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1. Introduction

Throughout this article, a ring R is commutative and
Y is a unitary left R-module. A proper submodule A
of an R-module Y is called a weakly semi-2-
absorbing if, whenever 0 #x?y €A , with e
R,y €Y, implies that either <y €A or «?€
[A: Y] [1], and a proper submodule A of an R-module
Y is called a weakly quasi-2-absorbing, if whenever
0 #x Byy € A,with

a,B,y €ER,y € Y,imples that either affy € A or

o yy € Aor Byye A [2].It is clear that every weakly
quasi-2-absorbing submodule is a weakly semi-2-
absorbing submodule . Recall that an R-module Y is
called multiplication if every submodule A of Y is of
the form A= IY for some ideal | of R [3]. A proper
submodule A of an R-module Y is called fully
invariant if f(A)< A for each feEnd(Y) [4]. A proper
submodule B of an R-module Y is called stable if
f(B)< B for each R-homomorphism f:B— Y, and an
R-module Y is called fully stable if every submodule
of Y is stable [4]. We proved that in the classes of
multiplication modules , cyclic modules the concept
of WES-2-absorbing and weakly semi-2-absorbing
are equivalent . Also, in the class of scalar modules
we prove that the concepts WEQ-2-absorbing
submodule and weakly quasi-2-absorbing submodule
are equivalents .

ABSTRACT

In this research, we introduced and studied, the concepts of WES-2-

absorbing submodules and WEQ-2-absorbing submodules as a stronger
form of the concepts of weakly semi-2-absorbing submodules and
weakly quasi-2-absorbing submodules respectively, and give their basic
properties, examples and characterizations. On the otherhand, we studied
the relationships among these concepts. Furthermore, we studied the
behavior of these concepts in some classes of modules.

2. WES-2-Absorbing Submodules

This section devoted to intrduce, the concept of
WES-2-absorbing submodules as a stronger form of
Weakly semi 2-absorbing submodule, and give some
choracterizations , properties and examples of this
concept.

Definition (2.1)

A proper submodule A of an R-module Y is called a
WES-2-absorbing submodule of Y , if whenever
0 # W2(y)e A, where ¥ € End(Y), yeY, implies
that either W(y) € A or ¥?(Y) € A. And an ideal | of
aring R is called a WES-2-absorbing if I is a WES-2-
absorbing R-submodule of an R-module R.
Proposition (2.2)

Every WES-2-absorbing submodule of an R-module
Y is a Weakly semi-2-absorbing submodule of .
Proof

Let A be a WES-2-absorbing submodule of Y, and
0#x?y€A,xER,y €Y. Assume that ¥:Y - Y
defined by W(y) =xy for each yeY , clearly
¥ e End(Y). Thus 0 #x? y = WP2(y) € 4, implies
that either W(y) € A or W2(Y) € A . Hence either
xy € Aor x2€[A:Y].

The converse of Proposition 2.2 is not true in general,
as the following example shows:
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Example (2.3)

Let Y=Z®Z,R=Zand A =Z®H10Z . Clearly Ais a
weakly semi 2-absorbing submodule of Y. But A is
not WES-2-absorbing submodule of Y, define
Y:Y>Y by W(x,y) = (y,x) for all x,ye Y. Clearly
Y€ End(Y),if (50)€Y, then 0= W?(5,0) =
(5,0) € A, but ¥(5,0) = (0,5) & A and W2(Y) £ A.
The following results is a characterization of WES-2-
absorbing submodules.

Theorem (2.4)

A proper sub module B of an R-module Y is a WES-
2-absorbing if and only if [B:W2(y)] = [B: ¥ ()]
for all nonzero y €Y and a nonzero We
End(Y) or¥2(Y) ¢ B.

Proof

(=) Suppose that ¥2(Y) € B . Clearly [B:¥(y)] <
[B:W2%(y)], let 0+# s €[B:¥2(y)], implies that
0 # W2(sy) € B, but B is a WES-2-absorbing , and
YZ(Y) € B, then W(sy) =s¥(y) € B , it follows
that se [B: ¥(Y)].

(&) Let 0 # W2%(y) € B, where W is a non zero
element in End(Y) ,and y in Y . Then either
[B:W2(y)] = [B:¥(y)] or W2(Y) C B. If
[B:¥2()] = [B: Y], then [B: W2 (y)] = R.
So [B: ¥(y)] = R, and hence ¥(y) € B.
Proposition (2.5)

Let B be a proper submodule of multiplication R-
module Y . Then B is a WES-2-absorbing if and only
if B is a Weakly semi-2-absorbing .

Proof

(=) By Proposition 2.2 .

(&) Let 0+ W¥2(y) € B, where 0+ ¥ € End(Y) ,
ye Y . Since Y is a multiplication , then by [3, lemma
1.4] ,there exists s€ R , such that W(y) = sy for all
YyEY . That is 0 = W2(y) = s?y € B , implies that
either sye B or s? € [B:Y] .Thus , either sye
Bor s?(Y) €Y, hence either ¥(y) € B or ¥2(Y) <
B.

Since cyclic R-module is multiplication module, then
we have the following corollary.

Corollary (2.6)

Let B be a proper submodule of cyclic R-module Y.
Then B is a WES-2-absorbing submodule of Y if and
only if B is a weakly semi 2-absorbing submodule of
Y.

Proposition (2.7)

Let B be proper submodule of a fully stable module
Y, and W:Y — Y be a nonzero R-homomorphism. If
B is a WES-2-absorbing submodule of Y, then
¥-1(B) is a WES-2-absorbing submodule of Y.
Proof

Clearly ¥~1(B) is a proper submodule of Y . Let
0 # ®%(y)eW~1(B) , where ® be a nonzero element
in End(Y) . Then 0 = W(d2(y)) € B. But Y is fully
stable, then by [4,Prop. 2.1], End(Y) is commutative.
Thus 0 # ¥(P2(y)) = P2(¥(y))eB, hence either
®(¥Y(y)) € Bor ®2(Y) € B. If ®(¥(y)) € B, then
Y(d(y)) €EB,s0 d(y) eV I(B) . If d3(Y) S B,
and Y is a fully stable , then B is a stable submodule
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of Y , then by [4, p.7] B is a fully invariant , that is
Y(B)< B , implies that BS W~1(B) , hence
P2(Y)SBCS Y (B) . So ¥}(B) is a WES-2-
absorbing submodule of Y .

Proposition (2.8)

Let A,B be a proper submodule of an R-module Y ,
with AC B, and A is a fully invariant submodule of
Y . If B/A is a WES-2-absorbing submodule of Y /A,
then B is a WES-2-absorbing submodule of Y .

Proof

Suppose that 0 = W2(y) €B , 0 # ¥ € End(Y) ,
yeY , and let &:Y/A—>Y/A be a nonzero R-
homomorphism , defined by ®(y + A) = ¥(y) + A.
Since A is a fully invariant, then clearly & is a well
defined homomorphisim. Now, 0 # ®2(y + A) =
P2+ A=DW(H)+A) =V2(y)+A€EB/A . It
follows that either ®(y + A) € gor ®2(Y/A) € B/

A.That is ®(y + A) = ¥(y) + A€ B/A or ¥%(Y) <
B .Therefore either ¥(y) € B or Y(Y) S B.
Proposition (2.9)

Let B a WES-2-absorbing submodule of an R-module
Y , then [B:Y] is a WES-2-absorbing ideal of R .
Proof

Since B is a WES-2-absorbing submodule of Y, then
by Proposition 2.2 B is s weakly semi-2-absorbing
submodule in Y. Hence by [1, prop. 2.4], [B:Y] is
weakly semi-2-absorbing ideal of R . Since R is
cyclic R-module , then by Corollary 2.6, [B:Y] is a
WES-2-absorbing submodule of Y .

Proposition (2.10)

Let Y be a cyclic R-module , and B be a proper
submodule of Y . Then B is a WES-2-absorbing
submodule of Y if and only if [B:Y] is a WES-2-
absorbing ideal of R.

Proof

(=) Follows by Proposition 2.9 .

(&) Follows by [1,Coro. 2.5], and Proposition 2.2 .
We end this section by the following proposition .
Proposition (2.11)

Let Y=Y,@Y, be a multiplication R-module, where
Y., Y, are cyclic R-module, and A,B are proper
submodule of Y; and Y, respectively . Then

1- A is a WES-2-absorbing submodule of Y; if and
only if A@Y, is a WES-2-absorbing submodule of Y.
2- B is a WES-2-absorbing submodule of Y, if and
only if Y; @ B is a WES-2-absorbing submodule of
Y.

Proof

(1) (=) Since A is a WES-2-absorbing submodule of
Y, , then by Proposition 2.2 A is a weakly semi-2-
absorbing submodule of Y; . Thus by [1,Prop. 2.16],
A®Y, is a weakly semi-2-absorbing submodule of Y .
But Y is multiplication, then by Proposition2.5,
A Y, a WES-2-absorbing submodule of Y .

(&) Since A@ Y, is a WES-2-absorbing submodule
of Y , then by Proposition 2.2, A@Y, is a Weakly
semi-2-absorbing submodule of Y. Hence by [1,
Prop. 2.16 ] we have A is a weakly semi 2-absorbing
submodule of ¥; . Since Y; is cyclic , then by
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Corollary 2.6, A is WES-2-absorbing submodule of
Y.
In the same way , we can prove (2) .

3- WEQ-2-Absorbing Submodules

This section deals with the concept of a WEQ-2-
absorbing submodule , which is a stronger form of
Weakly quasi-2-absorbing submodule. We give some
basic properties and characterizations of this concept.
Definition (3.1)

A proper submodule B of an R-module Y is called a
WEQ-2-absorbing submodule , if whenever 0 #
Yodol'(y) € B for all nonzero, ¥,®d,T € End(Y),
and yeY, implies that either (Wod)(y) €
B or (WoI)(y) € Bor (®oI')(y) € B. And a proper
ideal | of aring R is called WEQ-2-absorbing ideal of
R, if | is a WEQ-2-absorbing R-submodule of an R-
module R.

The following proposition, gives the relation of a
WEQ-2-absorbing submodules , with a weakly quasi-
2-absorbing submodules.

Proposition (3.2)

Let Y be an R-module , and A is a WEQ-2-absorbing
submodule of Y. Then A is a weakly quasi-2-
absorbing submodule of Y .

Proof

Let 0 # aByy € A,witha,B,y ER,y €Y, and let
Y, 0,I'Y =Y defined by ¥Y(Qy)=ay, o) =
By ,and T'(y) = yy for all yeY. Clearly ¥,®,T €
End(Y). Now, 0 # aByy = (Wodol')(y) € A. Since
A is a WEQ-2-absorbing , then either (Wo®)(y) €
Aor (Wol)(y) € Aor (Pol')(y) € A. Hence either
afy € Aorayy e Aor fyy € A. Thus A is a
weakly quasi-2-absorbing submodule of Y .

The converse of Proposition 3.2 is not true in general
, as the following example shows:

Example (3.3)

Let Y=2DZ , R=Z , A=5Z@ (0) . Clearly A is a
weakly quasi 2-absorbing submodule of Y . But A is
not WEQ-2-absorbing submodule of Y . Since if
Yoy —»Y defined by
Y(x,y) = (y,x), ®(x,y) = (0,x)and I'(x,y) =
(y,0) for all x,ye Z. Clearly ¥, ®,T € End(Y). Now,
0 # (Wo®oI)(1,5) = (5,0) € A but (Wod)(1,5) =
w(0,1) = (1,0) € A, and (WoI)(1,5) = ¥(5,0) =
(0,5) ¢ A and (®ol')(1,5) = ®(5,0) = (0,5) ¢ A.
Thus A is not WEQ-2-absorbing submodule of Y .
Recall that An R-module Y is called a scalar module,
if every fe End(Y), there exists re R such that f(y)=
ry for each ye Y [5].

The following proposition shows that in the class of a
scalar modules WEQ-2-absorbing submodule and
weakly quasi 2-absorbing submodule are equivalent.
Proposition (3.4)

Let B be a proper submodule of a scalar R-module Y.
Then B is a WEQ-2-absorbing submodule of Y if and
only if B is a weakly quasi 2-absorbing submodule of
Y.

Proof

(=) Follows by Proposition 3.2.

(=) Let 0= (Wodol)(y) € B,whereW, d,T are
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nonzero elements in End(Y) , yeY. Since Y is a
scalar module, then there exists r,s,t € Rsuch
thatW(y) =ry,®(y) =sy,['(y) =ty forally €
Y.Thus 0 = (Wodol)(y) =rsty € B. But B is a
weakly quasi-2-absorbing in Y , then either rsy €
Borrty e Borsty € B. It follows that either
(Wod)(y) € Bor (Wol')(y) € Bor (dol')(y) € B.
The following propositions are characterizations of a
WEQ-2-absorbing submodules.

Proposition (3.5)

Let Y be an R-module , B a proper submodule of Y .
Then B is a WEQ-2-absorbing submodule of Y if and
only if for each nonzeroW,®,T € End(Y), with
Yodol'(y) # 0, [B:y Yodol'] = [B:y Yod] U

[B:y WoI'] U [B:y ®ol].

Proof

(=) Clearly [B:y Wo®] U [B:y Wol'] U [B:y, ®ol'] €
[B:y Yodol'] .

Now, let y € [B:y Wo®oI],then 0 = (Yodol')(y) € B,
implies that either (Wo®)(y) € B or (Wol')(y) €
Bor (®ol')(y) e B , it follows that either y €
[B:y Wo®] or y € [B:y Wol'] or y € [B:y ®or].
Hence y € [B:y Yo®] U [B:y Wol'l U [B:y ®ol] .
(&) Suppose that [B:yWodol']l = [B:y Wod]U
[B:y Wol'| U [B:y @ol'], with Wodol' #0. Let
0 # WodoI'(y) € B for nonzero ¥,®,T € End(Y) ,
ye Y, implies that y € [B:y Wo®ol'] = [B:y Yod] U
[B:y WolI'lU [B:y ®oI']. It follows that ye€
[B:y Wod] or y € [B:y Wol'l or y € [B:y ®ol']
Hence either (Wod)(y) € B or (Wol)(y) €
Bor (®ol)(y) € B . Thus B is a WEQ-2-absorbing
submodule of Y .

Proposition (3.6)

Let B be a proper submodule of an R-module Y.
Then B is a WEQ-2-absorbing submodule of Y if and
only if for each a nonzero ¥, ® € End(Y), and ye Y
with 0 # (Wo®)(y) ¢ B, we have [B: (Wo®)(¥)] =
[B:Y(]U[B: ()] .

Proof

(=) Let 0+ he€e[B:(Wod)(y)] , implies that
0 # (hoWPo®)(y) € B . But B is a WEQ-2-absorbing
submodule of Y , and (Wo®)(y) & B, then either
(ho¥)(y) € Bor (ho®)(y) € B. That is either
he[B:W(y)]orh e [B:2(y)], then h e
[B:¥Y()]U[B: ®(y)], it follows that [B: Po®(y)] <
[B:¥(MU[B: ©(Y)]. Clearly [B:¥()]u
[B:2()] € [B: Pod(y)] .

(&) suppose that W, @ are nonzero elements in
End(Y) , yeY with 0+ Wod(y) ¢ B, we have
[B: (Wod)(y)] = [B:¥Y(Y)] U [B: ®(y)] .and let
0 # (ToWo®)(y) € B where ®,¥,I" are nonzero
elements in End(Y) ,yeY and (Wo®)(y) € B. It
follows that T € [B:Wod(y)], implies that T €
[B:¥()] orT € [B:®(Y)], implies that either
To¥(y) € BorTo®(y) € B . Thus B is a WEQ-2-
absorbing submodule in Y .

Proposition (3.7)

Let {41}, be a family of a chain WEQ-2-absorbing
submodules of an R-module Y. Then NicpA4i is a
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WEQ-2-absorbing submodule of Y.

Proof

Let 0 = (Wodol')(y) € NicpAi , where W, d,T are
nonzero elements in End(Y) , ye Y , and Wod(y) ¢
NicpAi , and (Wol')(y) & NicpAi . Then there exists
t,e € A such that (Wo®)(y) € A, , (Wo)(y) € A, .
Hence for Ay < A,and forA,; € A, we have
(Wod)(y) ¢ As;and (Wol)(y) € A, . Thus for every
A, such that A.< A,andA, <A, , we get
(CDOF)(Y) c Ar . Hence ((DOF)(y) € ﬂie/\Ai . ﬂie/\Ai
is a WEQ-2-absorbing submodule of Y .

Proposition (3.8)

Let Y be an R-module , and B a proper submodule of
Y . Then B is a WEQ-2-absorbing submodule of Y. if
and only if 0# (Wodol)(4) € B for nonzero
Y, d,T' € End(Y) , and a nonzero submodule A of Y
, implies that either (Wo®)(4) € B or (Wol')(4)
Bor(dol)(A) €B.

Proof

It follows directly from definition of WEQ-2-
absorbing submodule.

Proposition (3.9)

Let f:Y — Y be an R-epimorphism , and A a fully
invariant submodule of Y. If A is a WEQ-2-absorbing
submodule of Y, then f~1(A) is a WEQ-2-absorhing
submodule of Y .

Proof

Let 0 # (Wodol)(y) € f~1(A4), where ¥, ®,T are
nonzero elements in End(Y) , yeY , implies that
0+ foPod(T'(y)) €A. But A is a WEQ-2-
absorbing submodule of Y, then either fo®¥(T'(y)) €

Aor fo®(T(y)) € AorPod(T'(y)) € A . It follows
that :

If (fo¥)(T(y)) € A, implies that (WoD)(y) €
fA.
If (fo®)(T(y)) €A, implies that (®ol)(y) €
fA.

If 0# (Wod)(T'(y))eA , and A is a WEQ-2-
absorbing submodule of Y , then either (Wol')(y) €
Aor (®ol)(y) € Aor (Wod)(y) € A. Since A is a
fully invariant , so if (Wol)(y) € A, implies that
foWol'(y) € f(A) € A , implies that (Wol)(y) €
71(4). If (o) (y) € A4, implies that
(fo®ol)(y) € f(A) € A, then (Pol)(y) € f~1(A).
If  (Wod)(y) € A4, implies that (foWo®)(y) €
f(A) € A, hence (Wo®)(y) € f~1(4) Thus
f~1(A) is a WEQ-2-absorbing submodule of Y.
Proposition (3.10)

Let Y be an R-module , and A is a proper submodule
of Y and ¥:Y—Y' be an R-epimorphism with
ker¥ c A . If Ais a WEQ-2-absorbing submodule of
Y , then W(4) is a WEQ-2-absorbing submodule Y’ ,
where Y' is a Y-projective module .

Proof

Suppose that 0 # (fogoh)(y") € W(4), where
f,g,h are nonzero elements in End(Y"), y' €Y'
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Since W is an epimorphism , then there exists y € Y
such that W(y) = y', and since Y’ is a Y-projective ,
then there exists f;,f;,fs:Y' — Y such that
Yof, = f,Yof, =g,%Yofs =h . Now , we have
fio¥ € End(Y) and f,0¥ € End(Y) and f;0¥ €
End(Y). Also, we have 0 # (fogoh)(y') =
(Wof)o(Wof)o(Wof3)(y") € W(A), implies that
0 # (fogoh)(y1) = P[fi0¥0f0%0f3(y")] € ¥(4),
then there exists a nonzero element xe A such that
Y(fioWof,o0Pof;(y") = ¥(x), implies that
0 # fioYof,o0Wof5(y") € ker¥ C A. Hence
0 # fioYof,o¥f;0¥(y) €EA.  That is 0=+
(fioP)o(fr0¥)o(f30¥)(y) € A. But A'is a WEQ-2-
absorbing  submodule of Y, then either
(fio¥)o(f20¥)(y) € Aor (fio¥)o(fz0¥)(¥) €
Aor (f,o¥)o(f;0¥)(y) € A. It follows that either
Yof,o¥of,0¥(y) € ¥(A), implies that (fog)(y') €
Y(A) orWof,o¥of;0¥ (y) € ¥(A), implies that
(fom(y") e ¥(A) or Yof,o¥of30¥(y) € W(A),
implies that (goh)(y") € W(A) . Hence W(4) is a
WEQ-2-absorbing submodule of Y .

Proposition (3.11)

Let A be a WEQ-2-absorbing submodule of an R-
module Y , and B is a Y-injective submodule of Y .
Then either BS A or BNA is a WEQ-2-absorbing
submodule of B.

Proof

Assume that B A, then BNA is a proper submodule
of B. Let 0 # (Wodol')(y) e BN A, where, y € B
and W, @, T are nonzero elements in End(B) . Since B
is a Y-injective , then there exists fi,f,, f3:Y — B
such that fioi =W, f,0i = ®,and f;0i =T, where i
is the inclusion map from B into Y. Clearly
fufa fzs €EEnd(Y). Now, 0# (Wodol)(y) =
[(froD)o(fz01)0(f300)](y) = (froiof,0i0f3)(¥) =
fiofy0fs5(y) €A . But A is a WEQ-2-absorbing
submodule of Y, then either fiof,(y) €
Aor fiofs(y) € Aor f,of5(y) € A. 1t follows that
either

(Wod)(y) € Aor (Wol)(y) € Aor (dol')(y) € A.
Since W¥,®,T' € End(B), then we have either
(Wod)(y) EBnAor(Wol)(y) EBn
Aor(®ol)(y) € BN A. Hence BN A is a WEQ-2-
absorbing submodule of B.

Proposition (3.12)

Let Y be an R-module, and A is a WEQ-2-absorbing
submodule of Y, then A is a WES-2-absorbing
submodule of Y.

Proof

Let 0 # W2(y) € A, with W be a nonzero element in
End(Y),ye Y.That is 0 # (WoW)ol(y) € A , where |
is the identity element in End(Y) . Since A is a WEQ-
2-absorbing submodule, then either WoW(y) €
AorWol(y) e A for each yeY. Hence either
P(y) e AorW2(Y) C A, that is A is a WES-2-
absorbing submodule of .
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