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Let R be a commutative ring with identity , and M is a unitary left

R-module”, “A proper submodule E of an R-module M is called a
weakly quasi-prime if whenever r, s € R, m € M, with 0 # rsm € E ,
implies that rm € E or sm € E”. “We introduce the concept of a weakly
quasi 2-absorbing submodule as a generalization of weakly quasi-prime
submodule”, where a proper submodule E of M is called a weakly quasi
2-absorbing submodule if whenever r,s,t € R, m éM with 0# rstm € E ,
implies that rsm € E or rtm € E or stm € E. we study the basic properties
of weakly quasi 2-absorbing. Furthermore, the relationships of weakly

I;:(_hrglzii;leilhabeeb@qmailcom quasi 2-absorbing submodule with other classes of module are
Tel: ) ) elistraited.

1- Introduction

The concept of weakly quasi-“prime submodule
which is a generalization of” a weakly” prime
submodule was introduce by in [ 1], ¢ where a proper
submodule E of an R-module M is called weakly
quasi-prime submodule if wheneverr,s € R, me M,
with 0 # rsm € E, implies that either rm € E or sm €
“. And " a proper submodule E of an R-module M is
called weakly prime submodule if whenever r € R, m
eM,withrmeEthenmeEorre[E:M]]2]”,
where “[E:M]={reR;rMcE}".” A proper
submodule E of an R-module M is called 2-absorbing
(weakly 2-Absorbing ) if wheneverr,seR,meM
with rsm € E (0# rsm € E) , then rm € Eorsm € E
orrse[E:M] [3]”.

In this work we generalized the concept of weakly
quasi-prime submodule to a weakly quasi 2-absorbing
submodule , a proper submodule E of an R-module M
is called weakly quasi 2-absorbing if wheneverr,s,t
€ R, m e M, with 0 #rstm € E imples that either rsm
€ E or stm € E or stm € E . Furthermore, we prove
that every “2-absorbing (weakly 2-absorbing)
submodule is weakly” quasi 2-absorbung submodule .
2 — Weakly quasi 2-absorbing submodules

In this section we introduce, the definition of weakly
quasi 2-absorbing submodule , as a generalization of
weakly quasi prime submodule.

Definition 2.1

A Proper submodule E of an R- module M is called a
weakly quasi 2-absorbing, if whenever r,s,t € R,
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m € M, with 0 #rstm € E , thenrsm € E or rtm € E
orstme E

And an ideal of a ring R is weakly quasi 2-absorbing
if if it is a weakly quasi 2-absorbing submodule of an
R-module R .

Remark 2.2
Every weakly quasi-prime “submodule of an R-
module M is a weakly” quasi 2-“absorbing

submodule of M” but the converse need not to be
true.

Proof

Assume E is a weakly quasi-prime submodule of an
R-module M , and let 0 #rstm € E , wherer,s,t € R,
m € M, and suppose that rsm & E. Then 0 # rs(tm) €
E. By hypothesis we have r(tm) € Eors(tm) €E.
That is rtm € E or stm € E . Hence E is weakly quasi
2-absorbing submodule in M .

For the converse consider the following example :- let
M=2Z,R=2Zand E =4Z. E is a weakly quasi 2-
absorbing submodule , but not weakly quasi-prime
submodule of Zsince 2.2 .3 € 4Zwhere2,3€Z,
but 2 .3 =6 ¢ 4Z , and 4Z is weakly quasi 2-
absorbing since 0 #1 . 2.2 .1 €4Z,we have 2 .2 .1
eE4zZ.

PROPOSITION 2.3

“Let E and D be a submodules of an R-module M
with ESD” . If E is a weakly quasi 2-absorbing
submodule in M . then E is a weakly quasi 2-
absorbing submodule in D .
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Proof

Assume that 0 #rstm € Ewithr,s ,teR, meD c
M , hence m €M . Since E is weakly quasi 2-
absorbing submdule in M , then rsm € Eor tm € E
or stm € E . Hence E is weakly quasi 2-abosrbing in
D.

REMARK 2.4

A submodule of a weakly quasi 2-absorbing
submodule need not to be a weakly quasi 2-absorbing
. The following example explain that .
LetM=Z,R=Z,andE=4Z,D=36Z.4Zisa
weakly quasi 2-absorbing in Z , and we have 36Z <
4Z , 36Z is not weakly quasi 2-absorbing in Z , since
0#£2.2.3.3€36Z,but2.2.3=12¢ 362,
PROPOSITION 2.5

Let E and D are a submodules of a module M with
DcE . Then E is a weakly quasi 2-absorbing in M if

and only if % is weakly quasi 2-absorbing in g .
Proof

Let E weakly quasi 2-absorbing in M , and let 0 #
rst(m+D)e% ,Wherer,s,teR,m+De%,me
M . It follows that 0 # rstm € E . Since E is a weakly

quasi 2-absorbing submodule in M, then either rsm €
E or rtm € E or stm € E . It follows that either rsm+D

€ % or rtm+D € % or stm+D € % . That is

either rs(m+D) € % or rt(m+D) € % or st(m+D) €
%. Thus % is weakly quasi 2-absorbing submodule
in L.

D

Conversly: suppose that E

is weakly quasi “2-
absorbing submodule” in MF ,Withlet 0 #rstm € E ,
wherer,s,teR, meM .Hence 0#rstm+D € %
. That is 0# rst(m+D) € % . Since % is a weakly
quasi 2-absorbing in % , then either rs(m+D) € % or
rt(m+D) € . It follows that

. E E E
either rsm+D € > or rtm+D € > or stm+D € >

Thus either rsm € E or rtm € E or stm € E . Hence E
is a weakly quasi “2-absorbing submodule”.
REMARK 2.6

The intersection of two weakly quasi 2-absorbing
“submodules of an R-module M” need not to be
weakly quasi 2-absorbing submodule in M as the
following example explain that:
lLetM=2Z,R=2Z,E=4Z,D =92, are weakly
quasi 2-absorbing submodules in Z . But E N D =
36Z is not weakly quasi 2-absorbing submodule in Z.
PROPOSITION 2.7

The intersection of two quasi-prime submodules “of
an R-module M” is weakly quasi 2-absorbing
submodule”

proof

Let E, D be two quasi-prime “ submodules of M” ,
with 0#rstm€END , wherer, s, t € R, me M, since
E is a quasi-prime submodule in M we assume that
rm € E , also since D is quasi-prime in M , we

% or st(m+D) €
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assume that sm € D , it follows that rsm € END .
Hence END is weakly quasi 2-absorbing submodule
inM.

“Since every” weakly “prime submodule is a weakly
quasi-prime submodule[1”]. Hence we get the
following result.

COROLLARY 2.8

The intersection of two weakly prime “submodule of
an R-module M” is weakly quasi “2-absorbing”.
PROPOSITION 2.9

The inverse image of weakly quasi 2-absorbing
submodule is weakly quasi 2-absorbing submodule.
Proof

We assume that f is an R-epimorphism from M to M’
and E is weakly quasi 2-absorbing of M. Let 0 #

rstme f1(E) , wherer,s,t€eR,me M. It
follows that 0 # rstf(m) € E , but E is weakly quasi
2-absorbing in M, then either rsf(m)€E or rtf(m)eE
or stf(m) € E , then it follows that rsmef~1(E) or
rtmef~Y(E) or stm € f~1(E). Thus f~1(E) is a
weakly quasi 2-absorbing in M .

PROPOSITION 2.10

“Letf: M — M be an R-epimorphism, and E be a
proper submodule of M with Ker(f) € E”. Then E is a
weakly quasi 2-absorbing submodule in M iff f( E)
is a weakly quasi 2-absorbing submodule in M.
Proof (—)

Assume that 0#rstm € f(E) , wherer, s, t ER , m
€M , since fis onto , then m =f(m) for some meM
. Hence 0 # rstf(m)€f(E) , implies that 0£f(rstm) =
f(e) for some nonzero e € E . Hence f(rstm - e) = 0,
implies that O£rstm € Kerf € E . That is 0 # rstm € E
, since E is a weakly quasi 2-absorbing in M , then
either rsmeE or rtme E or stmeE . It follows that
either rsf(m)e f(E) or rtf(m) € f(E) or stf(m)ef(E) .
That is either rsm € f(E) or rtm € f(E) stm € f(E) .
Hence f(E) is a weakly quasi 2-absorbing.

«— Let 0 # rstm€E, wherer,s,tER, me M, then
0+ f( rstm) € f(E) , it follows that 0 # rstf(m) € f(E) .
But f(E) is a weakly quasi 2-absorbing in M, then
either rsf(m) € f(E) or stf(m)ef(E) or rtf(m)ef(E). If
rsf(m)ef(E) , implies that f(rsm) = f(e,) for some
nonzero e; € E , hence f(rsm - e; ) = 0, implies that
rsm - e; € Kerf € E , it follows that rsm € E .
Similarly we get stm € E or rtm € E , Hence E is a
weakly quasi 2-absorbing in M .

REMARK 2.11

If K, L are submodules M with K isomorphic to L
and K is a weakly quasi 2-absorbing submodule, then
L is not weakly quasi 2-absorbing submodule. The
following example shows that;
LetM=Z,R=2Z,K=2Z,L=8Z, are submodule
of M, 2Z=8Z , we have 2Z weakly quasi 2-
absorbing submodule, but 87 is not weakly quasi 2-
absorbing in Z , since if 0£2.2.2.1 €8Z 2
.2.1¢8Z.

PROPSITION2.12

Every weakly 2-absorbing submodules of M is
weakly quasi 2-absorbing submodule .
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Proof

Assume that E is a weakly 2-absorbing in M , and let
0 # rstm€ E with r,s,t€ R, m € M . Therefore
either r(tm)e E or s(tm) € E or rs € [ E:M]. The first
two cases lead us to that E is a weakly quasi 2-
absorbing in M.

PROPOSITION 2.13

Assume that M is cyclic module, and E be a proper
submodule of M . Then E is a weakly 2-absorbing in
M iff E isa weakly quasi 2-absorbing in M .

Proof

The first part follows by proposition ( 2.12)

The second part: suppose that M is a weakly quasi 2-
absorbing in M , it is given that M is cyclic , mean
that M=Rx for some Xx€ M . Let 0 # rsm € E , with r,
sin R ,minM ,m=tx, wheret € R. Thus 0 # rstx
€ E , since E is a weakly quasi 2-absorbing in M ,
then either rsxe E or rtx € E or stx € E and hence
eitherrse [E:x]=[E:M]JorrmeEorsmeE.
Since “every 2-absorbing submodule is weakly 2-
absorbing [5]”, we get the following corollary.
Corollary 2.14

Let E be 2-absorbing “submodule of an R-module
M”. Then E is a weakly quasi 2-absorbing.
PROPOSITION 2.15

“Let M be an R-module, and E be a proper
submodule of M” . Then E is a weakly quasi 2-
absorbing in M iff [E: m ] is a weakly quasi 2-
absorbing ideal of R for everym ¢ E .

Proof (—)

We have [ E : m] proper ideal in R, sincem € M, m
¢ E.LetO#rst € [E: m], wherer,s,t €R then 0 #
rstmeE , but E is a weakly quasi 2-absorbing
submodule in M , then either rsm € E or rtm € E or
stme Ehence rse[E:M]orrte[E:M]orst e
E:M], hence [E: M] is a weakly quasi 2-absorbing.
(«)0#rstm € E, where r,s,tin R, min M, with
m dose not belong E, then 0 #rst € [E: m]. But[
E: m] is a weakly quasi 2- absorbing ideal in R, then
rse[E:m]jorrte[E:m]orste[E:m], and
hence rsm € E or rtme E or stm € E .
PROPOSITION 2.16

Let E be  proper weakly quasi 2-absorbind
submodule of an R-module “M then S~ E * weakly
quasi 2-absorbing submodule of S™*M as SR —
module.

Proof

Let 0 # abcm €S™IE , where @ = %,E =
1

by _
=+ c=
S2

2L are elements inS~'E , where a,,b,,c; ER,

S3
and fi="2eSIM,where m; EM , s;,s,,

Sy
€SLE , that

is 0 # 0+
S1 S2 S3 S4

albl# EST'E ,wheret=s; 5, 55 5, €S,

then there exist t; € S such that 0#t, a; b, c; m; EE

, but E is a weakly quasi 2-absorbing in M , then

either t,a; by my€ E or t;a;c;my € E or

t, by ¢c; my € E, then

by ¢ my

a
,S3,S4 €S . Hence 0 #+ = .
S1 Sg

S2  S3
b .
G 21 a , it follows that

eSTE
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t b —
|ft1a1b1m1€E,thenMES 1E ,SO,
L1 515284
Gbm o ge-1p
S1 S22 S4
t1 b _
If t;a,¢c;my €E, then 222271 £ g-1F g0 |
b t1 S2 S3 84
e = =
S2 S3 S
t -
If t, byc,my € E, then 2222 £g-1F oo,
t1S1S3S4
a c1 m —
Lam gg-1p
S1 S3 S4

Thus eitherabm €S™*E oracm €S'E
bcm € ST'E.

Hence S™1E is a weakly quasi 2-absorbing in S™* M.
PROPOSITION 2.17

Let E “be a proper submodule of an R-module M,”
Then E is a weakly quasi 2-absorbing submodule in
M, iff E @ M, lis a weakly quasi 2-absorbing
submodule of an R-module M; @ M, , where M, is
an R-module .

Proof

Let (0,0)#1st(m, ,m,) € E@ M,, wherer,s,te
R, (m;,m,) €M, @& M, with m, is a nonzero
elemest in M; and ,m, is a nonzero element in M, ,
it follows that 0 # rstm; € E or 0 # rstm, € M, . But
E is a weakly quasi 2-absorbing in M, , then either
rsm; € E or rtm; € E or stm; € E , it follows that
either rs(m,,m,) € E@ M, or rt(m, ,m,) € E®
M, or st(im, ,m,) € E@ M, .Hence EP M,

Is a weakly quasi 2-absorbung in M; @M,.
Conversely: suppose that E @ M, is a weakly quasi
2-absorbing in M; @ M,

,and let 0 # rstm,€ E , wherer,s, teR,m; isa
nonzero element in M;.

Then for each m, € M, , we have 0 # rst(m, ,m,) €
E® M,, since E @ M, is a weakly quasi 2-
absorbing in M; @ M, , then either rs(m, ,m,) € E
@ M, orstim, ,m,) € E@® M,orrtim,,m,) € E
@ M, . It follows that either rsm, € E or rtm, € E or
stm; € E , Hence E is a weakly quasi 2-absorbing
submodule in M;.

PROPOSITION2.18

Let E “be a proper submodule of an R-module” M, ,
then E is a weakly quasi 2-absorbing in M, if and
only if in M; @ E is a weakly quasi 2-absorbing in
M, ®M,.

Proof

Similarly as in proposition ( 2.17)

“PROPOSITION 2 .19

Let M be an R-module, and E be a proper”
submodule of M. Then the statements are equivalents.
1 - E is a weakly quasi 2-absorbing submodule in M
2—Foreachr,sinR,min Mif0Q#rsm ¢ E, then
[E:rsm]=[E:rm]JU[E:sm]
3—Foreachr,sinR,min Mif0 #rsm & E , then
[E:rsm]=[E:rmJor[E:rsm]=[E:sm].

Proof

1 =2

Lett e [E:rsm], then 0 #rstm € E . Since E is a
weakly quasi 2-absorbing in M and O#rsm & E , then
either ssme Eorrtme E ,then te[Eism]orte

or
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[E:rm],hence[E:rsm]S[E:sm]JU[E:rm].
Now,lette[E:rm]JU[E:sm],thenrtm e E or
stm € E , implies that rstm € SEC E or rstm € rEC E
, then we get rstm € E.

Thuste[E:rsm ],hence[E:rm]JU[E:sm] <]
E:rsm}.

Thus[E:rsm]=[E:rmJU[E:sm].
(2)=(3):supposethat[E:rsm]=[E:rm]JU[[
E:sm]and [E:rsm]isan ideal of R, then either [
E:sml]c[E:m]Jor[E:frm]<S[E:sm].It
followsthat [E:rsm]=[E:rmJor[E:rsm]=[E
:sm].
(3)=(1):supposethat[E:rsm]=[E:rm]or][
E:rsm]=[E:sm],wherer,seR, meM, and
let 0 # rstm € E ;then we gett € [E :rsm ] . If
[Exrsm] =[E:rm], thent € [E:rm], implies that
rtmeE . If[E:rsm]=[E:sm],thente[E:rsm]
, implies thatt € [ E : sm ], it follows that stm € E .
Hence E is a weakly quasi 2-absorbing in M .
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" Recall that a proper submodule E of an R- module is
called quasi prime if rsm € E, wherer, se R, me
M implies that eitherrme Eorsme E"[4].

It is well known that every quasi prime submodule is
a weakly quasi —prime [ 1 ], we get the following
result .

PROPOSITION 2.20

quasi prime submodule is weakly quasi 2-absorbing.

Proof

Follows by Remark (2. 2)

“ Recall that a proper submodule N of an R-module
M isaprimeifrm e N, withre R, m e M, implies
thateitherme Norre[N:M][6]".

“It is well known prime submodule is quasi-prime [ 4
17, we have the following corollary .

COROLLARY 2 .21

Every prime submodule is weakly quasi 2-absorbing.
Proof: Follows by proposition (2.20).
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