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1. Introduction

Let H be a complex Hilbert space, and B(H) the
algebra of all bounded linear operators on H . A
complex number A is called an extended eigenvalue
of an operators A € B(H) if there exists a non-zero
operator X € B(H) satisfying the equation AX =
AXA , such an operator X is called extended
eigenvector for the operator A corresponding to A.
The eigenvalue terminology, although not perfectly
accurate, seems useful on two levels. The first was
described in [1], briefly, if A has dense range, then the
equation

AX = p(X)A, p(X) EBH) .... (1)

has a unital algebra as its solution set, and ¢ is a
unital homomorphism. Our extended eigenvalues are
precisely the eigenvalues for ¢. The second point of
view is that one can easily show that for an operator
on a finite dimensional space, the set of extended
eigenvalues for that operator is the set of ratios of
eigenvalues, with the obvious restriction on the use of
0. This is shown explicitly in [2]. More see [3, 4].
Now the set of all extended eigenvalues of A is
denoted by E(A) and the set of all extended
eigenvectors of A corresponding to 4 is denoted by
E;,(A) and E; (A) is{A}’, the commutant of 4, that is,
the set of all operators commuting with A. In this
paper, we give some concepts properties and we

In this paper, the study extended -eigenvalues and extended

eigenvectors, and we will investigate the E;(A) and give for some
concepts properties and result important, also we will find the E(U) and
E(B) on the £2 space, so U is Unilateral shift operator and B = U*.

prove important theorems. In particular we find E (U)
also E(B) on the £2 space.

2. Extended eigenvalues
eigenvectors

Definition (2.1) :[2] A complex number A is called
an extended eigenvalue of A € B(H) if there exists a
non-zero operator X € B(H) satisfying the equation
AX =2AXA ....(2)

Such that an operator X is called extended
eigenvector corresponding to 4, is denoted by E(A)
to the set of all extended eigenvalues for A; that is,
E(A) ={1€C:30 # X € B(H), AX = 1XA} and
E,(A) is the set of all extended eigenvectors
corresponding to A, therefore E;(A)={0#X €
B(H), AX = AXA}. E(A) is non-empty set, since
1 € E(A) and the identity operator I € E, (4).
Proposition (2.2) : Suppose that A € B(H). Then
Ey(A) = E;(A) u{0} is closed linear subspace of
B(H).

Proof: Let X,Y € E;(4), and a, B,A€EC. So
AX = AXA,and AY = AYA.

and Extended

Thus A(aX + BY) = aAX + BAY = alXA +
BAYA = A(aX + BY) Therefore (aX + BY) €
E;(4).

Then E;(A) is subspace of B(H). Let {X,} be a
sequence of operators in E;(A) converges to X. So
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that AX,, = 1X,, A for every positive integer n. Since
A is continues and {X,,} — X, implies that

{AX,} — AX , and {1X,A} — AXA. Thus AX =
AXA. Then X € E;(A). Itis clear that, if A is the zero
operator, then E(4) = C and E;(4) = B(#)\{0},
foreach A€ E(A). m

Lemma (2.3) : If A is a non-zero nilpotent operator,
then E(A) = C.

Proof: Since A is nilpotent operator, then there exist
a positive integer n, such that A = 0 and A®"* # 0.
If A is any complex number, then 24" 14 = 1A™ = 0
and AA"1=A"=0. So that AA" 1 =14""4 .
Since A" = 0. Then A € E(A) or A"t € E;(A). m
Recall that the wiener algebra W (D) is the set of all
analytic function f on the unit disc D such that
W(D): = {f(2) = Tn_o f(n) 2" € Hol(D): |If || =
ool f ()] < +o0}.15].

The unilateral shift operator S on W (D) is defined by
Sf(z) =zf(2), feW(D) . In the following
theorem, M.Gurdal fined the extended eigenvalue for
S.

Theorem (2.4) :[5] If S is the Unilateral shift
operator on W (D), then E(S) = {4 : |4] = 1}.
Recall that the unilateral shift operator U on the space
22 = {x = (xq, %3, X3, ...)" Z:):llxnl2 <o} s
defined by U(xy,x5,x3,...) = (0,x4, x5, %3,...) for
every (xq, Xy, X3, ...) € £2. In the following theorem,
we prove that, theorem above is true when the
unilateral shift U is defined on #2 the space.
Theorem (2.5) : If U is the Unilateral shift operator
on¢% then E(U) ={A: |1] = 1}.

Proof: Suppose that |A] > 1 and Dl//1 is the diagonal

operator on £2. So that Dl/}'(xl,XZ,.Xé, )=

(xl,l/lxz, 1//12 x3,...) for every (x;,x,,x3, .)€

€2, It's clear that D1/Ais non-zero bounded operator

and UDy = AD1/ U. Therefore A € E(U) and Dy, is
A A A

extended eigenvector for A.

Now, we shall prove that if [1] <1, then A not
extended eigenvalue. It is clear A € E(U) with that
A = 0 is not extended eigenvalue, since U is injective.
So that we assume 0 < |A1] < 1. Therefore there
exists non-zero operator X satisfy UX = AXU. Let
{e,} be the standard basis for 2 (i.e.) e, =
0,0,..,1,0,..) ,n=1,2,... Now | Xe,.ll =

n?h
IXUe,|l = 1/| a1 1UXenll = 1/| a1 IXenll - Therefore

IXensall = 1/ pns IXerl]l — o0, 2 n—o

which this is contradict that X is bounded operator.
Thus E(U) ={A: || = 1}.m

In the following corollary, we find the extended
eigenvalues for the bilateral shift operator B such that
B(x1, %5, X3, . ) = (X3, X3, X4, ..) for every
(x4, x5, X3, ... ) € £2, another word B* = U.
Corollary (2.6) : If B is bilateral shift operator on £2,
then E(B) = {A: |1 < 1}.
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Proof: Let |A| < 1 and D, is the diagonal operator, so
that BD, (x1, x5, X3, ... ) = B(x1, Ax5, 123, ...)

= (Axp, A%x3,23%4,...) = ADy(x2,%3,%4,...) =
(Axy, A%x3,3x,4, ...) for every (x;,x;,%3,..) € £2.
Thus A € E(B). Then{A:|A]| <1} < E(B) and D, is
extended eigenvector.

Now, assume A € E(B) with |A] > 1, then there
exists a non-zero operator X such that BX = 1XB, by

taking adjoint, we have B*X™ = 1//TX*B*. Since the
B* = U, we have 1/1 € E(U), this is contradict the
fact EQU) ={A: |A|=1}. Thus E(B) S {A:]A] <
1}.SoOE(B)={A: || <1}. m

Proposition (2.7) : LetT, S,C € B(#). Then:

() IfSe€eE,(T), thenT € El/a(S), where a # 0.

(2 E,(8) = El/a(s*) . Where E ()" ={X:X"€
E,(9)}.

(3) If T € E,(S) and S € Eg(C) where g # 0, then
TCNCT € Ea/B(S). In particular if S € {C}', then

TC N CT € E,(S).

@) If TEELS)NE(C), then T € E,5(SC) N
Eop(CS). In particular, when T € {C}’, then T €
E,(SC) N E,(CS).

Proof: (1) Since S € E,(T), then TS = aST. Hence
ST =1/ TS, implies that T € E1/ (S).

(2) Let X € E,(S)*, then X* € E,(S). Hence X* # 0
and SX*=aX*S. So that S*X =1/7Xs*. Thus
Xe El/a(s*), then £,(S)* < El/a(s*). By the same
way we can show that El/a(s*) c E,(S)*. Thus
Eo(8)" = E1) (S,

(3) Let T €EL(S), S€ER(C) and B+ 0, then
ST=aTS and CS=pBSC . So CST = aCTS .
Therefore S(CT) = “/B (CT)S, then CT € Ea/B(S)

also by same way, implies that TC € Ea/B(S)' If

B =1.Hence TCNCT € E,(S).
(4) Since T € E(S) and T € Eg(C). Then ST =
aTS and CT = BTC. Thus CST = aCTS. So (CS)T =
apT(CS), implies that T € E,z(CS) also STC =
aTSC . Thus (SC)T = aB(SC)T . Therefore T €
E,p(SC). m

Recall that if that A and B are two bounded
operators on Hilbert spaces H then A is similar to B
if there exists invertible operator T € B(H) such that
AT = TB, we denote by A~B, when 4 is similar to
B. If A€ B(H,) and B € B(H,), then A is quasi-
similar to B if there exists operators T; from H; to
I, and T,from F, to 3, such that both T, and T,are
injective with dense ranges such that 7,4 = BT; and
AT, = T,B, we denote by A = B, when A is quasi-
similar to B.
Proposition (2.8) :[2] Suppose that operators A and
B are quasi-similar. Then E(A) = E(B).
Corollary (2.9) : Suppose that operators A and B are
similar and C is quasi-similar to A or B. Then
E(A) = E(B) = E(C).
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Lemma (2.10): Suppose that A is extended
eigenvalue for the operator A, such that A" =1 for
some positive integer n. Then E;(A)™*! < E;(4).
Proof: Suppose that X € E;(4) . So that satisfy
formula (1). AX = AXA. Thus AX™+1 = Antixn+lg
since A" = 1 for some n € N. So AX™*1 = AXx"*14,
Hence X™*! € E;(4). Then E; (A" c E;(A). m
Lemma (2.11) : Suppose that A is bounded operator
on a Hilbert space #, such that 0 € E(A), then:

(1) A is not injective.

(2) A is not invertible.

(3) A* does not have dense range.

(4) A is not unitary.

Proof: Suppose that 0 € E(A). Then there exists
operator T # 0 satisfying, AT = 0. So that A is not
injective. For the proof of (2) follows from (1).
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