Tikrit Journal of Pure Science 22 (2) 2017

ISSN: 1813 — 1662 (Print)
E-ISSN: 2415 — 1726 (On Line)

On Semi- regular T, and Semi- regular T, in Intuitionistic Fuzzy

Topological Spaces

Fatimah M. Mohammed
Department of Mathematic, College of Education, Tikrit University, Tikrit, Iraq

Abstract

The purpose of this paper is to give the new definitions of semi-regular T, and semi-regular T, separation axioms
in intuitionistic fuzzy topological spaces. Study the basic properties, characterizations and relationships of these
new concepts in intuitionistic fuzzy topological spaces.
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1. Introduction

After the introduction of fuzzy sets by Zadeh [1],
Atanassov in 1983 [2,3] introduced the notion of
"intuitionistic fuzzy set " (IFS for short). Using
intuitionistic fuzzy sets, Coker [5] introduced the
notion of "intuitionistic fuzzy topological spaces. In
this paper, we introduce new notions of semi-regular
T, and semi-regular T, separation axioms in
intuitionistic fuzzy topological spaces.

2. Preliminaries

The concept of " intuitionistic fuzzy set " (IFS for
short) was introduced by Atanassov as an object of
the form A=< x, A;, A,>, where A; and A, are subset
of a nonempty fixed set X, satisfying the following
A; N A, = @. Every subset of a nonempty set of IFS
having the form < x , A, A°> . Some Boolean algebra
operations on IFS is defined by Coker [5] as follows:-
Let A, B be IF'S where A =<x, A, A,>, B=< X,
B1, B, > belong to a non-empty set X and {Ai:i&€J}
be an arbitrary family of IFS in X where Ai =<x , A;,
Ay>, then :-

ASB A, S B, A A2 B, :

A:B<:>A CB ABLC A;

A=< x, Ay, A >

UAi=<x, UA, N A, >,

NAi=<xNA, A, >,

= =<X @, X>, X:<X,X,®>.

The an intuitionistic fuzzy topology (IFT for short) on
a nonempty set X is a family I of IF's in X

containing 2, X and closed under finite intersection
and arbitrary union, in this case the pair (X, T) is
called an intuitionistic fuzzy topological space (IFTS
for short).

Now let A be any IF'S in (X, T), then A said to be
intuitionistic fuzzy regular (semi) open set ((IFROS),
IFSOS for short) if A=Int(CIA) (A = CL (IntA)) and
called intuitionistic fuzzy regular (semi)closed set
(IFRCS), IFSCS for short) if A= CI(IntA)( A £ CL
(IntA)), when the interior and closure of an IFS A are
defined by ;

ItA=U{G:G ET, G C A}

CIA=N{K: 1-KET, AcSK}
Any IF'S in Tis known an intuitionistic fuzzy open
set (IFOS for short) in X. The IF'S P = <x, p,{P}*> is
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called intuitionistic fuzzy point in X. The IF'S g is
said to be contained in A if (P € A; and P& A,, and

the set P= <x, @,{P}° > is called vanishing
Intuitionistic point in X (VIP for short).

2. Some Forms of Semi-regular T; Separation
axioms:

In this section, we introduce some new form of the
separation axioms namely semi-regular T, (SRT; for
short) in IFTS, we give a definition of semi-regular
and semi-regular T, and some of it's properties and
relations with each other.

Definition 2.1: Let (X, T) be an IFTS, A subset A of
X is said to be semi-regular if A is both semi open
and semi closed [5].

The set of all semi-regular sets of X is denoted by
SR(X), the intersection of all semi-regular sets of X
containing A is called the semi-regular closure of A
and denoted by SRCL(A) and the union of all semi-
regular sets of X contained in A is called the semi-
regular interior of A and denoted by SRI(A).

Definition 2.2: Let (X, T) be an IFTS, than (X, T) is
said to be :-

1. SRTy(i) if foreach x, y EX, x Fy3 U,V E
SR(X)st X € U, y¢UandFEV, XEV.

2. SRTy (ii) if foreach x,yE X, x =y, 3 U V£
SR(X)stE€U,Y ¢ Uand EV, i€ TE V.

3. SRT, (iii) if foreachx,y € X, x =y, 4 U, VE
SR(X)st XEU S Y°and VEV € £°.

4. SRT, (iv) if for each x, y € X, xsy,3 U, V £

SR(X)st ¥ EUC ¥ andYeV C X°

5. SRTy(V) if for each x, y € X, xz=y, 3U, V E
SR(X) st yg&Vand X & V.
6.SRT.(Vi) if for each x, y EX, xFy,3 U, V

ESR(X) st ¥°@U and £ € V.

The following theorem appears in [4] for IFOS
without proof, we generalize it for SR sets and give it
here with proof.
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Theorem 2.3 : Let (X, ) be an IFTS, then the
following implication are valid.

SRTi(V) €—  SRT; (Vi

1 Y
SRT.(i) €— SRT.({) + SRT(if) — SRT4(ii)

T !
SRTy(iif) SRT4(iv)
Proof : To prove SRT; (vi) = SRTy(V) :-

Let X,y €X, X # Yy, since SRT(v ) hold so there

exists U,V €SR(X) s.t :EEU and X &V, this implies
that y €u, and X € V5, Since u;Nuy, = @ and viNv, =
@, we gety & u; and x & V4, therefore

X&Vand ¥ U so SRTy(v) holds.

To prove SRT(i) = SRTy(V) :-

Let X, y € X. Since SRT(i) hold, so there exists U ,
VESRKX) stX €U, ¥y gUandy EV, x & U, this
implies that ¥ gUand V €V, X €V, x € Vand ¥

& U, therefore SRT,(v) hold.
In order to prove SRT,(if) — SRTy(vi), take X, y &€

X, X Y. Since SRT(ii) hold, so there exists U, V £
SR(X)st X €U, "EUand YEV, ¥ ¢ T, €V.

From this we have X & V and Y ZU, therefore

SRT,(vi) hold.
SRT.(i) + SRTy(if) —» SRTy(i) and

SRTy(f) + SRTy(if) —> SRT.(i) is direct.

To prove SRT; (i) + SRT4(if) — SRT.(iif) :-

Let X,y € X, xzY . Since SRT (i) & SRT(ii) hold
so3 U VESRKX) stX €U, ¥ €V, X ¢V and
Veu, soJT:EU,:E&’Uand:EEV,JTTEf EV.

First we hav=to prove :- B
Xe U c¥° and ¥ eV CX° we have from

assumption X €U and VEV.

To prove U C¥° let U = < x, uy, u> and ¥° = <y,
{y}, {y}>, since ¥&U, so yeu,, therefore u; S{y}*
and{y}<u,, this implies that U CY®. In a similar
way, we can prove VEX®. Hence SRT(iif) holds.

In order tozprove SRT,(iif) = SRT(1)) +SRT,(ii) :-
First we have to prove SRT,(iii) — SRT;(i)
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Letx, y € X, xzYy. Since RT(iii) hold,so 3 U,V &
SR(X) st X € UC C¥Y°and VeV C X°, we have to
prove X€ U, ¥&#U and ¥~= V, X ¢V this implies
that X EUandY € Uso X € U, ¥&U and since ¥
€V CX° so we get that ¥ €V, ¥ gV, therefore
SRT,(i) holds.

Similarly, we can prove that SRT,(iif) — SRT(ii) .
The following implication all proved by transitivity :-
SRT,(ii) + SRT1()) —» SRTy(vi),

SRT,(if) + SRTy(i) — SRT(V)

Remark 2.4: The converse of the last theorem are not
true in general. The following counter example shows
the cases.

Example 2.5 : ~

1. Let X = {1,2,3} and define T ={@,% A, B, C, D,
E, F} where A = < x, {1}, {2,3}> , B = < x,{2},
{1,3}>, C=<x, {12}, {3}>,D=<x,{1,3}, {2}>,
E=<x, {23} @> F=<x, {13}, @>, so SR(X) =

{7, X, B, D}, then (X, ) is SRT(i), but not SRT(ii).
2. LetX={12}and T ={7, }?, A, B}, where A=<
X @ {1}>, B =<x @ {2}>and SR(X) = {&, % A,
C, D} where C =< x, @, {1}> and D = < x, {2}, {@>,
then (X,T) is SRT1(v), but not SRT;( {).

3. Let X = {1,2,3} and define T = {3, %, AB, C,
D, E, F} on X where A =< x, @, {1,2}>, B = < x,
{3}, {1.2}>, C=<x @, {2,3}>, D=<x, {3}, {2}>,
E=<x, {13}, {2}> F=<x, @, {2}>, then (X, T) is
SRT;(vi), butnot SRTy(i1) and not SRT(iff) .

4. LetX={1,23}and T={%, % A B, C, D,EF,
G, H, K} where A = < x, {1}, {3}>, B = < x, {2},
{1}>,C=<x, {1}.{23}>,D=<x, @, {2}> E=<
x, {1,2}, @> F=<x, @, {1,3}>, G=<x, @, {2,3}>,
K=< x{1}, @#> So (X, T) is SRTy(i)  but not
SRT(iii) .

3. Semi- regular T, in intuitionistic Fuzzy
Topological Spaces :

The aim of this part is to introducing some new form
of T, separation axioms namely semi-regular

T, in IFTS and study properties and it's relations of
each other.

Definition 3.1: Let (X, T') be an IFTS. (X, T) is said
to be :-

1. SRT,(i) if for all x, y EX, xzy, U,V € SR(X)

suchthat¥ € U, ¥ € VandUnVv =2
2. SRT,(i) if for all X, y €X, Xy, JUV € SR(X)

such that ¥ €U, ¥ € Vandunv = @,
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3. SRTL(ii0) if for all x, y €X, x=y, JUVE SR(X)
suchthat ¥ € U, ¥ €V and UNV = 9.

4. SRT,(iv) if for all x, yEX, x=£y, JU,V € SR(X)
such that X €V and UCV.

5. SRTy(v) if for all x, yEX, x=y,3U,VESR(X)
such that EEUCY®¥eV € ¢ and UNV = @,

6. SRT,(vi) if for all X, y €X, x==y, JU,V € SR(X)
suchthatX € U €V ¢ ev € X° andunv =2

Theorem 3.2 : Let (X, ) be an IFTS, then the
following implications are valid.

SRT,(V) — SRT,(vi)

l l
SRT,({) — SRT,(ii)
l l

SRT,(iif) —* SRT,(iv)
Proof :-
1. Let (X, T) be IFTS satisfy SRT,(V), to prove that
(X, J) is satisfy SRT,(vi) . Let X, y €X, Xx=£y. Since

SRT,(v) holes. Then JU,V €SR(X) such that X&
UcCP, ¥ ev X and UNV =2 Since X €U
and ¥ €V then we can get easily that X€U and
¥ €V, therefore X €U, ¥ €V, U CY°, vV C X®and

U NV =2 from hypotheses , so we get that (X, T) is
satisfies SRT,(vi).

2. To prove SRT,({) — SRT(i0), let (X, T) be IFTS
satisfy SRT,(i)and X, y £X, x=z=y, so U,V £ SR(X)
such that £ € U, ¥ €V and U NV = @, Then we can
get easily that X €U and 5 €V and U NV =2,
therefore SRT,(if) holds.

3. Let (X, T) be IFTS x, y €X, xzy and SRT,({)

holds, to prove SRT,(iii) is satisfy, since SRTy(i)
holds so 3U,V € SR(X) such that X £ U, ¥ €V and

U NV =2, since X € U and U NV = @ this implies
that X& V, so X € V¢, this prove that for every x X

,if X €U, thenX € V5, ¥ €V, i.e. UCV , therefore

SRT(iif) holds.
4. Suppose that SRTy(ii) holds, to prove SRT,(iv),
let X, y £X, X=£Y, since SRT,(ii) is hold so

JU,VESR(X) such that X€ T°C¥ and U NV= 9 |
since X € U, then & & V=@, so
X €V, therefore ugV, that is mean SRT,(iv) holds.
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5. In order to prove SRT,(ii) satisfy when SRT,(vi)
holds. Let x, y €X, x=y, so 3 U, V £SR(X) such

thatX € U° ¥, FEVSC Xand U NV = 2, from
this we get directly that 3U,V €SR(X) such that X €
U, ¥ €V and U NV =2, therefore SRT (i) holds.

6. SRTy(iv) — SRTy({) is clear.

7. To prove SRT,(iv) satisfy when SRT(iii) holds,
suppose that x, y € X, xzy so 3 U,V € SR(X) such
that ¥ € U, YEV and USV, so we get directly that
X €U, ¥eV and

U NV = &, therefore SRT,(iv) holds.

Remark 3.3: In general the converse of the diagram
appears in the theorem is not true in general. The
following counter example shows the cases.

Example 3.4 : N

(i) Let X= {1,2,3} and define 7= {2, % A, B, C} on
X where A= <x, {1}, {2,3}>, B =<x,{2}, {1,3}>,C
= <x,{1,2}, {3}>, then SR(X) = {% X,D,E} where D
=<x, {1}{2}>, E=<x, {2}, {1}>, so the IFTS (X,
T) is SRT,(ii) but not SRTy({) .

(i) Let X = {1,2} and define T= {& %, A, B} on X
where A = <x, @, {2}>,B =<x, @ {1}>, then the
IFTS (X, T) is SRT(i{), but not SRTy(i).

(iif) Let X={1,2,3} and define T= {3, % A B}on
X where A = <x, @, {2,3}>, B =<x, @, {1,3}>, then
the IFTS (X, T) is SRT,(vi), but not SRT,(V).

Since every T, separation axiom is T, separation

axiom in general topology, then we have the
following corollary :-

Corollary 3.5: Let (X, T) be IFTS, then if (X, T)is
satisfies SRT,(n), then it satisfies SRTy(n), where
nE{i, it, iii, tv, v, vi}, but the converse of the last

corollary is not true in general and the following
examples show the cases :-
Example 3.6 :

1. Let X={1,2,3} and define T={@, X B, CD,
E, F} where A=<x, @, {1,2}>, B = <x, @, {2,3}>,
C = <x{3}{1.2} > D =<x {8}{2}> E=<x
{131423> F = < x, @, {2}>, s0 SR(X) ={2% M,
H} where M= <x,{3},@>, H = <x, @, {3}>, so (X,
J) is SRT1(vi), but not SRT2(vi).

2. In the example 3.4(1) we see (X, J) is SRTy(i) but
not SRT,(i) and in the (iii) of the example 3.4 we see

(X, T) is SRTy(V) , but not SRT (V).
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3. Let X = {1,2} and define T:{E,X,A,B} where A
=<x, @ {1}>, B =< x, @, {2}>s0 SR(X) = T.

Hence, (X, T is SRT.(if) , but not SRTa(ii).

4. Take X = {1,2,3} and define T = {2, %, A B, C,
D, E, F, G}, where A = <x,{1}, {2,3}>, B = <x,{2},
{1,3}>, C=<x{1,2},{3} >, D=<x, {3},{1.2}>, E
=<x {1,3}.{2}>, F = <x, {2,3}, {1}>, s0 SR(X) = T,
then (X, ) is SRT(iii) , but not SRT,(iif).
References

[1] Zadeh, L. A.(1965):" Fuzzy Sets, "Information
and Control 8 (3)338-353.

[2] Atanasov, K. and Stoeva, S. (1983): "Intuitionistic
Fuzzy Sets In: Polish Symp on Interval and Fuzzy
Mathematics". Poznon pp. 23-26.

[3] Atanassov K. (1986): "Intuitionistic Fuzzy Sets"
Fuzzy set and systems 20, 87-96.

ISSN: 1813 — 1662 (Print)
E-ISSN: 2415 — 1726 (On Line)

Let X = {1,2,3} and define T={?X A, B, C, D, E,
F, G, H, K} where A = <x,{1},{3}> , B = < x,{2},
@> C=<x,{3},@>, D=<x,{1,2}, @> E=<

x, {13} @> F=<x {23} @> G=<x @.{3}>,
H=<x @, @>, K=<x{1}, @>, then the IFS (X,
J) on Xis SRTy(iv), but not SRT,(iv).

[4] Bayhan, S. and Coker, D. (2000): "On Fuzzy
Separation ~ Axioms in Intuitionistic  Fuzzy
Topological Spaces”. Internet pp. 620-630.

[5] Coker, D. (1996): " A note on Intuitionistic Sets
and Intuitionistic Points". Turkish J. Math. 20, No. 3,
pp. 343-351.

Lpand) Lnglaitl) il Ladll 3 T, aliiial) duilly T aiiilal) 4pdd) Jga
desaa Jgana ;\.Ahlﬁ
Gl ¢ CuySi e CuySidrala ¢ Al 2 plell Luil] LIS ¢ Coluialypl] ansd

oailall

5Ty piindd) 4nl eliadl) oy A dunglstll eliadll 3 Ty 5 Ty Jeadll i aioa Gyt ellac) s Gndl 13 (e Cigl)

116



