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Abstract

Through the concepts of supra open sets and supra a — open sets, we introduce a new class of separation axioms
and study some of their properties. We could comparative between these two items. At last we investigate the

hereditary and other properties of them.

1- Introduction

The supra topological spaces had been introduced by
A. S. Mashhour at [2] in 1983. So the supra open sets
are defined where the supra topological spaces are
presented. We have known that every topological
space is a supra topological space, so as every open
set is a supra open set, but the converse is not always
true. Consideration the intersection condition is not
necessary to have a supra topological space. Njastad
at [6] in 1965 introduceda — open set. In 2008, R.
Devi, S. Sampathkumar and M. Caldas [5] introduced
the supra — a — open.

Some topological spaces we applied the properties of
the separation axioms. These properties were studied
by many researchers as Sze - Tsen, Hu at [3] in 1964
and S. Lipschutz at [1] in 1965. Also D. Sreerja and
C. Janaki at[4] has discussed a new type of separation
axioms in topological spaces in 2012,

In this paper we study the relationships between supra
separation axioms and supra a — separation axioms
and study some of characterizations of them.

2- Preliminaries and Basic Definitions

The spaces considered in this paper are supra
topological spaces. (X,T) is said to be a supra
topological space if it is satisfing these conditions:
1-0,X e t.

2— The union of any number of sets in T belongs to
T.
Each element A€ t is called a supra open set
in(X,t) , and A€ is called a supra closed set in (X, 1)

[2].

The supra closure of a set A is denoted by
supra cl(A) are defined as
cl(A) =n {B:Bisasupraclosedand A € B}. The
supra interior of a set A is denoted by

supra int(A) =U {B: Bis a supra open and A 2
B}.[2]

The set AofX is called a supra a— open set, if
A C supra int(supra cl(supra int(A))). The
complement of a supra o —openset is a supra
a — closed set[5].

3- A New Classes of Supra Separations
Axioms

In this section we introduce a new classes of supra
separation axioms and we study it’s characterizations.
Definitionl: If (X, t) is a supra topological space, for
all x,y € X,x #y, and there exist a supra open set G
such that x € Gandy € G. Then (X,1T) is called a
supra T,- space.
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Definitino2: If (X, 1) is a supra topological space, AC
X, A#0 , T, is the class of all intersection of A with
each element in T , then (A,t,) is called a supra
topological subspace of (X, 7).

The hereditary property of a supra T,- axiom will be
proved in the following theorem.

Theoreml: If (X, 1) is a supra T,- space and (Y, T) is
a supra topological subspace of (X, ) then (Y,t,) is
a supra T,- space.

Proof:

Suppose that x,y € Y,x # y, since YE X thenx,y €
X

Since (X,T) is a supra Ty- space means that there
exist a supra open set GS X such that x€
Gandy € G.

We have that G, =Y N G, Gy is a supra open set in
Yand x € G, buty € Gy, so we found a supra open set
Gy< 'Y which it contained x and not contained y.
Hence; (Y, ry) is a supra T,- space. m]
The following theorem needs to define a supra open
function that means ((the image of any supra open set
in (X,t) is a supra open set in (X*,t*) where these
are two supra topological spaces))

Theorem2: If (X,t) ,(X* 1) are two supra
topological spaces, (X, ) is a supra T,- space and f is
a supra open function and bijective then (X*,t*) isa
supra T,- space.

Proof:

Suppose that (X, T) is a supra T,- space.

Now we have to prove that (X*,t*) is a supra T,-
space.

Let Xy €X' x*#y", since f is a bijective
function then there exist x,y € X such that : x* =
fx) ,y"=f(y)andx =y

Since (X,t) is a supra T,- space then there exists
G S X isasupraopensetsuchthatx € Gandy & G
We obtain that f(G) € X* is a supra open sets in X*
because fis a supra open function.

Sox* € f(G) and y*¢& f(G).

Then (X*,t") is a supra T,- space. O

We can transferee the supra T,- property, by using a
continuous, bijective, function what it will be proved
in the following theorem.

Theorem3: If (X,t) ,(X*,t") are two supra
topological spaces, where (X*,T*) is a supra T,-
space and f:X— X* is a bijective continuous
function then (X,t) isa supra T,- space.

Proof:
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Suppose thatx,y € X,x #y , since fis a bijective
function then there exist x*,y* € X*, X" #y” such
that x* = f(x) , y* = f(y).

Since X* is a supra T,- space, then there exist a supra
open set G € X*such that f(x) € G,f(y) ¢ G.

Since f is a continuous function then f=*(G) is a supra
open set in X containsx, but not contains y.

Hence; (X, T) isasupra Ty- space. m]
Remarkl: Every T,- space is a supra T,- space, but
the converse is not true as in the next example.
Examplel: Let X={x,y,z},
={0.X,{x},{y}. &xz}.{y. 2}, {x y}} .

Definition3: If (X,t) is a supra topological space,
G ,Hc Xare supra open sets and
ifxeG,x¢Handy € G,yeH then (X,t) Iis
called a supra T; - space.

Theorem4: If (X, T) is a supra topological space then
(X,t) is a supra T;-space if and only if for every
x €X, {x} isasupraclosed set.

Proof: — First

Let (X, T) be a supra topological space, we show that
{ x }¢is asupraopen setin X.

Suppose that a € {x}°, a #x then by (def. 3)
there exist G, is a supra open set in X where G, does
not contain x. Hence; a € G, S {x}¢ and {x}°=
{Ga ra €{x}° }.

This means { x }° is a union of all supra open sets and
by (axiom two from the def. of supra topological
space).

{x}¢ is a supra open sets. Then {x}
closed set.

« Conversely

Suppose that { x} is a supra closed set inX and let a,
be X where a#bthena € {b}*, b € {a}‘and
{b} , {a}° aresupraopensetsinX.

Hence (X, t) isasupra T;- space. m]
The next theorem will use the definition of a supra
T, - space with the idea of the proof of (theorem1).
Theorem5: If (X,t) is a supra T;- space and (Y, T)
is a supra topological subspace of (X,t) then (Y, T, )
is a supra T; - space.

The next theorem will use the definition of a supra
T, - space with the idea of the proof of (theorem2).
Theoerm6: If (X,t) ,(X*t") are two supra
topological spaces, (X, t) is a supra T;- space and f is
a supra open function and bijective then (X*,t*) isa
supra T, - space.

We want to show that the role of the finite set in a
supra T, - space.

Definition4: If (X,t) is a supra topological space,
Ac X and x € X, then x is said to be a supra limit
point of A if for every supra open set G contains x ,
A NnG/{x} # Q.

The set of all supra limit points is called a supra
derivative set and denoted by A .

Remark2: A subset A of a supra topological space is
a supra closed set if and only if A contains each of its
supra limit points (A € A).

is a supra
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Theorem?: If (X, 1) is a supra T;- space and A is a
finite sub set of X then A has no supra limit points.
Proof:

Suppose that A ={a;,a,,.. ,a, }then A isasupra
closed set and contains all its supra limit points, but
{a,,az, .. ,a,} isalso a finite supra — closed set,
which means that { a,,a5,... ,a,} € is asupra open
set contains a;.

Hence a; is not a supra limit point of A.

Similarly, no other points of A is a supra limit point
of A. m]

Remark3: We know that every finite T,- space is a
discrete space from [1], but in a supra T;- space that
is not always true, as an example (1).

The next theorem shows that a supra T,- axiom is a
hereditary property.

Remark4: Every supra T; - space is a supra T,- space,
but the converse is not true as in the next example.
Example2: Let X={x,y} , t={0,X {x}}. This
space is a supra T,- space but it is not a supra T;-
space.

Definition5: If (X,T) is a supra topological
space, x,y € X,x #y, then there exist G,H € X are
supra open sets such that x € G,y € H,GNnH = @,
then (X, T) is called a supra T,- space.

As we proved in the supra T,- space, here also the
hereditary property of a supra T,- space will be
proved.

Theorem8: If (X, ) is a supra T,- space and (Y, 1) is
a supra topological subspace of (X, ) then (Y, 1y, ) is
a supra T,- space.

Proof:

Suppose that ,y € Y,x #y , since YE X thenx,y €
X which means that there exist two supra open sets
G,HEX such that xe Gandy €H, GNH = @ . Now
Gy =GNY,Hy, = HNY are two supra open sets in Y
suchthatx € Gy andy € Hy .

Since GN H = @, then G, N H, = @.

So (Y,t,) isasupra T,- space. |
Theorem9: If (X,t) ,(X% 1) are two supra
topological spaces, (X, t) is a supra T,- space and f is
a supra open function and bijective then (X*,t*) isa
supra T,- space.:

Proof:

Suppose (X, T) is a supra T,- space.

Now we have to prove that (X*,t*) is a supra T,-
space.

Let x*,y* € X" where x* # y*, since fis a bijective
function then there exist x,y € X such that x* =
f(x) , y"=f(y)andsox #y.

Since (X, ) is a supra T,- space then there exist G, H
cX two supra open sets such that x €G,
yEH andGNH=0.

We obtain that f(G), f(H) < X* are two supra open
sets in X* because fis supra open function.

So x* € f(G) and y* € f(H) and f(G) nf(H) = @.
Then (X*, ) is a supra T,- space. O
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Remark4: Every supra T,- space is a supra T, - space,
but the converse is not true such as in the next
example.
Example3: Let X={x,y,z} ,
T={0.X,{xy} {y, 2} {x z}}

This space is a supra T, - space but it is not a supra
T, - space.
Definition6: If (X, T) is a supra topological space, for
all x,y € X,x #y, and there exist a supra o« — open
set G such that x € Gandy & G. Then (X,t) is
called a supra o — T,- space.
Definitino7: If (X, t) is a supra topological space, AC
X, A#0 , T, is the class of all intersection of A with
each element in t , then (A,t,) is called a supra
topological subspace of (X, ).
The hereditary property of a supra a — T,- axiom will
be proved in the following theorem.
Theorem10: If (X,t) is a supra a — T,- space and
(Y, ) is a supra topological subspace of (X,t) then
(Y,t,) isasupraa— T,- space.

Proof:
Suppose that Xx,y €Y, x#y, since YcX
thenx,y €X

Since (X, t) is a supra a — T,- space means that there
exist a supra o —open set G S X such that x €
Gandy € G.

We have that G, =Y N G, G, is a supra o —open set
in Yand x € G, but y ¢ Gy, so we found a supra
a —open set GyC'Y which it contained x and not
contained y.

Hence; (Y,t,) isasupra a— To- space. m
Theoremll: If (X,t) , (X’ t") are two supra
topological spaces, (X, T) is a supra a — T,- space and
f is a supra open function and bijective then (X*, %)
is a supra o — T,- space.

Proof:

Suppose that (X, t) is a supra o — T,- space.

Now we have to prove that (X*, t*) is a supra o — Ty-
space.

Let X", y" € X*x* =y, since f is a bijective
function then there exist x,y € X such that, x* =
fx) ,y"=f(y)andx =y

Since (X, 1) is a supra o — T,- space then there exists
GS X is a supra a—open set such that x €
Gandy € G.

We obtain that f(G) € X* is a supra o —open sets in
X* because fis a supra open function.

Sox* € f(G) and y*¢& f(G).

Then (X*, ) is asupra o — T,- space. (m]
Definition8: If (X,t) is a supra topological space,
G ,Hc Xare supra a—open sets and if
XEG, x¢Handy¢ G,yeH then (X,t) is
called a supra a — T; - space.

The next theorem show us the hereditary property of
a supra a — T;- axiom which will be proved by using
the definition of a supra a — T;- space with the idea
of the proof of (theorem10).
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Theorem12: If (X,t) is a supra o — T;- space and
(Y, 1) is a supra topological subspace of (X,t) then
(Y,t,) isasupraa— T;- space.
The next theorem will use the definition of a supra
a—T,- space with the idea of the proof of
(theorem11).
Theoerm13: If (X,7) , (X% t*) are two supra
topological spaces, (X, 1) is a supra o — T, - space and
f is a supra open function and bijective then (X*,t")
is a supra a — T - space.
Definition9: If (X,T) is a supra topological
space,forall x,y € X,x #y, then there exist
G, H c X are supra a —open sets suchthatx € G, y €
H, GNnH =0, then (X, 1) is called a supra o — T,-
space.
As we proved in the supra o — T,- space, and supra
a — T, - space, here also the hereditary property of a
supra o — T,- space will be proved.
Theorem14: If (X,7T) is a supra a — T,- space and
(Y, ) is a supra topological subspace of (X,t) then
(Y,t,) isasupraa— T,- space.
Proof:
Suppose that x,y € Y,x #y, since YE X thenx,y €
X which means that there exist two supra o —open
sets G,GHS X suchthatx € GandyeH, GNH=0.
Now Gy = GNY,H, = HN'Y are two supra a —open
setsin Y such that x € Gy andy € H, .
Since GNH =0, then G, N Hy = @.
So (Y,ty) isasupra o — T- space. |
Theoreml15: If (X,©) ,(X*,t*) are two supra
topological spaces, (X, T) is a supraa — T,- space and
f is a supra open function and bijective then (X*, 1)
is a supra a — T,- space.
Proof:
Suppose (X, T) is a supra o — T,- space.
Now we have to prove that (X*, t*) is a supra o — T,-
space.
Let x*,y* € X* where x* #y*, since fis a bijective
function then there exist x,y € X such that x* =
f(x) , y"=f(y)andsox #y.
Since (X, 1) is a supra a — T,- space then there exist
G,H € X two supra a —open sets such that x € G,
yEH andGNH=0.
We obtain that f(G), f(H) < X* are two supra a —open
setsin X* because fis a supra open function.
So x* € f(G)and y* € f(H)andf(G) n f(H) = 9.
Then (X*, %) is a supra a — T,- space. m]
4- Some Relationships Between Two Classes
(Supra Separation Axioms And Supra a-—
Separation Axioms)

The following diagram introduced the relations
between the two classes.

supra T, — space = supra a — T, — space

U U
supra T; — space = supra a — T; — space
U U

supra T, — space = supra a — T, — space
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We have to prove the above relationships and give an
example to show that the converse is not always true.
Lemmal: Every supra open set is a supraoa —
open set.[5]

Theorem16: Every supra T,- space is a supra o — T,-
space.

Proof:

Let (X,t) be a supra T, — space, and letx,y € X,x #
y then there exist two supra open sets G, H < X such
thatx € GGy e H,GNH = Q.

Since every supra open set is a supra a — open set
(by lemma).

Then G,H € X are two supra a — open Sets such
thatx € Gy e H,GNH = @.

Hence (X, t) is a supra a — T,- space. (m]
Theorem17: Every supra T; - space is a supra o« — Ty -
Proof:

Let (X, t) be asupra T; — space, and let x,y € X, x #
y then there exist two supra open sets G,H < X such
thatx € Gandx ¢ H,y ¢ G,y € H

Since every supra open set is a supra o — open set
(by lemmal).

Then G,H € X are two supra a — open sets such
thatx € Gandx ¢ H,y ¢ G,,y € H.

Hence (X, t) is a supra a — T, - space. 0O
Theorem18: Every supra T,- space is a supra o — Ty-
space.

Proof:

Let (X, t) be a supra T, — space, and letx,y € X, x #
y then there exist a supra open set G < X such that
XxE€Gandy € G.

Since every supra open set is a supra a — open Sset
(by lemmal).

Then GS X is a supraoa—open Set such that
XxEGandy € G
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Hence (X, t) is a supra a — T,- space. (m]
Theorem19: Every supra a — T,- space is a supra
a — T; - space.

Proof:

Let (X,T) be a supraa —T,—space, and let
x,y €EX,x #y then there exist two supra a —open
sets G,H € Xsuchthatx € Gy e HLGNH = 0.
SinceGNH =@, that is mean x € Gandx ¢ H,y ¢
G,y € H.

Hence (X, t) is a supra a — T; - space. ]
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Proof:

Let (X,T) be a supraa—T; —space, and let
x,y €EX,x #y then there exist two supra a —open
sets G,H < X such that x€e Gandx € H,y € G,y €
H.
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