition          in (4) also 

about simplicity, we have 

(
 

     )             ,        

       

      
        

Operating inverse Kharrat-Toma transform on 

both sides of (5), we obtain 

              {
       

      
}       

   {
       

      
}           

        

which, at time u, is the necessary population 

number.    

3.2. KHARRAT-TOMA TRANSFORM FOR 

DECAY PROBLEM 

In this section, we present Kharrat-Toma 

transform for decay problem which is 

mathematically expressed in terms of (3).  
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Applying the Kharrat-Toma transform on both 

sides of (3), we have  

 {
  

  
}                   

The above differential equation is mathematical 

model for rate of growth. 

Now applying the property 5, Kharrat-Toma 

transforms of derivative of function, on (7), we 

have        ]  

 

         ∑     
                  , we have 

    

So, we obtain 

 

        ∑   
                         

 

                           , 

Using initial condition          in (8) also 

about simplicity, we have  

(
 

     )             ,        

       

      
        

Operating inverse Kharrat-Toma transform on 

both sides of (9), we obtain 

              {
       

      
}       

   {
       

      
}           

           

which, at time u, is the necessary population 

number.  

4- Applications 

The usefulness of the Kharrat-Toma transform 

for population growth and decay issues is 

illustrated in a few cases provided in this section. 

Application 1:  The pace of population growth 

in a Dukan is directly proportional to the total 

number of inhabitants already living there. 

Calculate how many people were originally 

residing in the city if, after ten years, the 

population has triple and, after 12 years, it is 

20,000. 

Solution: This problem can be written in 

mathematical form as:  
  

  
           

where   denote the number of people living in 

the city at any time   and   is the constant of 

proportionality. Consider    is the number of 

people initially living in the city at    . 

Now applying the property 5, Kharrat-Toma 

transforms of derivative of function, on (11), we 

have 

       ]  
 

         

∑     
                  , we have     

So, we obtain
 

        ∑   
               

         

 

                       

Using initial condition          in above 

equation and on simplification, we have 

(
 

     )             ,       

       

      
                    

Operating inverse Kharrat-Toma transform on 

both sides of above equation, we obtain 

              {
       

      
}       

   {
       

      
}           

         

Now at           , so using this in (12), 

we have        
           

                       , 

Now using the condition at              , 

in (12), we have  

          
         , 

putting the value of   from (13) in (14), we have 
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which are the required number of people initially 

living in the Dukan. 

In figure 1 the growth rate and exact solution of 

application 1 have been presented. 

 

Fig. 1 

 

Application 2:  It is well known that the rate at 

which a radioactive material decays is related to 

its concentration. Determine the radioactive 

substance's half-life if there are 160 milligrams 

of it originally and it is seen that after four hours, 

the material has lost twenty percent of its initial 

mass. 

Solutions: This issue can be expressed 

mathematically as:  
     

  
              

where y is the amount of radioactive material at 

time u and k is the proportionality constant. At 

time    ,  let   represent the initial amount of 

radioactive material. By applying the Kharrat-

Toma transform of the function's derivative on 

(15) and the property 5, we now have 

 

       ]  
 

         

∑     
                  , we have    So, we 

obtain 

 

        ∑   
                         

 

                            , 

Using initial condition          in above 

equation and on simplification, we have 

(
 

     )             ,        
       

      
    

With the inverse Kharrat-Toma transform 

applied to both sides of the equation above, we 

get 

              {
       

      
}       

   {
       

      
}           

         

Since the radioactive material has now lost 20% 

of its initial mass of 160mg at    ,   

           . Applying this to equation 

(16), we have  

                      

                        

We required   when   
  

 
 

   

 
    so from 

(17), we get                   

Putting the value of   from (17) in (18), we have 

                              

 
 

     
          hours. 

Which is the radioactive substances necessary 

half-life   
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In figure 2 the growth rate and exact solution of application 2 have been presented 

 

Fig. 2 

 

Application 3:  A culture initially has    

number of bacteria. At       the number of 

bacteria is measured to be 
 

 
  . Find the amount 

of time required for the number of bacteria to 

triple if the rate of growth is proportionate to the 

number of bacteria      present at time t. 

Solution: This problem can be written in 

mathematical form as:  
  

  
            

where   denote the number of bacteria in the 

culture at any time   and   is the constant of 

proportionality. Consider    is the number of 

bacteria initially in the culture at    . 

Now applying the property 5, Kharrat-Toma 

transforms of derivative of function, on (11), we 

have 

       ]  
 

         

∑     
                  , we have     

So, we obtain
 

        ∑   
               

         

 

                         

Using initial condition          in above 

equation and on simplification, we have 

(
 

     )             ,        

       

      
                    

Operating inverse Kharrat-Toma transform on 

both sides of above equation, we obtain 

              {
       

      
}       

   {
       

      
}           

         

Now at         ,  and at       
 

 
   so 

using this in (12), we have We first solve the 

differential equation in (1), with the symbol   

replaced by  . With      the initial condition 

is        . We then use the empirical 

observation that      
 

 
   to determine the 

constant of proportionality  . 

Therefore          . At     it follows that 

        , so         
  . At     we 

have 
 

 
      

  or    
 

 
. From the last 

equation we get      
 

 
       , so      

   
       . To find the time at which the number 

of bacteria has tripled, we solve     

   
        for  . It follows that            , 

or 
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In figure 3 the growth rate and exact solution of 

application 3 have been presented 

 

5- Result and discussion  

After using the Kharat-Toma transformation and 

the applications on which we have implemented 

the method, it turned out that this transformation 

analyzes the growth and decay models without 

complications and provides exact solutions. 

6- Conclusion 

 The population growth and decay issues have 

been successfully resolved in this work by 

developing the Kharrat-Toma transform. The 

applications provided demonstrate how well the 

Kharrat-Toma transform works to address issues 

with population degradation and expansion. The 

study's findings show that the suggested 

transform generates precise answers without the 

need for a difficult computation. The Kharrat-

Toma transform may be used in the future to 

address a variety of challenging issues in 

science, technology, and medicine. by 

developing models in mathematics. If In 

research writing, conclude our results, we have 

come to the conclusion that It turned out that the 

Kharat-Toma transformation analyzes the 

growth and decay models without difficulty and 

gives precise solutions after utilizing it on the 

applications on which we have applied the 

method. 

7- Conflict of interests: The authors 

declared no conflicting interests. 

8- Sources of funding: This research 

did not receive any specific grant from funding 

agencies in the public, commercial, or not-for-

profit sectors. 

9- Author contribution: Authors 

contributed equally in the study. 

References 

[1]  S. A. Ahmad, S. K. Rafiq, H. D. M. Hilmi, 

and H. U. Ahmed, "Mathematical modeling 

techniques to predict the compressive 

strength of pervious concrete modified with 

waste glass powders," Asian Journal of 

Civil Engineering, vol. 25, no. 1, pp. 773-

785, 2024. https://doi.org/10.1007/s42107-

023-00753-8 

[2] S. R. Kushare, D. Patil, and A. M. Takate, 

"The new integral transform,“Kushare 

transform”," International Journal of 

Advances in Engineering and Management, 

vol. 3, no. 9, pp. 1589-1592, 2021.   

https://doi.org/10.35629/5252-

030915891592 

[3] D. Patil, Y. Suryawanshi, and M. Nehete, 

"Application of Soham transform for 

solving Volterra integral equations of first 

kind," 2022. 

https://ssrn.com/abstract=4128993  

[4] D. Patil, P. Shinde, and G. Tile, "Volterra 

integral equations of first kind by using 

https://doi.org/10.1007/s42107-023-00753-8
https://doi.org/10.1007/s42107-023-00753-8
https://doi.org/10.35629/5252-030915891592
https://doi.org/10.35629/5252-030915891592
https://ssrn.com/abstract=4128993


  

 

  

Tikrit Journal of Pure Science Vol. 29 (6) 2024 

https://doi.org/10.25130/tjps.v29i6.1685   
 

78 

Anuj transform," International Journal of 

Advances in Engineering and Management, 

vol. 4, no. 5, pp. 917-920, 2022.  

https://doi.org/10.35629/5252-0405917920  

[5] D. P. Patil, P. D. Thakare, and P. R. Patil, 

"General Integral Transform for the 

Solution of Models in Health Sciences," 

International Journal of Innovative Science 

and Research Technology, vol. 7, no. 12, 

pp. 1177-1183, 2022.  

[6] D. Patil, S. Vispute, and G. Jadhav, 

"Applications of Emad-Sara transform for 

general solution of telegraph equation," 

International Advanced Research Journal in 

Science, Engineering and Technology, vol. 

9, no. 6, 2022. 

https://ssrn.com/abstract=4140245  

[7] D. P. Patil,. P, Application of Raj Transform 

for Solving Mathematical Models Occurring 

in the Health Science and Biotechnology 

(December 15, 2023). Available at SSRN: 

https://ssrn.com/abstract=4679741 

or http://dx.doi.org/10.2139/ssrn.4679741    

[8] D. P. Patil, D. S. Patil, and S. M. Kanchan, 

"New integral transform,“Double Kushare 

transform”," IRE Journals, vol. 6, no. 1, pp. 

45-52, 2022.  

[9] D. P. Patil, P. R. Pardeshi, R. A. Shaikh, and 

H. M. Deshmukh, "Applications of Emad 

Sara transform in handling population 

growth and decay problems," International 

Journal of Creative Research Thoughts, vol. 

10, no. 7, pp. a137-a141, 2022.  

[10] D. Patil, B. Patel, and P. Khelukar, 

"Applications of Alenzi transform for 

handling exponential growth and decay 

problems," International Journal of 

Research in Engineering and Science, vol. 

10, no. 7, pp. 158-162, 2022.  

[11] D. Patil and N. Raundal, "Applications of 

double general integral transform for 

solving boundary value problems in partial 

differential equations," International 

Advanced Research Journal in Science, 

Engineering and Technology, vol. 9, no. 6, 

pp. 735-739, 2022.  

https://doi.org/10.17148/IARJSET.2022.961

18  

[12] A. Turab, H. Hilmi, J. L. Guirao, S. Jalil, N. 

Chorfi, and P. O. Mohammed, "The Rishi 

Transform method for solving multi-high 

order fractional differential equations with 

constant coefficients," AIMS Mathematics, 

vol. 9, no. 2, pp. 3798-3809, 2024. 

https://doi.org/10.3934/math.2024187  

13] R. Kumar, J. Chandel, and S. Aggarwal, "A 

new integral transform “Rishi Transform” 

with application," Journal of Scientific 

Research, vol. 14, no. 2, pp. 521-532, 2022.  

https://doi.org/10.3329/jsr.v2i3.4899 

[14] H. Hilmi and K. H. . Jwamer, “Existence 

and Uniqueness Solution of Fractional 

Order Regge Problem,” J. Univ. BABYLON 

Pure Appl. Sci., vol. 30, no. 2, pp. 80–96, 

Jun. 2022, . 

https://doi.org/10.29196/jubpas.v30i2.4186  

[15] I. Podlubny, Fractional Differential 

Equations. San Diego: Elsevier, 1999. 

https://doi.org/10.1007/978-3-030-00895-

6_4  

[16] K. H. Faraj Jwamer and H. Hilmi, 

“Asymptotic behavior of Eigenvalues and 

https://doi.org/10.35629/5252-0405917920
https://ssrn.com/abstract=4140245
https://ssrn.com/abstract=4679741
http://dx.doi.org/10.2139/ssrn.4679741
https://doi.org/10.17148/IARJSET.2022.96118
https://doi.org/10.17148/IARJSET.2022.96118
https://doi.org/10.3934/math.2024187
https://doi.org/10.3329/jsr.v2i3.4899
https://doi.org/10.29196/jubpas.v30i2.4186
https://doi.org/10.1007/978-3-030-00895-6_4
https://doi.org/10.1007/978-3-030-00895-6_4


  

 

  

Tikrit Journal of Pure Science Vol. 29 (6) 2024 

https://doi.org/10.25130/tjps.v29i6.1685   
 

79 

Eigenfunctions of T.Regge Fractional 

Problem,” J. Al-Qadisiyah Comput. Sci. 

Math., vol. 14, no. 3, pp. 89–100, Sep. 2022,  

https://doi.org/10.29304/jqcm.2022.14.3.10

31  

[17] H. Hilmi, R. F. Mahmood, and S. Sidiq 

Hama, “Existence and uniqueness of 

Solution for Boundary Value Problem of 

Fractional Order,” Tikrit J. Pure Sci., vol. 

29, no. 2, pp. 79–85, Apr. 2024,  

https://doi.org/10.25130/tjps.v29i2.1562   

[18] A. Carpinter and F. Mainardi, Fractals and 

Fractional Calculus in Continuum 

Mechanics. Springer-Verlag Wien GmbH, 

1997. https://doi.org/10.1007/978-3-7091-

2664-6  

[19] B. N. Kharrat and G. A. Toma, “A new 

integral transform: Kharrat - Toma 

transform and its properties,” World Appl. 

Sci., vol. 38, no. 5, pp. 436–443, 2020, 

https://doi.org/10.3390/SYM12060925  

[20] S. K. Lydia, M. M. Jancirani, and 

A.Alphonse Anitha, “Numerical solution of 

nonlinear fractional differential equations 

using Kharrat-Toma iterative method,” 

NVEO, vol. 8, no. 4, pp. 9878–9890, 2021,  

https://doi.org/10.1142/S0218348X2150152

8  

[21] D. G. Zill, “A First Course in Differential 

Equations with Modeling Applications,” p. 

426, 2009. 

[22] S. Aggarwal and G. P. Singh, “Sawi 

Transform for Population Growth and 

Decay Problems,” Int. J. Latest Technol. 

Eng. Manag. Appl. Sci., vol. VIII, no. VIII, 

pp. 157–162, 2019. 

 

https://doi.org/10.29304/jqcm.2022.14.3.1031
https://doi.org/10.29304/jqcm.2022.14.3.1031
https://doi.org/10.25130/tjps.v29i2.1562
https://doi.org/10.1007/978-3-7091-2664-6
https://doi.org/10.1007/978-3-7091-2664-6
https://doi.org/10.3390/SYM12060925
https://doi.org/10.1142/S0218348X21501528
https://doi.org/10.1142/S0218348X21501528

