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1-Introduction

Finding the exact solutions of nonlinear evolution
equation is very important because the nonlinear
complex physical phenomena related to the nonlinear
evolution equation. Complex physical phenomenas
are widely presented in many fields such as fluid
mechanics, physics, biology, chemistry and
engineering. Therefore, obtaining an exact solution
for this kind of nonlinear evolution equation is crucial
[1,2].

Based on this fact, a variety of powerful and direct
method such as Homotopy Analysis method (HAM),
Homotopy Perturbation method, Modified Adomian’s
method, Variational iteration method (VIM), Finite
difference method, Finite volume method, Jacobi
elliptic function expansion method, and Application
of the (G'/G)-Expansion method were proposed to
obtain exact significant solutions and numerical
solutions  of  nonlinear  evolution  equation
[3,4,5,6,7,8,9,10,11].

The best known equation is the general Sawada—
Kotera (SK), which is a special case of the fifth-order
KdV equation (fKdV)[12].

W + Wey + YWWay + BWewyy + aw?w, =0 (1.1)
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In this study, a new improved hyperbolic function method is applied for

the first time. The proposed method used to calculate more general exact
solutions for the general Sawada—Kotera equation of fifth-order, 3D
potential-YTSF equation and modified Korteweg-de Vries (mKdV)
equation. The obtained results show that the improved hyperbolic
function method provides and easy and fast solution when used with
mathematical software such as Maple. The finding also indicates that the
proposed method helps in understanding the physical structures of the

where @ , B and y are arbitrary nonzero and real
parameters, and w(x,t) = w(p)is a differentiable
function. The fifth-order KdV equation is an
important mathematical model with wide applications
in quantum mechanics and nonlinear optics.
Moreover the fifth-order KdV equation describes
motions of long waves in shallow water under gravity
and in a one-dimensional nonlinear lattice. The
general form of the Sawada—Kotera equation is
characterized by the values of B and o.

B =y, (1.2)

Using equation (1,2), equation (1,1) could be reduced
to general SK equation:

— .2
aSy

Wi + Wy + YWW3y + YW Woy + %yzwzwx =0 (1.3)
Recently, Yu, Toda, Sasa, and Fukuyama proposed a
new 3D nonlinear evolution equation called the
potential- YTSF equation [13 ].

—4Wy + Wyxxz + 4WeWy, + 2wy W, + 3wy, =0 (1.4)
Another system is a modified Korteweg-de Vries
(mKdV) equation are written in the form:

W + Wy, + 6W2w, =0 (1.5)
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Which is presented in electric circuits and
multicomponent plasmas. The modified KdV
equation has a pulse travelling solution [14,15]. This
paper divided into five parts. Comprehensive
introduction is presented in section one. Then in
section two we describe the methodology of
improved hyperbolic function method for finding
exact travelling wave solutions of nonlinear evolution
equations. In Section three, we applied the proposed
improved hyperbolic function method to obtain the
traveling wave solution for the 3D potential-YTSF
equation, general Sawada— Kotera equation, and
modified Korteweg-de Vries (mKdV) equation. Then
the result is discussed and compared in section four.
Section five list the advantages of the improved
method. Finally, a graphical exemplification is
presented in section six.

2. Methodology

Suppose we are given a nonlinear evolution equation
in the form of a PDE for a function w(x,t). The
procedures for solving this kind of equation using
improved hyperbolic function can be presented as
follows. First, travelling wave solutions are applied
by taking w(x,t) = w(p), where ¢ = (x — Bt).
Substitution into the PDE yields an ODE for w(g). If
possible, the ODE is integrated term by term one or
more times and this introduces one or more constants
of integration (This step is obtional). The key step is
to introduce the ansatz.

N
w(@) = Ho + Z(Hi Ti 4 FT5) + T2(h,

i=1

N 2.1
+ ) (WTH+£T7Y
2

=
Where, T = tanh(¢)
T satisfies the differential equation

dT
—=Q1-T%) (2
do

Also,

4 _ 1-T?

do ( ) dT
In (2.1), N is a positive integer (homogeneous
balance between the highest order derivative and the
nonlinear term). The (H,, hy, H;, F;,and f; ) are real
constants (i = 1,...,N). Substitution of (2.1) and
(2.3) into the ODE, integrated if possible, introduce
an algebraic equation in powers of T. If possible, N is
determined; usually this involves balancing the linear
term of highest-order in the algebraic equation with
the highest-order nonlinear term. With N determined,
the coefficients of each power of T are equated to
zero in the algebraic equation. This yields a system of
algebraic equations involving the
(HO' hO' HilFi' hil,fi) and, B (l = 1, ,N) If the
original evolution equation contains some arbitrary
constant coefficients, these will appear in the system
of algebraic equations.

Our observations that involving hyperbolic functions
can be extended to trigonometric functions as follows
when is taken as tanh ¢ = itan ¢

(2.3)
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3- Exact analytical solutions
3-1: We can get the solitary wave solution of (1.3), by
using the transformations
¢ =x—Bt (3.1.1)
Eqg. (1.3) turn into
—Bw' +w® +yww"" + yw'w"
1 3.1.2
+ Eyzwzw’ =0 ( )
Integrating (3.1.2) with respect to ¢ , we have

1
C—Bw+w® +yww" + Ey2w3 =0 (313)

The solution of Eqg. (3.1.3) can be expressed by a
polynomial in hyperbolic functions

w(@) = Hy + (H;T* + F;T™1)
+T2(hy + hyT?
+AT™)

+ (H,T? + F,T™2)
+ T~2(h,T?
+ £2T7?)

(3.1.4)

Where (Hy, hy, Hy, Fi, hy, f1, Hy, Fy by, f, ) and, B
all are constants to be determined.
Using the homogeneous balance between the highest
order derivatives and the nonlinear terms in Eq.
(3.1.3) we can obtain N=2.
Substituting Eq. (3.1.4) into Eq. (3.1.3), the left-hand
side of this equation is converted into polynomials in
T!and i = (0,1,2,...,18). Setting each coefficient of
these polynomials to zero, we obtain a set of system
algebraic equations for
(Hy, hy, Hy, Fy, by, f1, Hy, Fy, by, f, ) and, B. When
solving this system of algebraic equation by using
Maple software, we have the following unknown
parameters.
Familyl:
C = —v?H3 =3 v?H3hy —3 v?h3Hy —
—y2hi —yHy — B Hy —yh, —Bh, = 0,B =B
F, =—hy,F, = —ho,Hy=Hy,H, =0,H, =0, f; =
0,f; =0,hg = ho,hy = hy,hy = h,
Family2:
C= 5922 F, = —hy,F, =
y2(HRTRONE )t T

H. = _ ¥(¥ho¥30iv2)ha+y?hoha—1170

0 yz(_wﬂlo)

Olfl = O!fZ = O!hO = hO!

hy=hyhy = hy B = —y + 22

Family3:

iz
Y

hz,leo,Hz y
fi=0,f,=0,hy = ho,hy =hy,h, =hy,B=—-y +

241

YhoF30iV2
-,

,H1 = 0,H2 =

39
2

V2

C:$ ,Flz_hl,Fz—

T 30iV2

_ho, HO = $

’

10
Family 4:
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iﬁ

30iv2

C=+ 10 hl,F2—+ _ho,Ho—
39.
$Zl\/§_h2,H1=0
V2
H, =% o 1 =0,f,=0,hg = ho,hy =

3841

hi, h, = hz,B =-v+—0
Substituting (Familyl,2, 3 4) into Eq. (3.1.4), we
obtain the solitary wave solutions of Eq. (1.3):
Wiz =
_ y(YhoF30iV2)hy+y2hoh,—1170
y2( yhﬁyzoiﬁHL )

.|

h
= T2 + hy=
TZ
Y(YhoF30iVZ)hy+y2hoh,—1170
2 _yhoF30iv2
14 ( — +’10)

yh0+301\/_
Y (3.1.5)

30“/— =—Zcoth?p + h,

iﬁ $ 30iV2 Tz
14 14

W34 =

_SE

2 (3.1.6)

30”/— —Ztanh?¢

Ef

W56 = +
301\/—
Y

T2 t ‘t
301f_
y Cl

T? =

Eh/—

2

3.1.7)

301\/— 3002 4o 29

301\/— 3002 o th2

3-2: Substltutlng the traveling wave variable
w(x,y,t,z) = w(p) , potential-YTSF equation (1.4),
leads to an ODE:
4BwW" +w"" + 6w'w” 4+ 3w" =0 (3.2.1)
Integrating Eq. (3.2.1) once and letting the integral
constant to zero, we obtain
4Bw’ +w'" +3(w)?2+3w' =0 (3.2.2)
The homogeneous balance (N = 1), Therefore, the
solution of Eq. (3.2.2) takes the form:
w(p) = Hy + (H,T* + F,T™1)
+ T~ 2(hg + h4T?
+AT™H
Substituting (3.2.3) together with (2.2) into (3.2.2),
yields a set of simultaneous algebraic equations for
(Hy, hy, Hy,Fy, hy, f1) and, B.
Solving these algebraic equations with the help of
symbolical computation software, such as, Maple, we
obtain the following:
Familyl:

B=B,F,=F, Hy=HyH =0,f; =0,hg = 0,hy =
_F1
Family2
B=-- F1
—F + 2
Family3:

(3.2.3)

Fl' Ho—Ho, 1=0,f1=0,h0= 0,h1=
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B=—1F =F, Hy=HoHy =2,fi = 0,hg =
0,hy = —F,

Family4:

B=—2F =Fy, Hy=Hy,H, =2,f; = 0,hy =
0,hy = —F, +2

Substituting (Family1,2,3,4) into Eq. (3.2.3), we

obtain the solitary wave solutions of Eq. (1.4):
F1+2

Wl = Ho + + = Ho + 2 Coth(p (3.2.4)
w, = Hy + 2T +2 -2 =Hy+2tanhg  (3.2.5)
F, —F +2

W3 = HO +2T+7+ T = 0 (326)

+2tanh ¢ + 2cothe

3-3 Look for the travelling wave solution of Eqg. (1.5)
in the form w(x, t) = w(x — Bt),

The speed B is to be determined later, Eq. (1.5) is
converted into an ODE, by using the travelling wave
variable.

—Bw' +6w?w’' +w'"" =0  (3.3.1)

After, integrating with respect to ¢
M—-—Bw+2w3+w"’ =0 (3.3.2)

Where, M is an integration constant that is to be
determined later. Suppose that the

solution of Eq. (3.3.2) is of the form of Eq. (3.2.3).

By substituting (3.2.3), (2.2) into Eg. (3.3.2),
collecting all the terms of powers of T,
and setting each coefficient to zero, we get

simultaneous equations:

T': 2H,% + 2H, =0,

T?: 6H,*H, =0,

T3: 6F,H,*> + 6H,*H, + 6H,*h, — H,B — 2H, =0,
T*  12F,H,Hy + 2H,> + 12H,Hyh; + 6H,*hy —
2H, + 2h, =0,

TS: 6F,*H; + 6F,Hy?* + 12F,H,hy + 6Hy*hy +
12HyH, hy + 6H,%f, + 6H,h,*> — F,B — Bh; —

2F, + 6f; — 2h; =0,

T®  6F,*Hy + 12F,Hyhy + 12F;H,hy + 6Hy*hy +
12HyH, f; + 6h12Ho + 12H,hyhy — Bhy —8hy = 0
T7: 2F,% + 6F,*h, + 12F,Hyhy + 12F,H, h; +
6h,°F, + 6H3f, + 12Hyhohy + 12H, fih, +

6H,h3 + 2h3 Bf, + 2F, — 18f, + 2h; = 0

TS: 6F12h0 + 12F,H,f, + 12F hohy + 12Hyf,hy +
6Hyh% + 12H, fih + 6hoh? + 6hy = 0

To: 6F,%f; + 12F hyf; + 6F ho® + 12Ho fihy +
6H, % + 6fih% + 6hy*h, + 12f; = 0

T1%: 12F, hof; + 6Hof# + 12f;h hg + 2R3 = 0
T 6F, f,° + 6hy f2 + 6f1he” = 0
T'2: 6f,°hy = 0
T:2£,°=0
Solving these system {T1,T?, ..., T*3}, we obtain
Familyl:

B=B,F,=F,Hy=0,H,=0,f, =0,hg = 0,h; =
_F1
Family2:

B =2H§,F; = F;, Hy=Ho,H, = 0,f; = 0,hy =
0,h1 =-F
Family3:
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B=-2F,=F, Hy=0,H, =0,f; =0,hg = 0,h; =
-F ti
Family4:

B=—-2F,=F,Hy=0H, =+i,f; =0,hy =
0,h, = —F,
Family5:

B = +6iF, + 6i(—F, +i)—2,F, =F,, Hy=0,H, =
+i,fi =0,hg= 0,hy = —F, *i
Substituting (Family1,2,3,4,5) into Eq. (3.2.3), we
obtain the solitary wave solutions of Eq. (1.5):

wy= Hy (33.3)

Wy3 = +iT ™ = +icothg (3.34)

Wys = il = *itanh¢ (33.5)
— 4 o1

W6,7 = iLT i iT (335)

= titanhgp +icothg
4. Summary

In this paper, improved hyperbolic function method
has been successfully used to obtain travelling wave
solution, of the nonlinear evolution equation (general
Sawada—Kotera equation of fifth-order, the 3D
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potential-YTSF equation and modified Korteweg-de
Vries (mKdV) equation). We calculated new exact
solutions that are not obtained by any hyperbolic
function method (3.1.5), (3.1.6) and (3.1.7). We
proved The valaidty of our solutions by putting them
back into the original Eq. (1.3). Also, a comparison
was made between the solutions of the improved
method and [13,14], and [15] under special
conditions. We observed that our results are in good
agreement with [13], [14], and [15] see Tables 1,2.
We obtained further new exact travelling wave
solutions of hyperbolic function wy, in Table 1 and
wy in Table 2, which have not been reported. The
solutions contain many free parameters that can be
used in different physical applications where the
equations arise. Also, when the free parameters
assumed particular values the obtained solutions are
reduced to special function.

Table 1 Comparison between Expansion Method [13]

Obtained solutions.

If, A:1,C=0,Q=22—4y,d=—§,B=§,)l=2,,u=0,a0 =2,E=

If, Hy =2
7
wy =Ho+Zcoth{x+y+Z+Zt}

(SR

=1

7
w, =H0+2tanh{x+y+z+zt}

1

UZ—Z

(2yd + B +VQ coth{g YP+a,

1
= ——— (342 + 4Ey + B?
{=x+y+z 4142(3 + 4Ey + B*)t

w; = Hy + 2tanh @ + 2 coth ¢

ws, new exact traveling wave solution

Table 2 Comparison between Expansion Method [14]

Obtained solutions.

If,o=—-1,A=2,u=06=1

1 1
Uy = iiwlaé‘(/lz — 4u) tanhE\/ 2 -4 ¢

w3 = *icoth{x + 2t}
W,s = titanh{x + 2t}
Wy = titanh@ +icothe

1
(=x—(26,u—§8/12)t=x+2t

we 7, NEW exact traveling wave solution

5-The advantages of the improved hyperbolic
function method

1- The improved hyperbolic function method is used
to seek solutions of higher-order nonlinear equations
which can be reduced to ODEs of the order greater
than 3.

2- The results include kink-profile solitary-wave
solutions,  bell-profile  solitary-wave  solutions,
periodic wave solutions, rational solutions, singular
solutions and other new formal solutions.

3- The improved methods yield a general solution
with free parameters, so no need to apply the initial
and boundary conditions at the outset.

4- The solution procedure can be easily implemented
in Mathematica or Maple

5- Finally, we can see, tanh- coth type solitary wave
solutions of nonlinear evolution equation are obtained
by tanh-coth function method.

6. Graphical exemplification

In this section, Some of the obtained travelLing wave
solutions of nonlinear evolution equations of the
(3+1)-dimensional potential-YTSF equation, are
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represented in Figures. 1-3 with the aid of symbolic
computation software like Maple.

T

Figure 1 Modulus plot of Kink wave, Shape of (3,2,5)
when, Hy =2,y =0,z =0.
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Figure 2 Modulus plot of single soliton wave, Shape of
(3,2,6) when, Hy =0,y = 0,z = 0.
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