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ABSTRACT

In this article, we utilize (a« € R*)-Dickson polynomials to improve a method for
spectral collocation that is used to numerically solve mixed classical and fractional-
order integro-differential equations of the Fredholm type with variable coefficients
under boundary conditions (IFDEs-CF) in the Caputo sense. The approximate
solutions are assumed in the form of the truncated Dickson polynomial series. This
innovative method transforms the equation with conditions into a linear algebraic
system for the unknown Dickson coefficients using a matrix technique. Solving this
system determines the coefficients of the assumed solution. We ultimately analyze
the results with respect to the o parameter in the Dickson polynomials. The behavior
of the solutions is monitored in terms of the a-Dickson coefficients depending on
different inputs of a. This approach is computationally attractive, and we provide
illustrative examples with usage explanations. Additionally, we provide specific
examples to demonstrate the method's accuracy, and we use least-squares error
minimization to reduce error terms within the given domain. Finally, we develop the

most common application of numerical approaches in a Python program.
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1- INTRODUCTION

Differential and integral equations make up integro-
differential equations (IDEs). These equations are
fundamental to applied mathematics, engineering,
mechanics, physics, chemistry, potential theory,
dynamics, and ecology. Because these equations are
typically challenging to solve analytically, they

numerical (1-3),

usually require approaches
Researchers across a wide range of scientific and
technical domains have recently shown strong
interest in fractional differential equations and
integro-fractional differential equations (IFDEs).
This interest stems from their ability to effectively
model physical phenomena that depend not only on
the current state but also on their historical behavior.
While accurate modeling is essential, the methods
used to solve these equations and the reliability of
these solutions are equally important, particularly in

identifying critical points such as rapid divergence,
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convergence, or bifurcation. Consequently, high-
precision solutions are consistently required. To
address this need, several methods have been
developed to solve fractional-order differential and
integro-differential equations. Among the most
widely utilized techniques are the Adomian
decomposition method 9, wvariational iteration
method ), fractional differential transform method
(0, fractional difference method (7, and power series
method ). Various studies (9-13) have applied the
Bessel polynomial, Laguerre, Legendre, Fourier,
Hermite methods and spline functions to linear
integral and differential and integro-fractional
difference equations and associated systems,
respectively. Additionally, we provide integral and
fractional derivatives, as well as a fractional
differential system with initial conditions involving
fractional terms, in (!* 5, Furthermore, we used
Dickson First-kind polynomials to approximate

integro-differential equations of fractional order,
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LFIDEs,
differential equations (1022,

differential equations, and fractional
In this work, we
develop a new method for approximating solutions
and
by

employing collocation methods and extending the

to Fredholm-type mixed-order (classical

fractional) integro-differential  equations

first-kind a-Dickson polynomials in matrix form.
In this paper, the core concepts from previous works
are extended through a new methodological
approach that relies on standard collocation points
and first-kind a-Dickson polynomials in matrix
form and is applied to problems consisting of linear
Fredholm Integro-Differential Equations of multi-
high Classical and Fractional orders (FIDEs-CF)

with variable coefficients:

n-1

PEY ™ () + D i) DY G + P (0 CO)
i=0

m b
=fx)+ Z/ljf X (x, s)ngjy(s)ds . (1)
j=o0 "¢

Under the boundary conditions:

u—1
> [0y 0@ + hiey® B)] = 9y forall k
£=0
=01,..u—1..2)
Where  the  functions:  {p;}lL,, f andp €
m
C([a, b],R) and {7@-}},:0 € C(X,R),R =

{(x,5):a < x,s < b} are known; in addition, y(x)
is an unknown continuous function. While given
arbitrary real constants Uy, gps, A for each k, £ =
0,1,...u — 1. Where the fractional orders: g,_; >
v >0y > 09 >0 with o, =0 and 8, > fin_q1 >
> By > o = 0, Since 0; < n with B; € R*, for
ali=01,..,n—1and j=0,1,..,m ; and the

o

B
} where w; —1<p; < 1

_ B
1 = max {n,a)j )

(0m)
wf =[g] for all j=01,..,m, and wf —1<

0; < wf ,wf =o;],foralli=0,1,..,n—1 and
neZt, meZ* u{0}.

2- FUNDAMENTAL CONSIDERATIONS

2.1- Fractional Calculus:
One important area of mathematics, Fractional
(FC),

Calculus concerns differentiating and
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integrating into any arbitrary order. In recent years,
numerous definitions of FC have emerged. (-2,
This section introduces the fundamental concepts
and properties of fractional calculus (FC) used later
in the article.

Definition 1. * The space Cs(I), § € R, contains
all real-valued functions y defined on a closed
bounded interval [a ,b] = I, if there exists a real
w> 6 that y(x)=(x—
a)®yo(x)where y, € C(I). Moreover, y(x) is

number such
considered to be in the space Cg'(I), where n €
Z* U {0} , if and only if the n — th derivative of y
with respect to x , y™, belongs to Cs(I) .

Definition 2. ©7 The

fractional integral on [a, b] for a function y €

a-Riemann-Liouville

Cs,6 = —1, represented as the operator ,J<, of

order a > 0, is defined as:
1 X
Jry(x) = @J (x —)* ty(t)dt,a € R*
a

Here, T'(.) denotes the gamma function and the
operator ,J¥ becomes the identity when the zeroth
fractional order, that is . /2y (x) = y(x). Also, it has

a commutativity property, that is, for any arbitrary

fractional orders (a and B) € R*, J¢ a]f y(x) =
a]f,]],‘?y(x) = ,‘;H'By(x). And J§ is a linear
operator.

Definition 3. ©® For a function on the interval
[a,b], yx)eC®,andw=[a],a =0, the
Riemann-Liouville fractional derivative operator,

RD&, is often stated as:
GDgy(x) = DR J ™y (x)

9@ < f: (x — yo-a-t

+
Fye Fo—a) y(t)dt), a€R
dx®

where w — 1 < a < w(= [a] € Z%), and EDZ are

linear operators.

y(x), a=][a]l€Z*uU{0}

Definition 4 ©%. For a function on the interval
[a,b], y(x) € C¥,and w = [a], @ = 0, the Caputo
fractional derivative operator, gD,f , 1s often stated

as:
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iDZy(x) = J¥ *DLy(x)
([F - dey() N
F(a) —a) dtv at, a€R

a=la]l € Z* U {0}

i d

—1< a<w(=[a] €Z"). The
fundamental properties of the Caputo fractional
The

derivative is a linear operator for any fractional

where

derivative are: Caputo-type fractional
order, and the a-Caputo fractional derivative of a
constant (A) is equal to zero, i.e. $DFA = 0.

Lemma 1 @9, If we have x > a and for y(x) =
(x — a)” wherev # —w with w = [a], then the

following statement holds:

a _ Tv+1)
J¥y(x) = m

Lemma 2 ©%, The function y(x) = (x — a)", for
v 2 0, has a Caputo derivative of order & = 0 with
lr/2]

D,(x,a) = Z
s is the greatest integer < 7-/2, denotes

(x —a)V*% a € R.

7 7 —p

= r—=p p
here |7 /2]
D r(x,0)become power polynomials for a. =0, and
they are described by the monic polynomial xr ),
The recurrence relation of a-Dickson polynomials
D, (x,a) forall » = 0,1,2,...
aD,_,(x,a),r = 2

Do(x,a) =2

D1(x,a) = x. Subclasses of the a-a number of

is formulated as:
D,(x,a) = xD,_(x,a) —

with two initial polynomials: and
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w = [a], which is formed as: For vE€
01,2, w—1} SDZy(x)=0 and for vE
Nandv=worvéNandv> w —1:
rv+1)
cCna — _ v—-a
anJ’(x) = Tv—a+1) (x )
Lemma 3 %, Assume that ¢ = 0, w = [«a]

Furthermore, suppose that. y € C*; on any closed

boundary interval [a, b]. So, the a-Caputo fractional

derivative of y is continuous it and

lim[gD7y(x)] = 0.

on

2.2- a-Dickson Polynomial of the First Kind with
Fundamental Matrix (%1% 21, 22)

The first kind of the #-th degree Dickson
polynomials for a real parameter a € R is defined

as:

)(—a)!’x(f‘zm,/r >1,—-0<x< ®

2,7=0
Lucas polynomials FL,. (g) for a = 2, the Lucas

polynomials L,.(x) and the Pell-Lucas polynomials
Q- (x/2), —1, and the first kind
Chebyshev polynomials 2T,.(x/2) for a = 1.

for a =
Consequently, we can represent the a-Dickson
Polynomials of the first kind, D, (x, ) for » = 1,

in matrix form as:

. . . . . D(x,a) = X (x)C(a) or D" (x, )
combinatorial polynomial families form Dickson
. L = ()X "(x) ..(3)
polynomials, and their dilates, such as the Fermat-
where
D(x,a) = [Do(x,a) Di(x,a) Dy(x,@)] and X(x)=[1 «x xN]
For odd values of N:
€' (a)
i 2 0 0 0 0
11 0
0 HBISS 0 0 0
2 1 1 2 2 0
HRIe 0 S(0) 0 0
_ 37 1 3/3 0
=0 2() o 0 3o )<—a> 0
[Nl 1
P N N [ ] N /N
0 2okl o . (~a)l2] (o) o
21\[2] 21+ 1\[5] -1
2 "N+1XN+1

For even values of N:

19
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CT(a)
I 2 0 0 0 0
0 %(é)(—a)o 0 0 0
%(1) (—a)t 0 ;(é) (—a)° 0 0
17 e e e
N ; N N ¥+1 N, N /N .
N\ N (—a)2 0 E—H N ) (—a)2 0 N(O)(_a)
7 \3 2 7~

3- FUNDAMENTAL MATRIX RELATIONS

We now return to equation (1) and rewrite it in the

following form:
CD(x,n) = p(x)y™(x)

and the Fredholm integral part:
IF(x,{B;3}%0)

LS b
_ Zaj f % (x, ) 6D T y(s)ds ... (4.2)

Jj=0
Before starting the proposed solution, the unknown

function y(x) and all parts of equations (4.1 and
4.2): y™(x),5D7y(x) and ngjy(x), forall i =

0,1,..,n,j=0,1,..,m must be converted into
matrix form within the boundary conditions (2).

First, we want to get an approximate solution. yy(x)
in the form of the N-truncated a-Dickson

expansion, G

D(x,a) = [Do(x,a) D,(x,a)
Hence, substituting the representation of the a-
Dickson polynomials of the first kind as in equation
(3) for each part into equation (6), we obtain:
y(x) = X(0)C(a)A
for n-classical

Consequently, derivative part

representation as the following expression:
() dr
yre) = 5D a)A

where
dn
ﬁ D(x, (Z)
= [Dg") (x, ) Dg")(x, a) .. DI(Vn)(x, a)]

Hence, we also have

20
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IN+1xN+1
CD(x,n) + FD(x,{o:},)

=f @+ IF(x{8},) @

where the mixed-part order derivative is

and FD(x, {g;}-,) = Ziopi(x)gl);’iy(x) ..(41)
N

y(x) = Py(x) = Z a,D, () ...(5)

=0
To get an approximate solution in form (5), the
unknown a-Dickson coefficients are denoted by
a,,v =0,12,.., Nmust be determined.
3.1 Matrix Relation for the Mixed Order
Derivative Part CD(x,n) and FD(x,{0;}/-,):
We assumed that the N-truncated a-Dickson series
expansion of the type (5) is present in the solution
of equation (1). Consequently, (5) explains the
solution, and its mixed-order derivatives may be
converted into matrix forms:
y(x) = Dx,0)A ...(6)

such that
and A=laga, ..ay]"

y®(x) = XM (x)e(a)A ...(7)
At this point, we determine the relationship between
matrix X(x) and its derivative. X (x). The
following is obtained by taking the first derivative

of X(x)=1[1 x xN] with respect to x:

L X6 = x0)
=[0 1 2x 3x? NxV-1]
In matrix form, it's possible to write consequently:
XD (x)=Xx) HT ...(8)
where
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0100 = 0
0020 = 0
gr_[0 003 = 0
00000 N
00 0 0 0 Oyyixnes

Once more, we get the recurrence relation from
equation (8):
XO(x) = X(x)
XD (x) = X(x)HT
X@(x) = XOOHT = X(x)[HT]?

X0 (x) = XD (x) HT = X(o)[HT]"
Here, note that [#HT]° = [I]y4+,. Assume it is true
for order m — 1 to demonstrate the final recurrence
relations using the mathematical induction concept
XM= (x) = X(x)[FHT]™ L. Thus, for order m is

dxm—l

xm) (x) = x(m-1+1) x) = = (;—x X(x))

= em1 X()HT)
= XD (x)HT

=XQ)[HT"HT
=X@)[HT]™ ...(9)

g_
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After applying equation (9) for every n € Z* U {0},
equation (7) became:

y®(x) = X()[HT]"C(a)A ... (10)
Second, we may modify the (n — 1)-fractional
terms in equation (4) by using equation (7) with (9)
and using the Caputo derivative definition 4 with
Lemmas 1 and 2, FD(x, {ai}?z_ol) ,wf —1<0; <
w?; w = [o;], forall i =0,1,2,...,n — 1 to matrix
form:

D7y () = (DX (0 C(@)A}
= D (X e

= JT @A e(@)A)
Since, by applying the R-L fractional integral and

Lemma 1, we obtain:

JIX() = JOH x xN]ixn+1}
_ CO R, M@ wpom T(N +1) W7 —gi+N
INwf —0;+1) INwf —0;+2) F(wf —o; + N+ 1) IXN+1

= x990 [1 x

where

xN M (0] — 0;)

r() r'(2)

T(N + 1)

M(wf —0;) = diag<[

Thus, for all
obtain:

i=012,..,n—1 generally, we

SDZy(x) = x@T=0 X() M (]
—a)[HT]¥ e(@)A...(12)
CD(x,n) + FD(x,{o;}}-,

+ P (V)X (x) | C(a)A

3.2 Matrix Representation of the Fredholm
Integral Part IF (x, {B;} ) :

m
j=0
Now, we give the kernel function. K (x,s),j =

0,1,2,..,m for the Fredholm integral part

MNw —0;+1) TNw!—-o0;+2)

MNw —0;+N+1) N+1> ~(11)
By substituting expressions (7), (10) and (12) into
the mixed-order derivative parts: CD(x,n) and
FD(x,{0;}i=,) of equation (4), we obtain:

PEOXIIHTT + ) plOx X () MW7 - a)IFHT]F

..(13)

IF (x, {B };nzo) in the N-truncated a-Dickson

expansion and the N-truncated Taylor expansion
forms around (0,0), separately for each j =

01,..m:
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Ki(x,s) = Zj’nzozzzo d?(,,’;ml)m(x, a)D,(s, a)}

and

N N )
Ki(x,s) = Z Z J L xs™
m=0 n=0

where
1 0™"k;(0,0)

dx™ds™ '’
j=01..,mm,n=01,..,N

Hon = i
we can write the matrix forms of Xj(x,s) in
equation (14) as follows, respectively, for all j =
01,..,m; mn=0,1,..,N:
K;(x,s) = D(x, a)ﬂCéZ)T (s, a),ﬂ(é
=[ X, - (15)
and
K; (x, 5) = XQOKIXT(s), %) = [ K},,] ... (16)
The correlation between the a-Dickson and Taylor
coefficients of the kernel function KXj(x,s),j =
0,1, ..., mis obtained by applying relation (3) and
the equality of relations (15, 16):
X(Q)XK]XT(s) = D(x, )X, D7 (s, @)
= X(x) C(@X,CT () X" (s)

%]
LS b
m .
IF (x, {B; }j=0) = z/ljf ¥ (x,s) ng’y(s)ds
j=0 ¢

..(14)
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So, foreach j =0,1,2,..m
X = ()K€ (a)
’ thatis ’
K, = [e(@] K [CT ()]

..(17)

However, using equation (12), transform. ng Ty(s)

in the same way, where wf -1<B; < a)f , (a)}g =

[ﬁ]]) for all j = 0,1,2, ..., m. The following results
from utilizing Lemma 1 and the Caputo definition

for fractional orders {ﬁ ) }j";O to the matrix form:

i0.'y(s) = DY [X(©)E(@)A)
= s("f_ﬁf X(S)M(wjﬁ
of
- B)IHT1“ e(@)A ... (18)
where M (wf - ,[)’]-) is defined in equation (11).

We get the matrix relating to (19) by putting
equation (3) into (15), and then substituting (15) and
(18) the  Fredholm

IF (x, {ﬁj }]T,nzo) of equation (4):

into integral  part

m b
=3 f D, )IID (s, )5 1 X ()M (wf — 6)I#T1 €(@)ads
j=0 @

j=0

b
=>4 f X()E@ILET(@XT ()5 PIx()M(wf — B))[HT e(@)Ads

- ZAjX(x)C(a)xgcT(a)Qfm(wf —B)IH™) E(@)A ... (19)
=0

were, for each j =0,1,2, ..., m:
b
B_g.
9f = f XT(s)s® P X(s) ds
a

for all
01,2,..,N:

9! =[ql/]. 45

while, j=012,..,mandk,p=

bwf—ﬁj+x+p+1 _ awf—ﬁj+x+p+1

wf—ﬁj+x+p+1
n (19) for the matrix relation (17), the matrix form
(20)

may be obtained:

IF (% {8)",) = [ ax @ gf m(wf
=0

—ﬂ;)[ﬂﬂ]“’f c(a)A ...(20)

3.3 Matrix Relation for the Mixed Conditions:

each k=0,1,..u—1 and u = max {n,wjﬁ:j =
0,1,...,m}, applying the relation (10) to a mixed
condition of equation (2), a)jﬁ = [B;] for all j =

22
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0,1,2,...,m. The steps to get the mixed condition

matrix forms are as follows:

u—1
Y X @) e@A
£=0
+ R X DAY C@)A]
=, forallk =0,1,..u—1
So that,

Applying the set of standard collocation points
{x{;|x€ =a+ (b_Ta) £,¢=01,..,N }, the matrix

Alternatively, to put it briefly, the most important

matrix equation is:

n-1

i=0

=F.

where
Y,
xo (@000 0

_| o

x, @70
0 0
p(xo) 0

0 p(x1)

n-1
=0

=fx)+

n—-1
i=0

= f(xp) +

Jj=0

..(24)

0
0

xN(a)g—Ui)
0
0

N+1XN+1

p(xn) N+1XN+1

0

(:) ,Forall i

pi (xn) N+1xN+1

PEOXCOIHTI" + ) prCoOx T X (MW7 = a)[HT1Y +p (OX ()

D Ax0)x]Qf M (f - )37
=0

PEOXEAIIT + ) piCey "X @M (@f = aDIHTI + ()X Cx)

> yxGxIQE M (wf — )T

PX[HT]™ + Z P, Y;X M(w? —a)[HT]*] + P,X — Z LX X Qf M(wf - [;j)[&ﬂ]“’f

23
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u—1
(91X (@) + A X(B) [[FT] | C()A
£=0
= ,forall k
=0,1,..u—1 ..(21)
4-  a-DICKSON  MATRIX-COLLOCATION
TECHNIQUE

We can now create it by inserting the matrix
relations (13) and (20) into equation (4) using the
basic matrix equation related to equation (1). So:

Cla)A

i le@a ... 22)

equation (22) forms the following system of
equations, for each point x,,£ = 0,1, ..., N:

Cla)A

Cla)A ..(23)

m
Cla)A
Jj=0
while, Yo = Mw+yxw+1) and Py =
(Il (n+1)x(n+1) are the unit matrix, and
X(xo) 1 xy x0° xo™
x, N

x=[¥CI |1 xf

X(xn) 1 xy xpy?

Also, for each fractional order ¥ = {O’i, B j} for each

N
XNy ixn+1

i=01..,n—1landj=0,1,..,m; we are

putting:
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M(wizorj - Z)
ra
@ 0 0 0
F(wl OT] SI: + 1)
rc2
0 2) 0 0
M0l - T+2)
= INE]
0 0 ®) 0
F(wl OT] 3: + 3)
I(N+ 1
0 0 0 ( )
F(wl or j —T+NA 1) N+1XN+1
01 0 O 0 while,
0 0 2 O 0
B _ J
grof0 003 0y gElwle ﬁ
s : W7 =Bit+p+l ol —Bitr+p+l
000 0 N _bu a’ ™
0 0 0 0 0 N+1XN+1 _ﬁ]+K+p+1
tjcé_o Ko tjcé_zv F=[f(x0) f(x1) f ) s1xa and
= tj.cljo tqu %J A=[a0 a a'N]N+1><1
?:C j :K j g( j while the matrices:
tY*NO tY*N1 NN
N+1XN+1 yi' [}[T]n X C(CZ) Pi 'Pn' M((l)? _
where j 8 _
W 1 0D o) M (wf — ;). % and@f  for all =
Ehme T mlnl dxmas™ 012,..,n—1and n = 0,1,..,N,j=0,1,..,m
=012,..mm,n= 01,2, ...,NQ]!? we have demonstrated in equation (24) that their
_q(])_o qél qézv dimensions are comparable to those of (N.+
_|d, &, @y for all 1) X (N + 1). As aresult, the fundamental matrix
: : equation (24) can be expressed as:
[dNo  qa E N WA =For[W: F] ..(25)
= 0,1,2, ..,mandk,p=0,12, .. N where
n—-1 B
W = [PX[HT]" + ZP YX M (0! — 0)[HT] + P, X — ZA X %) Qﬁ M(w = B))[HTI | €(a)
i=0 j=0

The set of (N + 1) linear algebraic equations with

unknown a-Dickson coefficients is represented by
equation (25): A =lag,aq,..,ay]. The

Y, A=
where

U= max{n,wf} while w] -1<p < wﬁ [>’
= [B;| forallj =0,1,2,...,m

pu-1

=D (96X @ + AuX®) 13TV | €@
£=0

v Lk =0,1,...

= [Yko Y11 Yka - yu—1

24

conditions' matrix form (21) can be shown as

follows:

I [V :9,] forallk=0,1 -1..(26)

The solution of (1) under conditions (2) can be

or

obtained by substituting any p rows of matrix (25)
WA = Ffor the row matrices (26) in the matrix.
Replacing the final y-row of matrix (25) results in
the following new augmented matrix for the
preceding system:
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Woo wWo1 wWo2
Wio W11 W12
W30 W21 Wy
(W F*] = WN-—po WN-p1 WN-—p2
Yoo Yo1 Yo2
Y10 Y11 Y12
Y20 Y21 Y22
L Yu-10 Yu-11  Yu-12

Note that we may write. A = (W*)"1F* if rank
W* =rank[W"F*]=N + 1.
det(W™) = 0, the a-Dickson coefficients a, (k =
0,1,2,..,N) are uniquely defined by (27). When
rank[W*] = rank[W*: F ] < N+ 1, we might
find particular solutions. Additionally, choose the N

Therefore, for

we specified, which has to be bigger than u (that is,
N > u=u=max {n, wj(m)} ). If it is not, the

matrix HT becomes a zero matrix, leading to a zero
solution and making the suggested technique

incapable of providing a solution.

5- NUMERICAL EXPERIMENTAL TESTS

This section demonstrates the viability of the
present technique using numerical results from a
few illustrative problems. Tables and figures also
explain these results. We completed all tests using a
computer program. We also provide a tabular
version of the running time. We also provide a
tabular version of the unni ie. Finally, for every test
issue at the elected internal points, apply the
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Won f(x0) 7
WIN f(x1)
WHoN f(x2)

WN-uN f(xN—u) 27)
Yon Yy
YN Uq
'y"ZN 19‘2

Yu-1,N Y1 |

Test Problem 1. Consider the mixed classical and
fractional-order integro-differential equations of the
Fredholm type with variable coefficients on the
closed bounded interval [0,1]:
y'(0) + x G0 y(x) — x y(x)
=f(x)

+ f [e* y(s) — s §DLSy(s)]ds
0

where
2 1 2
— 29 _ 1.9
& =1ta9*" “ta9* T3area
! 34 x24+2x+ e
24T(L4) X THTEXTY

-1
subject to the boundary source: 2 y(0) + y(1) = 0.
The exact solution of this equation is y(x) = x2 —
x . Here, from the example, we have:
n=m=1;0,=01= o] =[os] =1 and By =
0,8, =06 wb =0; 0¥ =106]=1.So0, u
max {1,0,1}=1.  Also, p(x) =1,po(x) =
Xxp1(x)=—x4 = 1,41 = -1,Ky(x,5) =
e*, Ki(x,s) =s.
Take N =3, then the collocation points are

, X3 = 1}, and the basic

1 _2
_’xz [

{XO=0,X1=3 3

matrix equation of the specified IFDEs-CF is
derived from equation (24), written as:

[PXI2T]" + PoYoX M (g — 00)[FHT1“8 + PoX — 20X KPQh M(w) — Bo) (#7146

— X 510% M(wf - ,)[H"1% | €(@)A = F...(28)

absolute error function. (xp)|y(xp) —
Yn(xp)|,for ...,M. We also illustrate this with
graphs.
where

25
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X(x,) 100 0
X 100 0 0100
X)=[1 x x2 x3]X= X(xl) 1 00 00
(x2) xK0=15 0 0 o|x!= of
(x3) N Tt 100 0 o0
100 0 100 0 0000
1 1 1 1 6
_| 39 27 ;1 10
2 4 8 2 3 4
135 37 1111
111 1 _|2 3 4 5| g8
0 0 0O 1 1 1 1f~=t
1 - - - =
0300 R
P = [1,Po = , P 111
0 2 o 4 5 6 7
3 rl 1 1
001 7 12 17 22
0 0 0 0 1 1 1 1
1 - - =
0 —= O 0 -5 12 17 22 27
- 3 . 1 1 1 1
—3 0 17 22 27 32
0 -1 111
122 27 32 37
2 0 —-2a O
0 1 0 —3a
= F
C@=1p o 1 o
0 0 0 1
—0.82938704
_ |—0.10641122
0.66652386
1.51171716
After entering all of the previous matrices into
matrix equation and computing the result, the
augmented matrix of this basic matrix equation is:
[W:F]
-2 0.969608540827512 2a + 0.140221497753233 0.207410916390433 — 2.90882562248253 a

Equation (26) forms the boundary condition rows,
considering: ¥, A =9, or [Y,:9;]; k=0,
or more precisely

[W*:F*]

By resolving this system, the @-Dickson coefficient

matrix A if ¢ = 01is produced:

—3.45679012345679 0.789910308256976 3.45679012345679 a + 0.683407303089107  0.445234317407345 — 2.36973092477093a
—5.209876543209877 0.537263358021483 5.20987654320988 @ + 1.20221015006176 1.34154811664862 — 1.61179007406445 @ :
—7.333333333333334 0.176029341841815  7.33333333333333 a+ 1.67914397835308 2.92296290781557 — 0.5280880255254450 a :

[Yo:90]=[611—6a1—3a: 0]
The augmented matrix for the system described in

(27) is created based on specific conditions:

-2 0.969608540827512 2a + 0.140221497753233 0.207410916390433 — 2.90882562248253 a :
—3.45679012345679 0.789910308256976 3.45679012345679 a + 0.683407303089107 0.445234317407345 — 2.36973092477093a :
—5.209876543209877 0.537263358021483 5.20987654320988 a + 1.20221015006176  1.34154811664862 — 1.61179007406445 «

6 1 1-6a 1-3a

A =[0.89991575 — 1.08823897 0.92562477 — 0.01649811]7

Consequently, the a-Dickson coefficients a; (k =
0,1,23) uniquely determine; therefore, we obtain an
approximate solution y5(x) in the form of the 3-

truncated 0-Dickson expansion, is produced as

26

P3(x)| g=o = 0.001991603368542x3
+ 0.998934186184855x?
—1.0004391805954 x
—0.000162202985998228
Using the same steps as before, we obtain the
approximate solution for N =9 and N = 18 when (o

—0.82938704

: —0.10641122

0.66652386
1.51171716

—0.82938704
—0.10641122
0.66652386
0

|

|
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= 0) effectively. After that, we run the general
Python program created for this purpose:
Po(x)|g=0 = 5.3009384601 x 10~ 8x°

— 1.353049576349 x 1077 x8

+ 1.613669975154 x 10~ 7x7

—1.107803940969 x 1077 x©

+ 4.628880762742 x 1078 x°

—1.180419924511 x 10~ 8x*

+ 1.544972677715 x 107°

+ 0.999999998950 x2

— 1.000000001584 x

— 5.621048772162 x 10710

918(0)|azo 5.808059407448 x 10~6x18

—4.922885731739 x 10~5x17

+ 0.000192258246 x16

—0.000458823309 x5

+ 0.000748201062 x1*

—0.000883103382 x13

+ 0.000779570958 x 12

—0.000524425884 x1

+0.00027137753 x1°

— 0.000108257609 x°

+ 3.314528322851 x 10~5x8

— 7.700441074737 x 107x7

+ 1.330507993282 x 1076x°

— 1.654741474839 x 107 7x°

+ 1.403104905265 x 10~ 8x*

— 7.338023602829 x 10~ 10%3

+ 1.000000000018 x2

— 1.0000000000001 x

— 7.479025169221 x 10~ *
Table 1 compares the a-Dickson polynomial
solutions J (x) and the exact solution y(x) of test
problem 1 for N = 3,9 and 18, respectively, with
the aid of least-squares error and running time, and
Table 2 compares the least-squares error for
difference values of N and a-Dickson’s parameters.
Figure 1(a and b) explains the analysis of the exact
and our method results.

27
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Table 1. Numerical results for different values of x
with N = 3,9 and 18, for the (« = 0)-Dickson

polynomials

Exact Solution Approximate Solutions 9y, (x)
x
¢ y@=x-x [[N=3,a=0][N=9a=0] N=18,a=0
0.0 0 —1.62202986 x| —5.62104877 x 1 —7.47902517 x 1
0.1 —9.02147876
—0.09 —9.00000007 x 1 —9.00000000 x 1
x 1072
0.2 -0.16 —1.60276739x| —1.60000001x 1 —1.60000000 x 1
03 —-0.21 —2.10336107 x| —2.10000001x 1 —2.10000000 x 1
04 —-0.24 —2.40380943 x| —2.40000001x 1 —2.40000000 x 1
05 -0.25 —2.50399296 x| —2.50000002 x 1 —2.50000000 x 1|
0.6 —-0.24 —2.40379218x| —2.40000002x 1 —2.40000000 x 1
0.7 -0.21 —2.10308758 x| —2.10000002 x 1 —2.10000000 x 1
0.8 —1.60000000 x
-0.16 —1.60175967 x| —1.60000002 x 10-1
09 —8.99688959 —9.00000015 —9.00000000
~0.09 % - 2
x 10 x 10 x10
1.0 3.24405972 112421154 1.53471602
0.00 4 9 -13
x 10 x 10 x 10
9.42860008 2.36505762 3.63384543
LSE. ~
x 10 x 10717 x 107%°
R. Time/Sec 23.63881039671 18.190745115 | 23.7096593379
0.000
—0.024
-0.048
-0.072
—0.096
= -0.120
-0.144
-0.168
-0192
0218 | e outon e
~0.240 | i a0

00

01 02 03

0.4 05

06 07

08 09 10

Figure 1a. Analysis of the exact and our method results

Absolute error

for test problem 1

0.0010
0.0009
00008
0.0007
0.0006
0.0005
0.0004
0.0003
0.0002
0.0001
0.0000

=@ Error function N=3
2 Ervor function N=9
~O~ Eror function N=13

0.0

01 02 03

04 05

06 07
X

08 09 10

Figure 1b. Absolute error of test problem 1
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Table 2. Comparison of least-squares error for
various values of N and a-Dickson’s parameters:

Least squares error (LSE) for different
Values of Dickson’s .
inputs N
parameters (o)
N=3 N=9 N =18

9.42860008| 2.36505379 | 3.39154201
oa =0.8 _

x 1077 x 10717 x 10723

9.42860008| 2.36501452 | 1.5546916
oa =10 _

x 1077 x 10717 x 10728

20 9.42860008| 2.36494586 | 1.83362397

o =

x 1077 x 10717 x 10728

Test Problem 2. Consider the Fredholm-type mixed
classical and fractional-order integro-differential
equations on the closed, bounded interval [0,1] that

have variable coefficients:

X

y'(x) =5 §Dx*y(x) +x* y(x)

1

1
= f(x)— ZJ- scos(x)y(s) ds
0

1 1
+Zf [2 sin(x) + 1] D17y (s)ds
0
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Wwere
F) = —

ra8)”

1.8

6 1
T131(13) [Sin(x) * E] +3xt

23
+ 2x3 + x? +@ cos(x) +6

with the mixed conditions: y(1) — y'(0) = 4 and
y(0) = 1. While the exact solution is y(x) =
3x2+2x+1.

From the consideration of problem 2, the fractional
orders: gy = 0.2 ,00= 1.2 = ] =[oy]| =1,
wf =[01]=2; =0, f1=17= a)f =[1.7] =

2, so p=max {n, wg,wf} = max{2,0,2} =

2.p(x) = 1,0 (%) = 0,p1 (%) = —-x,pp (%) = x2.
Ao = ‘Tl; A= % and Ko (x,s) = scos(x) with
Ki1(x,s) =2 sin(x) + 1.

Take N = 3, the collocation points and the basic

matrix formula of the provided IFDEs-CF are
derived from equation (24), written as:

[PXIFHT 12 + PoYoXM (0 — 00)[HT1“F + Py Y XM (0] — 0)[HT1T + P, X — Ao XK 00 M (o] — By ) (1710

— 2, x% 00 M (of - ) [#714Y] €(@) A = F

After  entering all of the  matrices

obtain the augmented matrix of this basic matrix

{X,P,PO,P1.P2,'yo,'y1,f"f.M, .‘K‘?,JC%,QS,QB,C(OL) gﬂaaﬁiPn with the boundary-condition rows. The

into the matrix equation above and computing the

result using a Python program designed for this, we
[W*:F*]

0.25 0.0833333333333333
_|0.4583333333333333 0.0414348782387062
- 2 0

2 0

After substituting each parameter mentioned above
and executing the general Python program designed
for this purpose with N = 3,and o = 0. We get the
approximate solution to the problem:
P30 |a=0 = 2.513775627929 x 1075 x3

+ 2.999974862244 x?

+ 2.000685765869 x + 1.0
For N = 8and N = 16, when a = 0 we get the

estimated solution of the problem by using the same

28

1.20539037804054 — 0.25 « :
0.625918330646555 — 0.458333333333333 ¢  0.192028931210135 — 0.124304634716119a :
1-2a 1
—2a 0

augmented matrix for the system described in (27)

is created based on specific conditions:

—1.06796907212104 — 0.25«a

procedures above, then executing the General
Python Program created for this reason:
9(0)|geo = —1.426724585599 x 1076 x®
+ 2.971728079354 x 107 x7
— 2.592876036208 x 1076 x°©
+ 1.313196918972 X 1076 x>
— 2.886989659583 x 1077 x*
—1.65332851124359 x 1078 x3
+ 3.00000003990787 x?
+ 1.999997328305 x + 1.0.

3.9078378
1.97519971
4
1
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916(0) |geo = 8.453789007483 X 1079 x16— 5.743589496226 x 1078 x15

+ 1.764501614698 x 1077 x1* — 3.240020311467 x 1077 x13
3.959898171374 x 1077 x12 — 3.394521744511 x 1077 x11
2.094961584095 x 1077 x1°—9.40296854664 x 108x°
3.063071655653 x 1078 x® — 7.144982987147 x 107° x”
1.161867766646 X 107° x® — 1.258873230092 x 10710 x>
8.338307932265 x 10712 x* — 1.974526199189 x 10713 x3 + 3.0 x?

+ 2.000000000003 x + 1.0

The precise solution y(x) and the approximate O T eror fancton e

0009 | == Error function N=3

+ o+ o+ o+ +

Solutionj/‘N(x) for N = 3’8 and 16 are Compared 0o0g | O Emerfunction N=1s

0007
0006
0.005
0,004

in Table 3 based on running time and least-squares

Absolute error

error, respectively, and Table 4 compares the least-

0.003

0.002
: 9 s s 0001

Dickson’s parameters. Figure 2 (a and b) explains co00 | oottt oﬁlsﬂgolﬁ -

the analysis of the exact and our method results, %

squares error for difference values of N and a-

with absolute errors.

Table 3. Numerical results for different values of x Figure 2b. Absolute error of test problem 2

with N = 3,8 and 16, for the (« = 0)-Dickson Table 4. Comparison of least-squares error for
polynomials various values of N and a-Dickson’s parameters:
Approximate Solutions J (x) . , Least squares error (LSE) for different
i Exact Solution N Value of Dickson’s inputs N
i 2
y(x) =3x*+2x+1 N=3,a=0 N=8,a =0 | =16, parameters — — —
o N=3 N=8 N=16
0 T 1 T T " —10 1.79366579 | 2.70047679 | 513430066
01 123 123006835 122999973 | 1.23 x107¢ x 107 x 1072
02 152 152013635 151999947 | 1.52 « =15 1.79366579 | 2.70047686 | 1.23501105
03 187 187020415 18699992 | 1.87 B x 10-6 x 10711 x 10727
04 228 228027189 227999894 | 2.28 179366578 | 2.70047683 | 39425164
05 275 275033974 274999867 | 2.75 a =20 106 % 10-11 % 10-75
06 328 328040784 327999841 | 3.28
07 387 387047634 386999815 | 3.87
08 452 45205454 45199979 | 4.52 .
5 3 a0eeis T 533595763 53 Test Problem 3. On the closed, bounded interval
10 6 600068577 | 599999733 | 6 [0,3], take into consideration the Fredholm-type
Lok 1.79366579 | 2.70047677 | 2.678
: x 107 x 10711 x 10" CF-IDEs with variable coefficients:
R. Time/Sec 0.1094157695| 0.2239978313 | 0.531 1 x
m Ccno0.2 Cno.5
3 y'(x)+ x oDx y(x) — 2 oDx y(x) +y(x)
60 el = f(x)
55 -
5.0 /'* 1 3 A X
as A + 100 [Sln(z) }/(S)
40 ’*’ 0
% 35 -~
= I —[2x =] §D3*y(s) | ds
25 *o'
20 e where
15 o
-
10 { f(x) — 6 x38 — 3 x35
00 01 02 03 04 05 06 o7 08 09 10
- I'(3.8) 2T(3.5)
N 6 2 (3) 2.5 x 33.5
Figure 2a. Analysis of the exact and our method results 100I(2.5) 2.5 3.5
1725 x
for test problem 2 x3 ——— sin (_)
1000 2

With the boundary conditions: y(0)+y"(0) =
-1, y(3)=26, y"(0)=0. While the exact

solutionis y(x) = x3—1.

29
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From the consideration of problem 4, the fractional
orders: 0y = 0.2 ,00= 03 ,0,= 05 = wf =
[oo] =1, 0] =[01] =1, w7 =[02] =1,B, =0,
Bi=15=wf =[15]=2, ©=
max {n, a)g, wf} = max{3,0,2} = 3. Also, p(x) =

SO

= Po(x) = L,pa () = 0,92 (x) = 2, ps ()= 1.
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Ki(x,s) =2x — s.

Hence, © = 3 and we can take N =5; the basic

Ko(x,s) = sin (g) ,

matrix equation and the collocation sites of the

provided mixed-order integro-differential equation

of Fredholm type are derived from equation (24),

written as

a a g B
[pX[ﬂTP + Do Yo XM (W — 0o)[HT]*S + p, Y1 XM (w] — 0 )[HT]“T + p, Y, XM (0§ — 0,)[HT]*2 + p, X — AOXJC?QgM(wOB - ﬁo)[}[T]mo

- 1,X3¢0E M(f — )Y €(@)A = F
After substituting each parameter mentioned above
and executing the general Python program designed
for thispurpose with N = 5anda = 0, we obtain
the approximate solution to the problem.
9() g0 = 2.53893774886347 x 10~ 7x5
— 8.63144992267004 x 10~ 7x*
+ 1.00000015390038x3
— 4.52849426513779 x 10~ 16x2
+ 1.35441558019412 x 10~°
—0.999999999999997
ForN = 11and N = 17 whenand a = 0, we
get the approximate solution of the problem by
using the same procedures as above, then executing
the most General Python Program created for this
reason:
91100 |geo = 2.9338626748 x 10714 x11
— 1.016746573599 x 10712 x10
+ 5.135429241185 x 10712 x°
— 9.2058525627988 x 10712 x8
+ 1.736178106676 x 10711 x7
— 1.514882356699 x 10711 x°©
—2.897303209711 x 10711 x°
— 1.102922560568 x 10710 x*
+ 1.000000000075 x3
— 2.785642900299 x 10716 x?2
+ 3.984965988645 x 10710 x
— 0.999999999999
9170 |azo = —1.654667030095 x
10715 x17 + 3.341203985699 x 1014 x16 —
3.069686072048 x 10713 x15 +
1.698781377278 x 10712 x4 —
6.318183129705 x 10712x13 +
1.668184155342 x 1071t x12 —
3.219069991208 x 10711 x11 +
4.602994471688 x 10711 x10 —

and

30

4.890002175032 x 10711 x% +
3.831557755835 x 10711 — 2.170392427776 X
10711x7 + 8.587808053958 x 10712 x° —
2.314934160798 x 10712 x5 —
2.17406927383 x 10~ Mx* +
1.000000000001 x* — 1.011138077798 x
107%5x3 + 1.28662025479 X 1072 x — 1.0

The solution y(x) and the approximate solution

Yn(x) for N = 3,8 and 16 are compared in Table

5 based on running time and least-squares error,

respectively, and Table 6 compares the least-squares

error for difference values of N and a-Dickson’s

parameters. Figure 3 (a and b) shows the analysis of

the exact and our method results, with absolute

CITOT1S.

Table 5. Numerical results for different values of x
with N = 3,8 and 16, for the (« = 0)-Dickson
polynomials

Approximate solutions y, (x)

x; | Exact solution

N=5,a =0

N=11,a =0 |

N=17,a =0

0.0 -1

-1.0

-1.0

-1.0

0.1 —-0.999

—9.98999864 X 1|

—9.99000000 x 10

—9.9900000x 10

0.2 —0.992

—9.91999729x 1

—9.92000000 % 10

—9.9200000x 10

0.3 -0.973

—9.72999596 x 1|

—9.73000000 x 10

—9.7300000x 10

0.4 —0.936

—9.35999468x 1

—9.36000000 x 10

—9.3600000x 10

0.5 —0.875

—8.74999350 % 1

—8.75000000 % 10

—08.7500000 x 1

0.6 —0.784

—7.83999246 x 1

—7.84000000 x 10

—7.8400000x 10

0.7 —0.657

—6.56999164 x 1

—6.57000000 % 10

—6.5700000 x 10

0.8 —-0.488

—4.87999108 x 1

—4.88000000 x 10

—4.8800000x 10

09 -0.271

—2.70999085 x 1

—2.71000000 x 10

—2.7100000x 10

1.0 0

8.99064745x 10

3.30887984x 10~

9.2481578x 107}

LSE.

4.66957325 x 1

5.23143854 x 1(

4.6170544 x 10~

R. Time/Sec

0.0968568325

0.2053394318

0.40487670898
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0o * 4.66957325 | 523669007 | 2.29884455
; a=2
—01 /s x 10712 x 10719 x 10722
—0.2 * 4.66957342 | 5.0910375 | 1.60170184
0.3 , a =10
oa S x 10712 x 10719 x 10720
' s
E-05 ;g
—0.6 */’
:z; */' Test Problem 4. Consider the mixed classical and
o el . .
0.9 e fractional-order IDEs of the Fredholm e with
-1.0 { Ar—fr——gr-—Ar w typ
Do 01 02 03 04 05 06 07 08 09 10 variable coefficients on the closed, bounded interval
x
[0,1]:

Figure 3a. Analysis of the exact and our method results

1
3 V() +2x D4y () +y(x)
for test problem 3 1

=ﬂ@+f[wM@+SU@Ms
0

le—5

- Eror function N=5
0.9 | =y~ Error function N=11
0.8 | @ Emor function N=17

10

8 1
- Ef [s + 31§D28y(s) ds
0

o7
0.6
05 where

04

Absolute errar

. 6 xt+16 2.4 1
03 fo) = 217=0 [r(z«+1_6) [(6+1.2) (b+ 2.2

02

N DU T T A *) | -3 e¥e' +7 ¥ — 3The condition: y (0)

o0 o1 02 03 04 05 06 0F 08 09 10 4 +12
x

== 3. While the exact solution is y(x) = 3 e*..

— ag — — —
igure 3b. Absolute error of test problem 3 0o = 04= wg =[0p] =1,B0=0, 1= 08 =
B B B
w; = = 1. So, =max {nw,,w; } =1.
Table 6. Comparison of least-squares error for 1 = 1Al # { 01}

1
various values of N and a-Dickson’s parameters: p(x) = 32 Po () = 2x,p1(x) = 1. Ko(x,s) =
Value of Dickson’s et squares e::zlt(s]flm for different e* +s, jcl (X, S) =s +3. And /10 = 1: Al =
parameters V=% N 11 =17 — 0.8. Assume that we take N terms from the
) 466957327 | 5.23602057 | 2.18256269 homogeneous part f(x) :
x 10712 x 10719 x 10723
N
()_Z 6 x4+16 N 24 < 1 N 3 ) 3etel 47 0% — 3
=) Ite+ie " To+12) \# +22 T & + 12 e e

=0
Hence, ¢ = 1, the fundamental matrix equation of =~ Equation of Fredholm Type) is derived from

the given (Mixed-Order Integro-Differential equation (24), written as:
[PXIZT]" + PoYo XM (g — 00)[HT148 + PoX — 2,XKPQEM(w) — By ) (#7145

— mX3LQI M (wf - p)[#T1¢F | E(@)A = F

We select N = 6, the estimated solution of the P3(x)|g=0 = 0.801730029120443 x3

problem for N = 3,5and 11 respectively, + 1.18147978608646 x?

particularly when a = 0: +3.15087173242313 x + 3.0
and

P5(x)|a=0 = 0.0331830819509585 x° + 0.115713052471747 x*
+ 0.509565731617031 x31.49213981816473 x% + 3.00362993899182 x + 3.0

and  $11(x)|q=0 = 0.000862503530018023 x* — 0.0334331066631315 x5 +
0.00493209094929653 x10 + 0.121957704862877 x* +

0.0127424321429466 x° — 0.500471802039465 x3 +

0.0198016533705852 x8 + 1.50016966473797 x2 + 2.99987668253542 x +
0.0214406785912543 x7 — 3.0

0.011450821413027 x¢ +

31
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Tables (7, 8, 9 and 10) compare the exact solution.

y(x) and the estimated solution Py(x)while we
choose N = 6,10 and 14. Also, we choose N =

3,5 and 11, each depending on the least-squares

error and running time. While Figure 4 (a and b)

explains the Analy sis of the exact and our method

results, with absolute errors for test problem 4
when N = 6.

Table 7 compares the exact solution. y(x) and the

estimated solution 9 (x) for N = 3,5and 11,

separately, evaluated in terms of least-squares

error and running time. when N = 6.
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010
@ Error function =3

=% Error function N=3
== Error function N=11

0.09
0.08
0.07
0.06
0.05
0.04
0.03
0.02
0.01

Absolute errar

0.00 L=

00 01 02

03 04

05

06 07

08 09 10

Figure 4b1. Absolute error of test problem 4 when

N =6 N =6
x Exact solution _ i&ppruxnmatisulutm_ns yy(x) _
N=3.a=0) N=5a=0 | N N 1.« Table 8. Comparison of least-squares error for
0.0 3 3 3 3 various values of N and a-Dickson’s parameters:
0.1 3.31551275 33277037 331580586 331550236 N=6
02 3.66420827 3.68384738 3.66468387 3.66419123
Value of Dickson’s Least-squares error (LSE) for different
03 4.04957642 407324141 405015775 404955538
parameters inputs N
0.4 4.47547409 450069618 44761086 447545059
05 4.94616381 497102207 494681468 49461386 N=3 N=5 N=11
2.7641078 | 1.27616577
06 54663564 548902945 546699122 546632956 o = 102 0.003744
0.7 6.04125812 6.05952871 6.0418303 6.04122876 x 1076 x 1078
08 6.67662279 6.68733022 6.67704059 6.67658801 . 276385978 | 1.10485803
09 7.37880933 737724438 737888723 737876199 a =10 0.003744 %106 % 10-8
1.0 8.15484549 8.13408155 815423162 815477001 300298368
2.76410777 1.27598754 a =4x10° 0.003744{ 0.0002136
LSE. 0.00374455 i N x 10-6
x107° x1078
R. Time/Sec 0.08797097206| 0.0663876534 | 0.22385096}
Table 9. Comparison of least-squares error for
80 t (S various values of N and a-Dickson’s parameters:
g prosimate salutin b
e imate soluts M= =
75 I A:E:::I::I: =E|:L3: N-11 N =10
70 Value of Dickson’s Least-squares error (LSE) for different
65 parameters inputs N
6.0 N=3 N=5 N=11
g 2.94640593e | 6.00972747
= a =10? 0.003751
540 x 1076 x 10717
a5 2.94744089 | 2.13912108
a =3x10* 0.003751
40 x 1076 x 1078
35 2.87453974 | 6.21709563
a =10° 0.003751
30 x 1076 x 1078
00 01 02 03 04 05 06 0F 08 09 10

X

Figure 4al. Analysis of the exact and our method results

for test problem 4 when N =6

32

Table 10. Comparison of least-squares error for

various values of N and a-Dickson’s parameters:

N =14
Value of Dickson’s Least-squares error (LSE) for different
parameters inputs N
N=3 N=5 N=11
2.94642611 | 3.14771265
a =5x10? 0.003751
x 1076 x 10716
2.94633908 | 1.44628387
a = 5x%x103 0.003751
x 1076 x 10713
2.94652866 | 4.08523076
a =5x10* 0.003751
x 1076 x 1077
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6- CONCLUSIONS
Analytical solutions to linear mixed-order (classical
and  fractional) Fredholm integro-differential

equations are often difficult. Therefore, approximate
solutions are often necessary. This new methodology
has enabled the discovery of approximate solutions for
various applications. The most noteworthy advantage
of the present methodology is Dickson Interpolations,
which are readily implemented using computer
programs. The existence of parameter-« is required for
the accuracy of solutions when employing a computer
program in addition to the existing method. The results
are shown with examples in Tables and Figures.
Tables and numbers make it abundantly evident that as
N increases, the error rate reduces and the answer
becomes closer to the correct solution. One significant
benefit of the approach is that it uses computer code
in Python v3.8.8 (2021) to enable

reasonably speedy computation of the solution's

developed

Dickson coefficients.
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      D   a  R  x  𝛼 y  ( x ) =   D  x  𝜔     J   a    x  ω − α y  ( x ) =  {           𝜕  𝜔  𝜕   x  𝜔  (   ∫  a  x       ( x − t )  𝜔 − 𝛼 − 1  Γ  ( 𝜔 − 𝛼 ) y  ( t ) d t ) ,  𝛼 ∈  ℝ +            d  𝛼  d   x  𝛼 y  ( x ) ,      𝛼 =  ⌈ 𝛼 ⌉ ∈  ℤ + ∪  { 0 }


  𝜔 − 1 <   𝛼 ≤ 𝜔  ( =  ⌈ 𝛼 ⌉ ∈  ℤ + )


    D  x  𝛼   a  R


   [ a , b ]


  y  ( x ) ∈   C  − 1  𝜔 ,   and   𝜔 =  ⌈ 𝛼 ⌉ ,   𝛼 ≥ 0


      D   a  C  x  𝜌


      D   a  C  x  𝛼 y  ( x ) =     J   a    x  𝜔 − 𝛼   D  x  𝜔 y  ( x ) =  {         ∫  a  x       ( x − t )  𝜔 − 𝛼 − 1  Γ  ( 𝜔 − 𝛼 )     d  𝜔 y  ( t )  d   t  𝜔 d t ,  𝛼 ∈  ℝ +          d  𝛼  d   x  𝛼 y  ( x ) ,      𝛼 =  ⌈ 𝛼 ⌉ ∈  ℤ + ∪  { 0 }


  𝜔 − 1 <   𝛼 ≤ 𝜔  ( =  ⌈ 𝛼 ⌉ ∈  ℤ + )


  𝛼


   ( A )


      D   a  C  x  𝛼 A = 0 .


  x > a  


  y  ( x ) =   ( x − a )  𝜈   where   𝜈 ≠ − 𝜔


  𝜔 =  ⌈ 𝛼 ⌉


      J   a    x  𝛼 y  ( x ) =   Γ  ( 𝜈 + 1 )  Γ  ( 𝜈 + 𝜌 + 1 )    ( x − a )  𝜈 + 𝛼 ,   a ∈ ℝ .


  y  ( x ) =   ( x − a )  𝜈 ,


  𝜈 ≥ 0 ,


  𝛼 ≥ 0


  𝜔 =  ⌈ 𝛼 ⌉ ,


  𝜈 ∈  { 0 , 1 , 2 , ⋯ , 𝜔 − 1 }


      D   a  C  x  𝛼 y  ( x ) = 0


  𝜈 ∈ ℕ   and   𝜈 ≥ 𝜔   or   𝜈 ∉ ℕ   and   𝜈 > 𝜔 − 1


      D   a  C  x  𝛼 y  ( x ) =   Γ  ( 𝜈 + 1 )  Γ  ( 𝜈 − 𝛼 + 1 )    ( x − a )  𝜈 − 𝛼


  𝛼 ≥   0   ,


  𝜔 =    ⌈ 𝛼 ⌉


  y ∈     C  − 1  𝜔


   [ a , b ]


  𝛼


  y


     lim  x → a ⁡  [   D  x  𝛼   a  c y  ( x ) ] = 0


  𝛼


  𝓇


  𝛼 ∈ ℝ


    𝒟  𝓇  ( x , 𝛼 ) =  {        ∑  𝜌 = 0   ⌊ 𝓇 / 2 ⌋    𝓇  𝓇 − 𝜌  (    𝓇 − 𝜌   𝜌 )    ( − 𝛼 )  𝜌   x  ( 𝓇 − 2 𝜌 ) ,   𝓇 ≥ 1   ,   − ∞ < x <   ∞     2   ,   𝓇 = 0  


  ⌊ 𝓇 / 2 ⌋


  ≤ 𝓇 / 2


  𝛼


    𝒟  𝓇  ( x , 𝛼 )


  𝓇 =   0 , 1 , 2 , . . .


    𝒟  𝓇  ( x , 𝛼 ) =   x   𝒟  𝓇 − 1  ( x , 𝛼 ) −   𝛼   𝒟  𝓇 − 2  ( x , 𝛼 ) ,   𝓇 ≥ 2


    𝒟 0  ( x , 𝛼 ) = 2


    𝒟 1  ( x , 𝛼 ) = x


  𝛼


    F L  𝓇  (   𝓍 3 )


  𝛼 = 2


    L  𝓇 ( 𝓍 )


    Q  𝓇 ( 𝓍 / 2 ) ,  


  𝛼   = − 1


    T  𝓇 ( 𝓍 / 2 )  


  𝛼 = 1


  𝛼


    𝒟  𝓇  ( x , 𝛼 )  


  𝓇 ≥ 1


  𝓓  ( x , 𝛼 ) =   𝑿    ( x ) 𝑪  ( 𝛼 )   o r     𝓓  T  ( x , 𝛼 ) =   𝓒  T ( 𝛼 )   𝑿  T ( x )   …  ( 3 )


     𝓓  ( x , 𝛼 ) =  [         𝒟 0  ( x , 𝛼 )    𝒟 1  ( x , 𝛼 )     ⋯    𝒟  N  ( x , 𝛼 ) ]  a n d  𝑿    ( x ) =  [       1  x     ⋯    x  N ]


  N


    𝓒  T  ( 𝛼 ) =    [    2  0  0  0  ⋯  0   0   1 1  (    1   0 )    ( − 𝛼 ) 0  0  0  ⋯  0    2 1  (    1   1 )    ( − 𝛼 ) 1  0   2 2  (    2   0 )    ( − 𝛼 ) 0  0  ⋯  0   0   3 2  (    2   1 )    ( − 𝛼 ) 1  0   3 3  (    3   0 )    ( − 𝛼 ) 0  ⋯  0   ⋮  ⋮  ⋮  ⋮  ⋱  ⋮   0    N   ⌈   N 2 ⌉  (     ⌈   N 2 ⌉    ⌊   N 2 ⌋ )    ( − 𝛼 )   ⌊   N 2 ⌋  0    N   ⌈   N 2 ⌉ + 1  (     ⌈   N 2 ⌉ + 1    ⌊   N 2 ⌋ − 1 )    ( − 𝛼 )   ⌊   N 2 ⌋ − 1  ⋯    N  N  (    N   0 )    ( − 𝛼 ) 0 ]  N + 1 × N + 1


  N


    𝓒  𝑻  ( 𝛼 ) =    [    2  0  0  0  ⋯  0   0   1 1  (    1   0 )    ( − 𝛼 ) 0  0  0  ⋯  0    2 1  (    1   1 )    ( − 𝛼 ) 1  0   2 2  (    2   0 )    ( − 𝛼 ) 0  0  ⋯  0   0   3 2  (    2   1 )    ( − 𝛼 ) 1  0   3 3  (    3   0 )    ( − 𝛼 ) 0  ⋯  0   ⋮  ⋮  ⋮  ⋮  ⋱  ⋮     N    N 2  (      N 2     N 2 )    ( − 𝛼 )    N 2  0    N    N 2 + 1  (      N 2 + 1     N 2 − 1 )    ( − 𝛼 )    N 2 − 1  0  ⋯    N  N  (    N   0 )    ( − 𝛼 ) 0 ]  N + 1 × N + 1


  C D  ( x , n ) + F D  ( x ,    {   𝜎  i }  i = 0  n ) = f    ( 𝓍 ) +   I F  ( x ,    {   𝛽  j   }  j = 0  m )   …  ( 4 )


     C D  ( x , n ) = p  ( x )   y   ( n )  ( x )  and  F D  ( x ,    {   𝜎  i }  i = 0  n ) =   ∑  i = 0  n    p  i  ( x )     D  x    𝜎  i y  ( x )   a  C   …  ( 4 . 1 )


    I F  ( x ,   {   𝛽  j   }  j = 0  m ) =   ∑  j = 0  m    𝜆  j   ∫  a  b    𝒦  j  ( x , s )   D  s    𝛽  j   a  C y  ( s ) d s   …  ( 4 . 2 )


  y  ( x )


    y   ( n )  ( x ) ,       D  x    𝜎  i y  ( x )   a  C   and       D   a  C  x    𝛽  j y  ( x ) ,   for   all   i = 0 , 1 , … , n ,   j = 0 , 1 , … , m


      y ^  N  ( x )


  N


  𝛼


  y ( 𝓍 )   ≅     y ^  N  ( x )   =   ∑  𝓇 = 0  N    𝒶  𝓇   𝒟  𝓇  ( x , 𝛼 )   …  ( 5 )  


  𝛼


    𝒶  𝓇 , 𝓇 = 0 , 1 , 2 ,   …   , N


  C D  ( x , n )


  F D  ( x ,    {   𝜎  i }  i = 0  n )


  N


  𝛼


  y  ( x ) =   𝓓  ( x , α ) 𝓐   …  ( 6 )


     𝓓 ( x , 𝛼 ) =  [         𝒟 0  ( x , 𝛼 )    𝒟 1  ( x , 𝛼 )     ⋯    𝒟  N  ( x , 𝛼 ) ]  and  𝓐 =    [   𝒶  0     𝒶  1     …     𝒶  N   ]  T


  α


  y ( x ) =   𝑿 ( x ) 𝓒 ( 𝛼 ) 𝓐


  n


    y   ( n ) ( x ) =       d  n    d x  n 𝓓 ( x , 𝛼 ) 𝓐


      d  n    d x  n 𝓓 ( x , 𝛼 ) =  [   𝒟 0   ( n )  ( x , 𝛼 )     𝒟 1   ( n )  ( x , 𝛼 )   …     𝒟  N   ( n )  ( x , 𝛼 )   ]


    y   ( n )  ( x ) =   𝑿   ( n )  ( x ) 𝓒  ( 𝛼 ) 𝓐   …  ( 7 )


    𝑿   ( 1 ) ( x )


  𝑿  ( x ) =  [       1  x     ⋯    x  N ]


  x


    d  d x   𝑿  ( x ) =   𝑿   ( 1 )  ( x ) =  [       0  1     2 x  3   x 2     ⋯  N   x  N − 1 ]


    𝑿   ( 1 ) ( x ) = 𝑿  ( x )     𝓗  T   …  ( 8 )


    𝓗  𝑻 =    [    0  1  0  0  ⋯  0   0  0  2  0  ⋯  0   0  0  0  3  ⋯  0   ⋮  ⋮  ⋮  ⋮  ⋱  ⋮   0  0  0  0  0  N   0  0  0  0  0  0 ]  N + 1 × N + 1


          𝑿  ( 0 ) ( x ) = 𝑿 ( x )     𝑿  ( 1 ) ( x ) = 𝑿 ( x )   𝓗  T        𝑿   ( 2 )  ( x ) =   𝑿  ( 1 ) ( x )   𝓗  T = 𝑿 ( x )    [   𝓗  T ] 2   ⋮     𝑿   ( n )  ( x ) =   𝑿   ( n − 1 )  ( x )     𝓗  T = 𝑿 ( x )    [   𝓗  T ]  n  


     [   𝓗  T ] 0 =    [ 𝑰 ]  N + 1


  m − 1


    𝑿   ( m − 1 ) ( x ) =   𝑿 ( x )    [   𝓗  T ]  m − 1


  m


    𝑿   ( m )  ( x ) =   𝑿   ( m − 1 + 1 )  ( x ) =     d  m − 1  d   x  m − 1    (   d  d x   𝑿  ( x ) ) =     d  m − 1  d   x  m − 1    ( 𝑿  ( x )   𝓗  T ) =   𝑿   ( m − 1 )  ( x )   𝓗  T = 𝑿  ( x )    [   𝓗  T ]  m − 1   𝓗  T = 𝑿  ( x )    [   𝓗  T ]  m   …  ( 9 )  


  n ∈  ℤ + ∪  { 0 }


    y   ( n )  ( x ) = 𝑿  ( x )    [   𝓗  T ]  n 𝓒  ( 𝛼 ) 𝓐   …  ( 10 )  


  ( n − 1 )


  F D  ( 𝓍 ,    {   𝜎  i }  i = 0  n − 1 )   ,     𝜔  i  𝜎 − 1 <   𝜎  i ≤   𝜔  i  𝜎 ;   𝜔  i  𝜎 =  ⌈   𝜎  i ⌉


  i = 0 , 1 , 2 , … , n − 1


      D  x    𝜎  i y  ( x )   a  C =   D  x    𝜎  i   a  C  { 𝑿  ( x ) 𝓒  ( 𝛼 ) 𝓐 } =     J   a   x    𝜔  i  𝜎 −   𝜎  i   D  x    𝜔  i  𝜎  { 𝑿  ( x ) 𝓒  ( 𝛼 ) 𝓐 } =     J   a   x    𝜔  i  𝜎 −   𝜎  i  { 𝑿  ( x )    [   𝓗  T ]    𝜔  i  𝜎 𝓒  ( 𝛼 ) 𝓐 }


      J   a   x    𝜔  i  𝜎 −   𝜎  i 𝑿  ( x ) =     J   a   x    𝜔  i  𝜎 −   𝜎  i  {      [       1  x     ⋯    x  N ]  1 × N + 1 } =    [         Γ  ( 1 )  Γ  (   𝜔  i  𝜎 −   𝜎  i + 1 )   x    𝜔  i  𝜎 −   𝜎  i + 0    Γ  ( 2 )  Γ  (   𝜔  i  𝜎 −   𝜎  i + 2 )   x    𝜔  i  𝜎 −   𝜎  i + 1     ⋯    Γ  ( N + 1 )  Γ  (   𝜔  i  𝜎 −   𝜎  i + N + 1 )   x    𝜔  i  𝜎 −   𝜎  i + N ]  1 × N + 1 =     x    𝜔  i  𝜎 −   𝜎  i    [       1  x     ⋯    x  N ] 𝓜  (   𝜔  i  𝜎 −   𝜎  i )


  𝓜  (   𝜔  i  𝜎 −   𝜎  i ) = diag  (    [         Γ  ( 1 )  Γ  (   𝜔  i  𝜎 −   𝜎  i + 1 )    Γ  ( 2 )  Γ  (   𝜔  i  𝜎 −   𝜎  i + 2 )     ⋯    Γ  ( N + 1 )  Γ  (   𝜔  i  𝜎 −   𝜎  i + N + 1 ) ]  N + 1 )   …  ( 11 )


  i = 0 , 1 , 2 , … , n − 1


      D  x    𝜎  i y  ( x )   a  C =   x    𝜔  i  𝜎 −   𝜎  i   𝑿  ( x ) 𝓜 (   𝜔  i  𝜎 −   𝜎  i )    [   𝓗  T ]    𝜔  i  𝜎 𝓒  ( 𝛼 ) 𝓐   .   . .  ( 12 )


  C D  ( x , n )


  F D  ( x ,    {   𝜎  i }  i = 0  n )


  ,  


  C D  ( x , n ) + F D  ( x ,    {   𝜎  i }  i = 0  n ) =  [ p ( x ) 𝑿  ( x )    [   𝓗  T ]  n +   ∑  i = 0  n − 1    p  i  ( x )   x    𝜔  i  𝜎 −   𝜎  i 𝑿 ( x ) 𝓜 (   𝜔  i  𝜎 −   𝜎  i )    [   𝓗  T ]    𝜔  i  𝜎   +   p  n  ( x ) 𝑿 ( x ) ] 𝓒 ( 𝛼 ) 𝓐   …  ( 13 )


  I F  ( x ,    {   𝛽  j   }  j = 0  m )  


    𝒦  j  ( x , s ) ,   j =   0 , 1 , 2 , … , m  


    I F  ( x ,    {   𝛽  j   }  j = 0  m )


  𝛼


   ( 0 , 0 )


  j = 0 , 1 , … , m


        𝒦  j  ( x , s ) =     ∑  𝓂 = 0  N    ∑  𝓃 = 0  N      𝒦  𝓂 𝓃  j   𝒟  𝓂  ( x , 𝛼 )   𝒟  𝓃  ( s , 𝛼 )   d    and     𝒦  j  ( x , s ) =     ∑  𝓂 = 0  N    ∑  𝓃 = 0  N      𝒦  𝓂 𝓃  j   x  𝓂   s  𝓃   t    }   …  ( 14 )


    𝒦  𝓂 𝓃  j   t  =    1  𝓂 ! 𝓃 !     𝜕  𝓂 + 𝓃   k  j ( 0 , 0 )  𝜕   x  𝓂 𝜕   s  𝓃 ,     j = 0 , 1 , . . , m ,   𝓂 , 𝓃 = 0 , 1 , . . , N


    𝒦  j  ( x , s )


  j = 0 , 1 , . . , m ;   𝓂 , 𝓃 = 0 , 1 , . . , N


    𝒦  j  ( x , s ) = 𝓓  ( x , 𝛼 )   𝓚  d  j   𝓓  T  ( s , 𝛼 ) ,     𝓚  d  j =  [   𝒦  𝓂 𝓃  j   d  ]   . . . ( 15 )


    𝒦  j  ( x , s ) = 𝑿  ( x )   𝓚  t  j   𝑿  T  ( s ) ,     𝓚  t  j =  [   𝒦  𝓂 𝓃  j   t  ]   . . . ( 16 )


  𝛼


    𝒦  j  ( x , s ) ,   j   =   0 , 1 , … , m


  𝑿  ( x )   𝓚  t  j   𝑿  T  ( s ) = 𝓓  ( x , 𝛼 )   𝓚  d  j   𝓓  T  ( s , 𝛼 ) = 𝑿 ( x )     𝓒 ( 𝛼 )   𝓚  d  j   𝓒  T ( 𝛼 ) ⏟    𝓚  t  j   𝑿  T ( s )


  j = 0 , 1 , 2 , . . m  


       𝓚  t  j = 𝓒  ( 𝛼 )   𝓚  d  j   𝓒  T  ( 𝛼 )   that   is     𝓚  d  j   =      [ 𝓒 ( 𝛼 ) ]  − 1   𝓚  t  j    [   𝓒  T ( 𝛼 ) ]  − 1   …  ( 17 )


      D  s    𝛽  j y  ( s )   a  C


      𝜔  j  𝛽 − 1 < 𝛽  j ≤   𝜔  j  𝛽 ,  (   𝜔  j  𝛽 =  ⌈   𝛽  j ⌉ )


  j = 0 , 1 , 2 , … , m


     {   𝛽  j }  j = 0  m


      D  s    𝛽  j y  ( s )   a  C =     D  s    𝛽  j  [ 𝑿 ( s ) 𝓒 ( 𝛼 ) 𝓐 ]   a  C =   s    𝜔  j  𝛽 −   𝛽  j   𝑿  ( s ) 𝓜  (   𝜔  j  𝛽 −   𝛽  j )    [   𝓗  T ]    𝜔  j  𝛽 𝓒  ( 𝛼 ) 𝓐   …  ( 18 )


  𝓜  (   𝜔  j  𝛽 −   𝛽  j )


    I F  ( x ,    {   𝛽  j   }  j = 0  m )  


  I F  ( x ,    {   𝛽  j   }  j = 0  m ) =   ∑  j = 0  m    𝜆  j   ∫  a  b    𝒦  j  ( x , s )   D  s    𝛽  j   a  C y  ( s ) d s =   ∑  j = 0  m    𝜆  j   ∫  a  b  𝓓  ( x , 𝛼 )   𝒦  d  j   𝓓  T  ( s , 𝛼 )   s    𝜔  j  𝛽 −   𝛽  j   𝑿  ( s ) 𝓜  (   𝜔  j  𝛽 −   𝛽  j )    [   𝓗  T ]    𝜔  j  𝛽 𝓒  ( 𝛼 ) 𝓐 d s =   ∑  j = 0  m    𝜆  j   ∫  a  b  𝑿  ( x ) 𝓒  ( 𝛼 )   𝓚  d  j   𝓒  T ( 𝛼 )   𝑿  T ( s )   s    𝜔  j  𝛽 −   𝛽  j 𝑿  ( s ) 𝓜  (   𝜔  j  𝛽 −   𝛽  j )    [   𝓗  T ]    𝜔  j  𝛽 𝓒  ( 𝛼 ) 𝓐 d s =   ∑  j = 0  m    𝜆  j 𝑿 ( x ) 𝓒 ( 𝛼 )   𝓚  d  j   𝓒  T ( 𝛼 )   𝓠  j  𝛽 𝓜  (   𝜔  j  𝛽 −   𝛽  j )    [   𝓗  T ]    𝜔  j  𝛽   𝓒  ( 𝛼 ) 𝓐   …  ( 19 )


  j = 0 , 1 , 2 , … , m


    𝓠  j  𝛽 =   ∫  a  b    𝑿  T ( s )   s    𝜔  j  𝛽 −   𝛽  j   𝑿 ( s )   d s


  j = 0 , 1 , 2 , … , m ,   and   𝜅 , 𝜌 = 0 , 1 , 2 , … , N


    𝓠  j  𝛽 =  [   q  𝜅 𝜌  𝛽 , j ]   ,     q  𝜅 𝜌  𝛽 , j =     b    𝜔  j  𝛽 −   𝛽  j + 𝜅 + 𝜌 + 1   −     a    𝜔  j  𝛽 −   𝛽  j + 𝜅 + 𝜌 + 1    𝜔  j  𝛽 −   𝛽  j + 𝜅 + 𝜌 + 1  


    I F  ( x ,    {   𝛽  j   }  j = 0  m ) =  [   ∑  j = 0  m    𝜆  j   𝑿 ( x ) 𝓚  t  j   𝓠  j  𝛽 𝓜  (   𝜔  j  𝛽 −   𝛽  j )    [   𝓗  T ]    𝜔  j  𝛽   ] 𝓒  ( 𝛼 ) 𝓐   …  ( 20 )


  k = 0 , 1 , … 𝜇 − 1  


  𝜇 =  max ⁡    { n ,   𝜔  j  𝛽 : j = 0 , 1 , … , m }


    𝜔  j  𝛽 =  ⌈   𝛽  j ⌉


  j = 0 , 1 , 2 , … , m


  j = 0 , 1 , 2 , … , m


    ∑  ℓ = 0  𝜇 − 1   [  ℊ  k ℓ 𝑿  ( a )    [   𝓗  T ] ℓ   𝓒  ( 𝛼 ) 𝓐   +   𝒽  k ℓ 𝑿  ( b )    [   𝓗  T ] ℓ   𝓒  ( 𝛼 ) 𝓐   ] =   𝜗  k ,   for   all   k = 0 , 1 , … 𝜇 − 1


   [   ∑  ℓ = 0  𝜇 − 1   [  ℊ  k ℓ 𝑿  ( a )   +   𝒽  k ℓ 𝑿  ( b )   ]    [   𝓗  T ] ℓ   ] 𝓒  ( 𝛼 ) 𝓐 =   𝜗  k   ,   for   all   k = 0 , 1 , … 𝜇 − 1   … ( 21 )


  𝜶


   [ p  ( x ) 𝑿  ( x )    [   𝓗  T ]  n +   ∑  i = 0  n − 1    p  i  ( x )   x    𝜔  i  𝜎 −   𝜎  i 𝑿  ( x ) 𝓜  (   𝜔  i  𝜎 −   𝜎  i )    [   𝓗  T ]    𝜔  i  𝜎   +   p  n  ( x ) 𝑿  ( x ) ] 𝓒  ( 𝛼 ) 𝓐 = f  ( x ) +  [   ∑  j = 0  m    𝜆  j   𝑿 ( x ) 𝓚  t  j   𝓠  j  𝛽 𝓜  (   𝜔  j  𝛽 −   𝛽  j )    [   𝓗  T ]    𝜔  j  𝛽   ] 𝓒  ( 𝛼 ) 𝓐   …  ( 22 )  


   {   x ℓ |   x ℓ = a +  (   b − a  N ) ℓ , ℓ = 0 , 1 , … , N   }


    x ℓ ,   ℓ = 0 , 1 , … , N


   [ p  (   x ℓ ) 𝑿  (   x ℓ )    [   𝓗  T ]  n +   ∑  i = 0  n − 1    p  i  (   x ℓ )   x ℓ    𝜔  i  𝜎 −   𝜎  i 𝑿  (   x ℓ ) 𝓜  (   𝜔  i  𝜎 −   𝜎  i )    [   𝓗  T ]    𝜔  i  𝜎   +   p  n  (   x ℓ ) 𝑿  (   x ℓ ) ] 𝓒  ( 𝛼 ) 𝓐 = f  (   x ℓ ) +  [   ∑  j = 0  m    𝜆  j   𝑿 (   x ℓ ) 𝓚  t  j   𝓠  j  𝛽 𝓜  (   𝜔  j  𝛽 −   𝛽  j )    [   𝓗  T ]    𝜔  j  𝛽   ] 𝓒  ( 𝛼 ) 𝓐   …  ( 23 )


   [ 𝑷 𝑿    [   𝓗  T ]  n +   ∑  i = 0  n − 1    𝑷  i   𝓨  i 𝑿   𝓜  (   𝜔  i  𝜎 −   𝜎  i )    [   𝓗  T ]    𝜔  i  𝜎 +   𝑷  n 𝑿 −   ∑  j = 0  m    𝜆  j 𝑿     𝓚  t  j   𝓠  j  𝛽   𝓜  (   𝜔  j  𝛽 −   𝛽  j )    [   𝓗  T ]    𝜔  j  𝛽   ] 𝓒  ( 𝛼 ) 𝓐 = 𝑭   . . . ( 24 )


    𝓨  i =    [        x 0  (   𝜔  i  𝜎 −   𝜎  i )  0  ⋯  0   0      x 1  (   𝜔  i  𝜎 −   𝜎  i )  ⋯  0   ⋮  ⋮  ⋱  ⋮   0  0  ⋯      x  N  (   𝜔  i  𝜎 −   𝜎  i ) ]  N + 1 × N + 1


  𝑷 =    [    p (   x 0 )  0  ⋯  0   0  p (   x 1 )  ⋯  0   ⋮  ⋮  ⋱  ⋮   0  0  ⋯  p (   x  N ) ]  N + 1 × N + 1


  𝑷 =    [    p (   x 0 )  0  ⋯  0   0  p (   x 1 )  ⋯  0   ⋮  ⋮  ⋱  ⋮   0  0  ⋯  p (   x  N ) ]  N + 1 × N + 1


    𝑷  i =    [      p  i  (   x 0 )  0  ⋯  0   0    p  i  (   x 1 )  ⋯  0   ⋮  ⋮  ⋱  ⋮   0  0  ⋯    p  i  (   x  N ) ]  N + 1 × N + 1 ,   For   all   i =   0 , 1 , … , n  


    𝑷  i =    [      p  i  (   x 0 )  0  ⋯  0   0    p  i  (   x 1 )  ⋯  0   ⋮  ⋮  ⋱  ⋮   0  0  ⋯    p  i  (   x  N ) ]  N + 1 × N + 1 ,   For   all   i =   0 , 1 , … , n  


    𝓨 0 =    [ 𝐈 ]  ( N + 1 ) × ( N + 1 )


    𝑷 0  


     [ 𝐈 ]  ( N + 1 ) × ( N + 1 )


  𝑿 =  [    X (   x 0 )   X (   x 1 )   ⋮   X (   x  N ) ] =    [    1    x 0      x 0 2  ⋯      x 0  N   1    x 1      x 1 2  ⋯      x 1  N   ⋮  ⋮  ⋮  ⋯  ⋮   1    x  N      x  N 2  ⋯      x  N  N ]  N + 1 × N + 1


  𝔗 =  {   𝜎  i ,     𝛽  j }


    i   =   0 , 1 , … , n − 1   and   j = 0 , 1 , … , m


  𝓜  (   𝜔  i   o r   j  𝔗 − 𝔗 ) =    [      Γ  ( 1 )  Γ  (   𝜔  i   o r   j  𝔗 − 𝔗 + 1 )  0  0  ⋯  0   0    Γ  ( 2 )  Γ  (   𝜔  i   o r   j  𝔗 − 𝔗 + 2 )  0  ⋯  0   0  0    Γ  ( 3 )  Γ  (   𝜔  i   o r   j  𝔗 − 𝔗 + 3 )  ⋯  0   ⋮  ⋮  ⋮  ⋱  ⋮   0  0  0  ⋯    Γ  ( N + 1 )  Γ  (   𝜔  i   o r   j  𝔗 − 𝔗 + N + 1 ) ]  N + 1 × N + 1


    𝓗  T =    [    0  1  0  0  ⋯  0   0  0  2  0  ⋯  0   0  0  0  3  ⋯  0   ⋮  ⋮  ⋮  ⋮  ⋱  ⋮   0  0  0  0  ⋯  N   0  0  0  0  ⋯  0 ]  N + 1 × N + 1       𝓚  t  j =    [      𝒦 00  j   t     𝒦 01  j   t   ⋯    𝒦  0 N  j   t      𝒦 10  j   t     𝒦 11  j   t   ⋯    𝒦  1 N  j   t    ⋮  ⋮  ⋱  ⋮     𝒦  N 0  j   t     𝒦  N 1  j   t   ⋯    𝒦  N N  j   t  ]  N + 1 × N + 1  


    𝒦  𝓂 𝓃  j   t  =    1  𝓂 ! 𝓃 !     𝜕  𝓂 + 𝓃   k  j ( 0 , 0 )  𝜕   x  𝓂 𝜕   s  𝓃   j =   0 , 1 , 2 , … , m   𝓂 , 𝓃 =   0 , 1 , 2 , … , N   𝓠  j  𝛽 =      [      q 00  j    q 01  j  ⋯    q  0 N  j     q 10  j    q 11  j  ⋯    q  1 N  j   ⋮  ⋮  ⋱  ⋮     q  N 0  j    q  N 1  j  ⋯    q  N N  j ]  N + 1 × N + 1 for   all   j = 0 , 1 , 2 , … , m ,   and   𝜅 , 𝜌 = 0 , 1 , 2 , … , N


    𝓠  j  𝛽 =  [   q  𝜅 𝜌  𝛽 , j ]   ,     q  𝜅 𝜌  𝛽 , j =     b    𝜔  j  𝛽 −   𝛽  j + 𝜅 + 𝜌 + 1   −     a    𝜔  j  𝛽 −   𝛽  j + 𝜅 + 𝜌 + 1    𝜔  j  𝛽 −   𝛽  j + 𝜅 + 𝜌 + 1  


  𝓕 =    [       f (   x 0 )  f (   x 1 )     ⋯  f (   x  N ) ]  N + 1 × 1  T


  𝓐 =    [         𝒶 0    𝒶 1     ⋯    𝒶  N ]  N + 1 × 1  𝑻


    𝓨  i ,      [   𝓗  T ]  n ,   𝑿   ,   𝓒  ( 𝛼 ) ,   𝑷  i   ,   𝑷  n , 𝓜  (   𝜔  i  𝜎 −   𝜎  i ) , 𝓜  (   𝜔  j  𝛽 −   𝛽  j ) ,     𝓚  t  j   and     𝓠  j  𝛽


  i = 0 , 1 , 2 ,   … , n − 1  


    n   =   0 , 1 , … , N ,   j = 0 , 1 , … , m


  ( N + 1 )   ×   ( N + 1 )


  𝓦 𝓐 = 𝓕   𝒐 𝒓    [ 𝓦   :   𝓕 ]   …  ( 25 )


  𝓦 =  [ 𝑷 𝑿    [   𝓗  T ]  n +   ∑  i = 0  n − 1    𝑷  i   𝓨  i 𝑿   𝓜  (   𝜔  i  𝜎 −   𝜎  i )    [   𝓗  T ]    𝜔  i  𝜎 +   𝑷  n 𝑿 −   ∑  j = 0  m    𝜆  j 𝑿     𝓚  t  j   𝓠  j  𝛽   𝓜  (   𝜔  j  𝛽 −   𝛽  j )    [   𝓗  T ]    𝜔  j  𝛽   ] 𝓒  ( 𝛼 )


  ( N + 1 )


  𝛼


  𝓐 =  [   𝒶 0   ,   𝒶 1 , . . ,   𝒶  N   ]


          𝒀  k   𝓐 =   𝜗  k  o r      [   𝒀  k   :   𝜗  k ]  for   all   k = 0 , 1 , … 𝜇 − 1   …  ( 26 )  


  𝜇 =  max ⁡   { n ,   𝜔  j  𝛽 } ,   while       𝜔  j  𝛽 − 1 < 𝛽  j ≤   𝜔  j  𝛽 ,     𝜔  j  𝛽 =  ⌈   𝛽  j ⌉   for   all   j = 0 , 1 , 2 , … , m


    𝒀  k =  [   ∑  ℓ = 0  𝜇 − 1   [  ℊ  k ℓ 𝑿  ( a )   +   𝒽  k ℓ 𝑿  ( b )   ]    [   𝓗  T ] ℓ   ] 𝓒  ( 𝛼 )  


    𝒀  k =  [   ∑  ℓ = 0  𝜇 − 1   [  ℊ  k ℓ 𝑿  ( a )   +   𝒽  k ℓ 𝑿  ( b )   ]    [   𝓗  T ] ℓ   ] 𝓒  ( 𝛼 )  


  =  [   𝓎  k 0     𝓎  k 1     𝓎  k 2   . . .     𝓎  k N   ] ,   k   =   0 , 1 , . . . ,   𝜇 − 1 .


  =  [   𝓎  k 0     𝓎  k 1     𝓎  k 2   . . .     𝓎  k N   ] ,   k   =   0 , 1 , . . . ,   𝜇 − 1 .


  𝓦 𝓐 = 𝓕


  𝜇


   [   𝓦 ∗ :   𝓕 ∗ ] =  [      𝓌 00    𝓌 01    𝓌 02  ⋯    𝓌  0 N  :  f (   x 0 )     𝓌 10    𝓌 11    𝓌 12  ⋯    𝓌  1 N  :  f (   x 1 )     𝓌 20    𝓌 21    𝓌 22  ⋯    𝓌  2 N  :  f (   x 2 )   ⋮  ⋮  ⋮  ⋱  ⋮  :  ⋮     𝓌  N −   𝜇 , 0    𝓌  N −   𝜇 , 1    𝓌  N −   𝜇 , 2  ⋯    𝓌  N −   𝜇 , N  :  f (   x  N − 𝜇 )     𝓎 00    𝓎 01    𝓎 02  ⋯    𝓎  0 N  :    𝜗 0     𝓎 10    𝓎 11    𝓎 12  ⋯    𝓎  1 N  :    𝜗 1     𝓎 20    𝓎 21    𝓎 22  ⋯    𝓎  2 N  :    𝜗 2   ⋮  ⋮  ⋮  ⋱  ⋮  :  ⋮     𝓎  𝜇 − 1 , 0    𝓎  𝜇 − 1 , 1    𝓎  𝜇 − 1 , 2  ⋯    𝓎  𝜇 − 1 , N  :    𝜗  𝜇 − 1 ]   …  ( 27 )


  𝓐 =   (   𝓦 ∗ )  − 1   𝓕 ∗


    𝓦 ∗ = r a n k  [   𝓦 ∗ :   𝓕 ∗ ] = N + 1


   det ⁡   (   𝓦 ∗ ) = 0


    𝒶  k     ( k = 0 , 1 , 2 , . . , N )


  r a n k  [   𝓦 ∗ ] = r a n k  [   𝓦 ∗ :   𝓕 ∗ ] < N + 1


  N


  𝜇


  N > ,   𝜇 = 𝜇 =  max ⁡    { n ,   𝜔  j  (   0 : m ¯ )  𝛽 }


    𝓗  T


   (   x ℓ )  | y  (   x ℓ ) −     y ^  N (   x ℓ ) |   ,   fo   r   … ,   M


   [ 0 , 1 ]


      y ′  ( x ) + x       D  x  0 . 1 y  ( x )  0  C − x   y ( x ) = f ( x ) +   ∫ 0 1   [   e  x   y ( s )   − s       D  x  0 . 6 y  ( s )  0  C ] d s


  f ( x ) =  2  Γ ( 2 . 9 )   x  2 . 9 −  1  Γ ( 1 . 9 )   x  1 . 9 +  2  3 . 4   Γ ( 2 . 4 ) −  1  2 . 4   Γ ( 1 . 4 ) −   x 3 +   x 2 + 2   x +     e  x 6 − 1


  2   y  ( 0 ) + y  ( 1 ) = 0


  y  ( x ) =   x 2 −   x


  n = m = 1 ;   𝜎 0 = 0 . 1 ⇒     𝜔 0  𝜎 =  ⌈   𝜎 0 ⌉ = 1


    𝛽 0 = 0 ,     𝛽 1 = 0 . 6 ⇒     𝜔 0  𝛽 = 0 ;     𝜔 1  𝛽 =  ⌈ 0 . 6 ⌉ = 1


  𝜇 =  max ⁡    { 1 , 0 , 1 } = 1


  p  ( x ) = 1 ,   p 0  ( x ) =   x ,   p 1  ( x ) = −   x ,     𝜆 0   =   1 ,     𝜆 1 = − 1 ,     𝒦 0  ( x , s )   =     e  x ,   𝒦 1  ( x , s ) = s


  N   = 3


   {   x 0 = 0   ,     x 1 =    1 3 ,   x  2   =  2 3   ,     x 3 = 1 }   ,


   [ 𝑷 𝑿    [   𝓗  T ] 1 +   𝑷 0   𝓨 0 𝑿   𝓜  (   𝜔 0  𝜎 −   𝜎 0 )    [   𝓗  T ]    𝜔 0  𝜎 +   𝑷 1 𝑿 −   𝜆 0 𝑿     𝓚  t 0   𝓠 0  𝛽   𝓜  (   𝜔 0  𝛽 −   𝛽 0 )    [   𝓗  T ]    𝜔 0  𝛽 −   𝜆 1 𝑿     𝓚  t 1   𝓠 1  𝛽   𝓜  (   𝜔 1  𝛽 −   𝛽 1 )    [   𝓗  T ]    𝜔 1  𝛽   ] 𝓒  ( 𝛼 ) 𝓐 = 𝑭   . . . ( 28 )


  𝑿  ( x ) =  [       1  x       x 2    x 3 ] ,   𝑿 =  [    X (   x 0 )   X (   x 1 )   X (   x 2 )   X (   x 3 ) ]   =    [    1  0  0  0   1   1 3   1 9   1 27   1   2 3   4 9   8 27   1  1  1  1 ]


  𝑷 =      [ I ] 4 ,   𝑷 0 =  [    0  0  0  0   0   1 3  0  0   0  0   2 3  0   0  0  0  1 ] ,     𝑷 1 =  [    0  0  0  0   0  −  1 3  0  0   0  0  −  2 3  0   0  0  0  − 1 ]


  𝑷 =      [ I ] 4 ,   𝑷 0 =  [    0  0  0  0   0   1 3  0  0   0  0   2 3  0   0  0  0  1 ] ,     𝑷 1 =  [    0  0  0  0   0  −  1 3  0  0   0  0  −  2 3  0   0  0  0  − 1 ]


  


   [ 𝑾 : 𝑭 ]   =  [    − 2  0 . 969608540827512  2   𝛼   +   0 . 140221497753233  0 . 207410916390433   −   2 . 90882562248253   𝛼  :  − 0 . 82938704   − 3 . 45679012345679  0 . 789910308256976  3 . 45679012345679   𝛼   +   0 . 683407303089107  0 . 445234317407345   −   2 . 36973092477093 𝛼  :  − 0 . 10641122     − 5 . 209876543209877  0 . 537263358021483  5 . 20987654320988   𝛼   +   1 . 20221015006176  1 . 34154811664862   −   1 . 61179007406445   𝛼  :  0 . 66652386   − 7 . 333333333333334  0 . 176029341841815    7 . 33333333333333   𝛼 +   1 . 67914397835308    2 . 92296290781557   − 0 . 5280880255254450   𝛼  :  1 . 51171716 ]


    𝒀  k   𝓐 =   𝝑  𝒌


   [   𝒀  k   :   𝝑  𝒌 ]   ;


  k = 0  


   [   𝒀 0   :   𝝑  𝟎 ] =  [ 6   1   1 − 6 𝛼   1 − 3 𝛼   :   0 ]


   [   𝑾 ∗ :   𝑭 ∗ ]   =  [    − 2  0 . 969608540827512  2   𝛼   +   0 . 140221497753233  0 . 207410916390433   −   2 . 90882562248253   𝛼  :  − 0 . 82938704   − 3 . 45679012345679  0 . 789910308256976  3 . 45679012345679   𝛼   +   0 . 683407303089107  0 . 445234317407345   −   2 . 36973092477093 𝛼  :  − 0 . 10641122     − 5 . 209876543209877  0 . 537263358021483  5 . 20987654320988   𝛼   +   1 . 20221015006176  1 . 34154811664862   −   1 . 61179007406445   𝛼  :  0 . 66652386   6    1  1   −   6   𝛼  1   −   3   𝛼  :  0 ]


  𝛼


  𝓐


  𝛼   =   0


  𝓐   =   [   0 . 89991575   − 1 . 08823897   0 . 92562477   − 0 . 01649811 ]  T


  𝛼


    𝒶  k     ( k = 0 , 1 , 23 )


      y ^ 3  ( x )


  3


  0


        y ^ 3  ( x ) |  𝛼 = 0   = 0 . 001991603368542   x 3 +   0 . 998934186184855   x 2 − 1 . 0004391805954   x − 0 . 000162202985998228


        y ^ 9  ( x ) |  𝛼 = 0 = 5 . 3009384601   × 10  − 8   x 9 − 1 . 353049576349   × 10  − 7     x 8 + 1 . 613669975154   × 10  − 7   x 7 − 1 . 107803940969   × 10  − 7     x 6 +   4 . 628880762742   × 10  − 8     x 5 − 1 . 180419924511   × 10  − 8   x 4 +   1 . 544972677715   × 10  − 9     x 3 + 0 . 999999998950     x 2 − 1 . 000000001584   x − 5 . 621048772162   × 10  − 10


        y ^ 18  ( x ) |  𝛼 = 0     5 . 808059407448 ×  10  − 6   x 18 − 4 . 922885731739 ×  10  − 5   x 17 +   0 . 000192258246     x 16 − 0 . 000458823309     x 15 + 0 . 000748201062     x 14 − 0 . 000883103382     x 13 + 0 . 000779570958     x 12 − 0 . 000524425884     x 11 + 0 . 00027137753     x 10 −   0 . 000108257609     x 9 + 3 . 314528322851 ×  10  − 5   x 8 − 7 . 700441074737 ×  10  − 6   x 7 + 1 . 330507993282 ×  10  − 6   x 6 − 1 . 654741474839 ×  10  − 7   x 5 + 1 . 403104905265 ×  10  − 8   x 4 −   7 . 338023602829 ×  10  − 10   x 3 + 1 . 000000000018     x 2 − 1 . 0000000000001   x   − 7 . 479025169221 ×  10  − 14


        y ^ 18  ( x ) |  𝛼 = 0     5 . 808059407448 ×  10  − 6   x 18 − 4 . 922885731739 ×  10  − 5   x 17 +   0 . 000192258246     x 16 − 0 . 000458823309     x 15 + 0 . 000748201062     x 14 − 0 . 000883103382     x 13 + 0 . 000779570958     x 12 − 0 . 000524425884     x 11 + 0 . 00027137753     x 10 −   0 . 000108257609     x 9 + 3 . 314528322851 ×  10  − 5   x 8 − 7 . 700441074737 ×  10  − 6   x 7 + 1 . 330507993282 ×  10  − 6   x 6 − 1 . 654741474839 ×  10  − 7   x 5 + 1 . 403104905265 ×  10  − 8   x 4 −   7 . 338023602829 ×  10  − 10   x 3 + 1 . 000000000018     x 2 − 1 . 0000000000001   x   − 7 . 479025169221 ×  10  − 14


  𝛼


      y ^  N  ( x )


  y ( x )


  N = 3 , 9   and   18


  N


  𝛂


  𝒙


  N = 3 , 9   and   18


   ( 𝛼 = 0 )


    𝒙  𝓲


  y  ( x ) =   x 2 − x


      y ^  N  ( x )


  𝑵 = 𝟑   ,   𝛂   = 𝟎


  𝑵 = 𝟗   ,   𝛂   = 𝟎


  𝑵 = 𝟏 𝟖   ,   𝛂   = 𝟎


  0 . 0


  0


  − 1 . 62202986   × 10  − 4


  − 5 . 62104877   × 10  − 10


  − 7 . 47902517   × 10  − 14


  0 . 1


  − 0 . 09


  − 9 . 02147876 ×  10  − 2


  − 9 . 00000007   × 10  − 2


  − 9 . 00000000   × 10  − 2


  0 . 2


  − 0 . 16


  − 1 . 60276739   × 10  − 1


  − 1 . 60000001   × 10  − 1


  − 1 . 60000000   × 10  − 1


  0 . 3


  − 0 . 21


  − 2 . 10336107   × 10  − 1


  − 2 . 10000001   × 10  − 1


  − 2 . 10000000   × 10  − 1


  0 . 4


  − 0 . 24


  − 2 . 40380943   × 10  − 1


  − 2 . 40000001   × 10  − 1


  − 2 . 40000000   × 10  − 1


  0 . 5


  − 0 . 25


  − 2 . 50399296   × 10  − 1


  − 2 . 50000002   × 10  − 1


  − 2 . 50000000   × 10  − 1


  0 . 6


  − 0 . 24


  − 2 . 40379218   × 10  − 1


  − 2 . 40000002   × 10  − 1


  − 2 . 40000000   × 10  − 1


  0 . 7


  − 0 . 21


  − 2 . 10308758   × 10  − 1


  − 2 . 10000002   × 10  − 1


  − 2 . 10000000   × 10  − 1


  0 . 8


  − 0 . 16


  − 1 . 60175967   × 10  − 1


  − 1 . 60000002   × 10  − 1


  − 1 . 60000000   × 10  − 1


  0 . 9


  − 0 . 09


  − 8 . 99688959 ×  10  − 2


  − 9 . 00000015 ×  10  − 2


  − 9 . 00000000 ×  10  − 2


  1 . 0


  0 . 00


  3 . 24405972 ×  10  − 4


  1 . 12421154 ×  10  − 9


  1 . 53471602 ×  10  − 13


  𝟗 . 𝟒 𝟐 𝟖 𝟔 𝟎 𝟎 𝟎 𝟖 ×   𝟏 𝟎  − 𝟕


  𝟐 . 𝟑 𝟔 𝟓 𝟎 𝟓 𝟕 𝟔 𝟐 ×   𝟏 𝟎  − 𝟏 𝟕


  𝟑 . 𝟔 𝟑 𝟑 𝟖 𝟒 𝟓 𝟒 𝟑 ×   𝟏 𝟎  − 𝟐 𝟓


  𝟐 𝟑 . 𝟔 𝟑 𝟖 𝟖 𝟏 𝟎 𝟑 𝟗 𝟔 𝟐


  𝟏 𝟖 . 𝟏 𝟗 𝟎 𝟕 𝟒 𝟓 𝟏 𝟏 𝟓


  𝟐 𝟑 . 𝟕 𝟎 𝟗 𝟔 𝟓 𝟗 𝟑 𝟑 𝟕 𝟗


  N


  𝛂


  𝛂


  𝑵


  N = 3


  N =   9


  N = 18


  α   = 0 . 8


  9 . 42860008 ×  10  − 7


  2 . 36505379 ×  10  − 17


  3 . 39154201 ×  10  − 23


  α   = 10


  9 . 42860008 ×  10  − 7


  2 . 36501452 ×  10  − 17


  1 . 5546916 ×  10  − 28


  α   = 20


  9 . 42860008 ×  10  − 7


  2 . 36494586 ×  10  − 17


  1 . 83362397 ×  10  − 28


  [ 0 , 1 ]


    y ″  ( x )   −   x 2       D  x  1 . 2 y  ( x )   +   x 2   y ( x )    0  C =   f ( x ) −  1 4   ∫ 0 1  s  cos ⁡   ( x ) y ( s )   d s +  1 2   ∫ 0 1   [ 2    sin ⁡   ( x ) + 1 ]       D  s  1 . 7 y  ( s ) d s  0  C


  f  ( x ) =   − 3  Γ ( 1 . 8 )   x  1 . 8 −  6  1 . 3   Γ ( 1 . 3 )  [  sin ⁡   ( x ) +  1 2 ] + 3   x 4 + 2   x 3 +   x 2 +  23 48    cos ⁡   ( x ) + 6


    y  ( 1 ) −   y ′  ( 0 )   =   4


  y ( 0 ) = 1


  y  ( x )   =   3   x 2 + 2   x + 1


    𝜎 0 =   0 . 2


      𝜎 1 =   1 . 2


  ⇒  


    𝜔 0  𝜎 =  ⌈   𝜎 0 ⌉ = 1


    𝜔 1  𝜎 =  ⌈   𝜎 1 ⌉ = 2


    𝛽 0


    𝛽 1 = 1 . 7


  ⇒


    𝜔 1  𝛽 =  ⌈ 1 . 7 ⌉ = 2


  𝜇 =  max ⁡    { n ,   𝜔 0  𝛽 ,   𝜔 1  𝛽 } =  max ⁡   { 2 , 0 , 2 } = 2 .   p  ( x ) = 1 ,     p 0  ( x ) = 0 ,     p 1  ( x ) =   − 1 2 x ,     p 2  ( x ) =   x 2


    𝜆 0 =   − 1 4 ;     𝜆 1 =   1   2


    𝒦 0  ( x , s ) = s  cos ⁡   ( x )


    𝒦 1  ( x , s ) = 2    sin ⁡   ( x ) + 1 .


  N   = 3


   [ 𝑷 𝑿    [   𝓗  T ] 2 +   𝑷 0   𝓨  𝟎 𝑿 𝓜  (   𝜔 0  𝜎 −   𝜎 0 )    [   𝓗  T ]    𝜔 0  𝜎 +   𝑷 1   𝓨  𝟏 𝑿 𝓜  (   𝜔 1  𝜎 −   𝜎 1 )    [   𝓗  T ]    𝜔 1  𝜎 +   𝑷 2 𝑿 −   𝜆 0   𝑿 𝓚  t 0   𝓠 0  𝛽 𝓜  (   𝜔 0  𝛽 −   𝛽 0 )    [   𝓗  T ]    𝜔 0  𝛽 −   𝜆 1   𝑿 𝓚  t 1   𝓠 1  𝛽 𝓜  (   𝜔 1  𝛽 −   𝛽 1 )    [   𝓗  T ]    𝜔 1  𝛽 ] 𝓒  ( 𝛼 ) 𝓐 = 𝑭


   { 𝑿 , 𝑷 ,   𝑷 0 ,   𝑷 1 ,   𝑷 2 ,   𝓨  𝟎 ,   𝓨  𝟏 , 𝓗 , 𝓜 ,   𝓚  t 0 ,   𝓚  t 1 ,   𝓠 0  𝛽 ,   𝓠 1  𝛽 , 𝓒  ( 𝛼 )   and   𝑭 }


   [   𝑾 ∗ :   𝑭 ∗ ]   =  [    0 . 25  0 . 0833333333333333  1 . 20539037804054 − 0 . 25   𝛼    −   1 . 06796907212104   −   0 . 25   𝛼  :  3 . 9078378   0 . 4583333333333333  0 . 0414348782387062    0 . 625918330646555 − 0 . 458333333333333   𝛼  0 . 192028931210135   − 0 . 124304634716119 𝛼  :  1 . 97519971     2  0  1 − 2   𝛼    1  :  4   2    0  − 2   𝛼  0  :  1 ]


  N   =   3


  𝛼 = 0


        y ^ 3  ( x ) |  𝛼 = 0   = 2 . 513775627929 ×  10  − 5     x 3 + 2 . 999974862244     x 2 + 2 . 000685765869   x + 1 . 0


  N   =   8


  N   =   16


  𝛼 = 0  


        y ^ 8  ( x ) |  𝛼 = 0       = − 1 . 426724585599 ×  10  − 6   x 8 +   2 . 971728079354 ×  10  − 6     x 7 −   2 . 592876036208   × 10  − 6     x 6 + 1 . 313196918972 ×  10  − 6     x 5 −   2 . 886989659583   × 10  − 7     x 4 − 1 . 65332851124359   × 10  − 8     x 3 +   3 . 00000003990787     x 2 +   1 . 999997328305   x   + 1 . 0 .


          y ^ 16  ( x ) |  𝛼 = 0   = 8 . 453789007483   × 10  − 9     x 16   −   5 . 743589496226   × 10  − 8   x 15   +   1 . 764501614698   × 10  − 7     x 14 −   3 . 240020311467   × 10  − 7     x 13 +   3 . 959898171374   × 10  − 7     x 12 −   3 . 394521744511   × 10  − 7     x 11 +   2 . 094961584095   × 10  − 7     x 10   −   9 . 40296854664   × 10  − 8 x 9 +   3 . 063071655653   × 10  − 8     x 8 −   7 . 144982987147   × 10  − 9     x 7 +   1 . 161867766646   × 10  − 9     x 6 −   1 . 258873230092   × 10  − 10     x 5 +   8 . 338307932265   × 10  − 12     x 4 −   1 . 974526199189   × 10  − 13     x 3 +   3 . 0     x 2 +   2 . 000000000003   x   +   1 . 0


  y ( x )


      y ^  N  ( x )


  N =   3 ,   8   and   16


  N


  𝛂


  𝒙


  N = 3 , 8   and   16


   ( 𝛼 = 0 )


    𝒙  𝓲


  y  ( x )   =   3   x 2 + 2   x + 1


      y ^  N  ( x )


  𝑵 = 𝟑


    𝛂   = 𝟎


  𝑵 = 𝟖   ,   𝛂   = 𝟎


  𝑵 = 𝟏 𝟔   ,   𝛂   = 𝟎


  0 . 0


  1


  1


  1


  1


  0 . 1


  1 . 23


  1 . 23006835


  1 . 22999973


  1 . 23


  0 . 2


  1 . 52


  1 . 52013635


  1 . 51999947


  1 . 52


  0 . 3


  1 . 87


  1 . 87020415


  1 . 8699992


  1 . 87


  0 . 4


  2 . 28


  2 . 28027189


  2 . 27999894


  2 . 28


  0 . 5


  2 . 75


  2 . 75033974


  2 . 74999867


  2 . 75


  0 . 6


  3 . 28


  3 . 28040784


  3 . 27999841


  3 . 28


  0 . 7


  3 . 87


  3 . 87047634


  3 . 86999815


  3 . 87


  0 . 8


  4 . 52


  4 . 5205454


  4 . 5199979


  4 . 52


  0 . 9


  5 . 23


  5 . 23061515


  5 . 22999763


  5 . 23


  1 . 0


  6


  6 . 00068577


  5 . 99999733


  6


  𝟏 . 𝟕 𝟗 𝟑 𝟔 𝟔 𝟓 𝟕 𝟗 ×   𝟏 𝟎  − 𝟔


  𝟐 . 𝟕 𝟎 𝟎 𝟒 𝟕 𝟔 𝟕 𝟕 ×   𝟏 𝟎  − 𝟏 𝟏


  𝟐 . 𝟔 𝟕 𝟖 𝟔 𝟏 𝟒 𝟓 ×   𝟏 𝟎  − 𝟐 𝟑


  𝟎 . 𝟏 𝟎 𝟗 𝟒 𝟏 𝟓 𝟕 𝟔 𝟗 𝟓


  𝟎 . 𝟐 𝟐 𝟑 𝟗 𝟗 𝟕 𝟖 𝟑 𝟏 𝟑


  𝟎 . 𝟓 𝟑 𝟏 𝟐 𝟓 𝟓 𝟎 𝟎 𝟔 𝟖


  N


  𝛂


  𝑵


  𝛼   = 10


  1 . 79366579 ×  10  − 6


  2 . 70047679 ×  10  − 11


  5 . 13430066 ×  10  − 24


  𝛼   = 15


  1 . 79366579 ×  10  − 6


  2 . 70047686 ×  10  − 11


  1 . 23501105 ×  10  − 27


  𝛼   = 20


  1 . 79366578 ×  10  − 6


  2 . 70047683 ×  10  − 11


  3 . 9425164 ×  10  − 25


  [ 0 , 3 ]


   1 6     y ‴  ( x ) +   x       D  x  0 . 2 y  ( x ) −   x 4       D  x  0 . 5 y  ( x ) + y ( x )    0  C  0  C =   f ( x )   +  1 100   ∫ 0 3     [  sin ⁡   (   x 2 ) y  ( s ) −  [ 2 x − s ]       D  s  1 . 5 y  ( s )  0  C ] d s


    f  ( x ) =  6  Γ ( 3 . 8 )   x  3 . 8 −  3  2   Γ  ( 3 . 5 )   x  3 . 5 +    6  100 Γ  ( 2 . 5 )  [   2    ( 3 )  2 . 5   x  2 . 5 −    3  3 . 5    3 . 5 ] +   x 3 −  1725 1000    sin ⁡   (   x 2 )


    y  ( 0 ) +   y ″  ( 0 )   =   − 1


  y  ( 3 ) = 26  


    y ″  ( 0 ) = 0  


  y  ( x )   =     x 3 − 1


    𝜎 0 =   0 . 2


      𝜎 1 =   0 . 3


      𝜎 2 =   0 . 5


  ⇒  


    𝜔 0  𝜎 =  ⌈   𝜎 0 ⌉ = 1


    𝜔 1  𝜎 =  ⌈   𝜎 1 ⌉ = 1


    𝜔 2  𝜎 =  ⌈   𝜎 2 ⌉ = 1


    𝛽 0 = 0


    𝛽 1 = 1 . 5 ⇒   𝜔 1  𝛽 =  ⌈ 1 . 5 ⌉ = 2


  𝜇 =  max ⁡    { n ,   𝜔 0  𝛽 ,   𝜔 1  𝛽 } =  max ⁡   { 3 , 0 , 2 } = 3


  p  ( x ) =   1   6 ,       p 0  ( x ) = 1 ,     p 1  ( x ) = 0 ,     p 2  ( x ) =   − x 4 ,     p 3 ( x )


    𝜆 0 = −   𝜆 1 = 1 / 100


    𝒦 0  ( x , s ) =  sin ⁡   (   x 2 )


    𝒦 1  ( x , s ) = 2   x   −   s


  𝜇   =   3


   [ 𝒑 𝑿    [   𝓗  T ] 3 +   𝒑 0   𝓨  𝟎 𝑿 𝓜  (   𝜔 0  𝜎 −   𝜎 0 )    [   𝓗  T ]    𝜔 0  𝜎 +   𝒑 1   𝓨  𝟏 𝑿 𝓜  (   𝜔 1  𝜎 −   𝜎 1 )    [   𝓗  T ]    𝜔 1  𝜎 +   𝒑 2   𝓨  𝟐 𝑿 𝓜  (   𝜔 2  𝜎 −   𝜎 2 )    [   𝓗  T ]    𝜔 2  𝜎 +   𝒑 3 𝑿 −   𝜆 0   𝑿 𝓚  t 0   𝓠 0  𝛽 𝓜  (   𝜔 0  𝛽 −   𝛽 0 )    [   𝓗  T ]    𝜔 0  𝛽 −   𝜆 1   𝑿 𝓚  t 1   𝓠 1  𝛽 𝓜  (   𝜔 1  𝛽 −   𝛽 1 )    [   𝓗  T ]    𝜔 1  𝛽 ] 𝓒  ( 𝛼 ) 𝓐 = 𝑭


  N   =   5


  𝛼   =   0  


        y ^ 5  ( x ) |  𝛼 = 0   = 2 . 53893774886347 ×  10  − 7   x 5 − 8 . 63144992267004 ×  10  − 7   x 4 + 1 . 00000015390038   x 3 − 4 . 52849426513779 ×  10  − 16   x 2 + 1 . 35441558019412 ×  10  − 6 − 0 . 999999999999997


  N   =   11   a n d   N   =   17


  𝛼   =   0  


        y ^ 11  ( x ) |  𝛼 = 0   = 2 . 9338626748 ×  10  − 14     x 11   −   1 . 016746573599 ×  10  − 12     x 10   + 5 . 135429241185 ×  10  − 12     x 9   −   9 . 2058525627988 ×  10  − 12     x 8   + 1 . 736178106676 ×  10  − 11     x 7 −   1 . 514882356699 ×  10  − 11     x 6 − 2 . 897303209711 ×  10  − 11     x 5 −   1 . 102922560568 ×  10  − 10     x 4 + 1 . 000000000075     x 3 −   2 . 785642900299 ×  10  − 16     x 2 + 3 . 984965988645 ×  10  − 10   x −   0 . 999999999999


          y ^ 17  ( x ) |  𝛼 = 0   = − 1 . 654667030095 ×  10  − 15     x 17   +   3 . 341203985699 ×  10  − 14     x 16 −   3 . 069686072048 ×  10  − 13     x 15 +   1 . 698781377278 ×  10  − 12     x 14 −   6 . 318183129705 ×  10  − 12   x 13 +   1 . 668184155342 ×  10  − 11     x 12 −   3 . 219069991208 ×  10  − 11     x 11 +   4 . 602994471688 ×  10  − 11     x 10 −   4 . 890002175032 ×  10  − 11     x 9 +   3 . 831557755835 ×  10  − 11 −   2 . 170392427776 ×  10  − 11   x 7   +   8 . 587808053958 ×  10  − 12     x 6 −   2 . 314934160798 ×  10  − 12     x 5 −   2 . 17406927383 ×  10  − 14   x 4   +   1 . 000000000001     x 3 −   1 . 011138077798 ×  10  − 15   x 3 +   1 . 28662025479 ×  10  − 12   x   −   1 . 0


          y ^ 17  ( x ) |  𝛼 = 0   = − 1 . 654667030095 ×  10  − 15     x 17   +   3 . 341203985699 ×  10  − 14     x 16 −   3 . 069686072048 ×  10  − 13     x 15 +   1 . 698781377278 ×  10  − 12     x 14 −   6 . 318183129705 ×  10  − 12   x 13 +   1 . 668184155342 ×  10  − 11     x 12 −   3 . 219069991208 ×  10  − 11     x 11 +   4 . 602994471688 ×  10  − 11     x 10 −   4 . 890002175032 ×  10  − 11     x 9 +   3 . 831557755835 ×  10  − 11 −   2 . 170392427776 ×  10  − 11   x 7   +   8 . 587808053958 ×  10  − 12     x 6 −   2 . 314934160798 ×  10  − 12     x 5 −   2 . 17406927383 ×  10  − 14   x 4   +   1 . 000000000001     x 3 −   1 . 011138077798 ×  10  − 15   x 3 +   1 . 28662025479 ×  10  − 12   x   −   1 . 0


  y ( x )


      y ^  N  ( x )


  N =   3 ,   8   and   16


  N


  𝛂


  𝒙


  N = 3 , 8   and   16


   ( 𝛼 = 0 )


    𝒙  𝓲


    𝒚  𝑵 ( 𝒙 )


  𝑵 = 𝟓   ,   𝛂   = 𝟎


  𝑵 = 𝟏 𝟏   ,   𝛂   = 𝟎


  𝑵 = 𝟏 𝟕   ,   𝛂   = 𝟎


  0 . 0


  − 1


  − 1 . 0


  − 1 . 0


  − 1 . 0


  0 . 1


  − 0 . 999


  − 9 . 98999864   × 10  − 1


  − 9 . 99000000   × 10  − 1


  − 9 . 9900000   × 10  − 1


  0 . 2


  − 0 . 992


  − 9 . 91999729   × 10  − 1


  − 9 . 92000000   × 10  − 1


  − 9 . 9200000   × 10  − 1


  0 . 3


  − 0 . 973


  − 9 . 72999596   × 10  − 1


  − 9 . 73000000   × 10  − 1


  − 9 . 7300000   × 10  − 1


  0 . 4


  − 0 . 936


  − 9 . 35999468   × 10  − 1


  − 9 . 36000000   × 10  − 1


  − 9 . 3600000   × 10  − 1


  0 . 5


  − 0 . 875


  − 8 . 74999350   × 10  − 1


  − 8 . 75000000   × 10  − 1


  − 08 . 7500000   × 10  − 1


  0 . 6


  − 0 . 784


  − 7 . 83999246   × 10  − 1


  − 7 . 84000000   × 10  − 1


  − 7 . 8400000   × 10  − 1


  0 . 7


  − 0 . 657


  − 6 . 56999164   × 10  − 1


  − 6 . 57000000   × 10  − 1


  − 6 . 5700000   × 10  − 1


  0 . 8


  − 0 . 488


  − 4 . 87999108   × 10  − 1


  − 4 . 88000000   × 10  − 1


  − 4 . 8800000   × 10  − 1


  0 . 9


  − 0 . 271


  − 2 . 70999085   × 10  − 1


  − 2 . 71000000   × 10  − 1


  − 2 . 7100000   × 10  − 1


  1 . 0


  0


  8 . 99064745   × 10  − 7


  3 . 30887984   × 10  − 10


  9 . 2481578   × 10  − 13


  𝟒 . 𝟔 𝟔 𝟗 𝟓 𝟕 𝟑 𝟐 𝟓   × 𝟏 𝟎  − 𝟏 𝟐


  𝟓 . 𝟐 𝟑 𝟏 𝟒 𝟑 𝟖 𝟓 𝟒   × 𝟏 𝟎  − 𝟏 𝟗


  𝟒 . 𝟔 𝟏 𝟕 𝟎 𝟓 𝟒 𝟒   × 𝟏 𝟎  − 𝟐 𝟒


  𝟎 . 𝟎 𝟗 𝟔 𝟖 𝟓 𝟔 𝟖 𝟑 𝟐 𝟓


  𝟎 . 𝟐 𝟎 𝟓 𝟑 𝟑 𝟗 𝟒 𝟑 𝟏 𝟖


  𝟎 . 𝟒 𝟎 𝟒 𝟖 𝟕 𝟔 𝟕 𝟎 𝟖 𝟗 𝟖


  N


  𝛂


  𝑵


  𝑵 = 𝟓


  𝑵 =   𝟏 𝟏


  𝑵 = 𝟏 𝟕


  𝛼   = 1


  4 . 66957327 ×  10  − 12


  5 . 23602057 ×  10  − 19


  2 . 18256269 ×  10  − 23


  𝛼   =   2


  4 . 66957325 ×  10  − 12


  5 . 23669007 ×  10  − 19


  2 . 29884455 ×  10  − 22


  𝛼   = 10


  4 . 66957342 ×  10  − 12


  5 . 0910375 ×  10  − 19


  1 . 60170184 ×  10  − 20


   [ 0 , 1 ]


     1 3     y ′  ( x ) + 2 x       D  x  0 . 4 y  ( x ) + y ( x )  0  C = f ( x ) +   ∫ 0 1   [ e x p ( x ) + s   ]   y  ( s ) d s −  8 10   ∫ 0 1   [ s + 3 ]     D  x  0 . 8 y  ( s )  0  C   d s  


  f  ( x ) =   ∑  𝒷 = 0 ∞   [   6     x  𝒷 + 1 . 6  Γ ( 𝒷 + 1 . 6 )   +     2 . 4  Γ ( 𝒷 + 1 . 2 )    (  1  𝒷   +   2 . 2   +    3  𝒷   +   1 . 2 )   ] − 3     e  x   e 1 + 7     e  x − 3


  = 3


  y  ( x )   =   3     e  x


    𝜎 0 =   0 . 4 ⇒     𝜔 0  𝜎 =  ⌈   𝜎 0 ⌉ = 1 ,     𝛽 0 = 0


    𝛽 1 =   0 . 8   ⇒     𝜔 1  𝛽 =  ⌈   𝛽 1 ⌉ = 1


  𝜇 =  max ⁡    { n ,   𝜔 0  𝛽 ,   𝜔 1  𝛽 } = 1


  p  ( x ) =  1 3 ,     p 0  ( x ) = 2 x ,     p 1  ( x ) = 1


    𝒦 0  ( x , s ) =   e  x + s ,     𝒦 1  ( x , s ) = s   + 3   .


    𝜆 0 =   1 ,     𝜆 1 =   −   0 . 8


    N -  


  f ( x )   :


  f  ( x ) =   ∑  𝒷 = 0    N -   [   6     x  𝒷 + 1 . 6  Γ ( 𝒷 + 1 . 6 )   +     2 . 4  Γ ( 𝒷 + 1 . 2 )    (    1  𝒷   +   2 . 2   +    3  𝒷   +   1 . 2   ) ] − 3     e  x   e 1 + 7     e  x − 3  


  𝜇   =   1


   [ 𝑷 𝑿    [   𝓗  T ] 1 +   𝑷 0   𝓨  𝟎 𝑿 𝓜  (   𝜔 0  𝜎 −   𝜎 0 )    [   𝓗  T ]    𝜔 0  𝜎 +   𝑷 2 𝑿 −   𝜆 0   𝑿 𝓚  t 0   𝓠 0  𝛽 𝓜  (   𝜔 0  𝛽 −   𝛽 0 )    [   𝓗  T ]    𝜔 0  𝛽   −   𝜆 1   𝑿 𝓚  t 1   𝓠 1  𝛽 𝓜  (   𝜔 1  𝛽 −   𝛽 1 )    [   𝓗  T ]    𝜔 1  𝛽 ] 𝓒  ( 𝛼 ) 𝓐 = 𝑭


    N -   = 6   ,


  N   =   3 ,   5   and   11


  𝛼 = 0


          y ^ 3  ( x ) |  𝛼 = 0   =   0 . 801730029120443     x 3 +   1 . 18147978608646     x 2 + 3 . 15087173242313   x +   3 . 0


        y ^ 5  ( x ) |  𝛼 = 0     =   0 . 0331830819509585     x 5 + 0 . 115713052471747     x 4 +   0 . 509565731617031     x 3 1 . 49213981816473     x 2 + 3 . 00362993899182   x +   3 . 0


          y ^ 11  ( x ) |  𝛼 = 0   = 0 . 000862503530018023     x 11 − 0 . 00493209094929653     x 10 + 0 . 0127424321429466     x 9 − 0 . 0198016533705852     x 8 + 0 . 0214406785912543     x 7 − 0 . 011450821413027     x 6 + 0 . 0334331066631315     x 5 + 0 . 121957704862877     x 4 + 0 . 500471802039465     x 3 + 1 . 50016966473797     x 2 + 2 . 99987668253542   x + 3 . 0


          y ^ 11  ( x ) |  𝛼 = 0   = 0 . 000862503530018023     x 11 − 0 . 00493209094929653     x 10 + 0 . 0127424321429466     x 9 − 0 . 0198016533705852     x 8 + 0 . 0214406785912543     x 7 − 0 . 011450821413027     x 6 + 0 . 0334331066631315     x 5 + 0 . 121957704862877     x 4 + 0 . 500471802039465     x 3 + 1 . 50016966473797     x 2 + 2 . 99987668253542   x + 3 . 0
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    𝒙  𝓲
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    𝒚  𝑵 ( 𝒙 )


  𝑵 = 𝟑   , 𝛂   = 𝟎


  𝑵 = 𝟓   ,   𝛂   = 𝟎


  𝑵 = 𝟏 𝟏   ,   𝛂   = 𝟎


  0 . 0


  3


  3


  3


  3


  0 . 1


  3 . 31551275


  3 . 3277037


  3 . 31580586


  3 . 31550236


  0 . 2


  3 . 66420827


  3 . 68384738


  3 . 66468387


  3 . 66419123


  0 . 3


  4 . 04957642


  4 . 07324141


  4 . 05015775
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  4 . 47547409
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  4 . 47545059
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  7 . 37888723


  7 . 37876199


  1 . 0


  8 . 15484549


  8 . 13408155


  8 . 15423162


  8 . 15477001


  𝟎 . 𝟎 𝟎 𝟑 𝟕 𝟒 𝟒 𝟓 𝟓


  𝟐 . 𝟕 𝟔 𝟒 𝟏 𝟎 𝟕 𝟕 𝟕 ×   𝟏 𝟎  − 𝟔


  𝟏 . 𝟐 𝟕 𝟓 𝟗 𝟖 𝟕 𝟓 𝟒 ×   𝟏 𝟎  − 𝟖


  𝟎 . 𝟎 𝟖 𝟕 𝟗 𝟕 𝟎 𝟗 𝟕 𝟐 𝟎 𝟔
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  𝑵


  𝑵 = 𝟑


  𝑵 =   𝟓


  𝑵 = 𝟏 𝟏


  𝛼   =  10 2


  0 . 00374455


  2 . 7641078 ×  10  − 𝟔


  1 . 27616577 ×  10  − 𝟖


  𝛼   =    10 4


  0 . 00374455


  2 . 76385978 ×  10  − 𝟔


  1 . 10485803 ×  10  − 𝟖


  𝛼   =   4 × 10 6


  0 . 00374455


  0 . 0002136


  3 . 60298368 ×  10  − 𝟔


  N


  𝛂


    𝑵 -   = 𝟏 𝟎


  𝑵


  𝑵 = 𝟑


  𝑵 =   𝟓


  𝑵 = 𝟏 𝟏


  𝛼   =  10 2


  0 . 00375163


  2 . 94640593 e ×  10  − 𝟔


  6 . 00972747 ×  10  − 𝟏 𝟕


  𝛼   =   3 × 10 4


  0 . 00375163


  2 . 94744089 ×  10  − 𝟔


  2 . 13912108 ×  10  − 𝟖


  𝛼   =  10 6


  0 . 00375163


  2 . 87453974 ×  10  − 𝟔


  6 . 21709563 ×  10  − 𝟖


  N


  𝛂


    𝑵 -   = 𝟏 𝟒


  𝑵


  𝑵 = 𝟑


  𝑵 =   𝟓


  𝑵 = 𝟏 𝟏


  𝛼   =   5 × 10 2


  0 . 00375163


  2 . 94642611 ×  10  − 𝟔


  3 . 14771265 ×  10  − 𝟏 𝟔
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