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1. Introduction

Throughout this study we mean by Q and " to be two
D-algebras, FT(F-a-T) is a fuzzy Translation, FM(F-
A-M) is a fuzzy multiplication and FM-aA-T is a
Fuzzy Magnified-oA-Translation. Recently, much
attention has been given to study the concept of fuzzy
algebra which is one of the influential brunches in
Mathematics. Zadeh in [1] provided the concept of
fuzzy set. This concept has been applied on several
types of algebraic concepts such as rings, modules,
groups, topologies and vector spaces. The study of [2]
investigated the idea of the fuzzy d-ideal of a D-
algebras with some of its properties have been
proved. The concept of a D-algebras which is
considered as another popularization of BCK-
algebras has been provided by Neggers and Kim [3].
Then some of the relations among BCK-algebras and
D-algebras were discussed. A paper by Lee et. al [4]
presented the FT and the FM of fuzzy sub-algebras of
BCK/BCl-algebras. They discussed the relations
among the FT and the FM. Furthermore, the notion of
Q-ideal and fuzzy Q-ideal in Q-algebras has been
investigated by Mostafa et. al [5]. The study of
Hameed et. al [6] presented the definition of FT and
FM of Cl-algebras, and several properties of this
notion were studied. While, the FT and the FM of Q-
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The concept of fuzzy set (FS) is one of the beautiful branches in

Mathematics. This concept was initiated by Zadeh [1]. Since that time,
many studies have been considered this concept by different ways in the
field of pure and applied Mathematics. In this article, we introduced the
notion of FT and FM on a D-algebras 3, where FT is a fuzzy Translation
and FM is a fuzzy Multiplication. We proved some characterizations of
FT and FM of sub-algebra and d-ideal of a D-algebras Q. Moreover, the
notion of FM-oA-T has been investigated on the D-algebrasQ.
Furthermore, some results on the d-homomorphism of FT and FM which
based on the fuzzy d-ideal of a D-algebras are presented.

algebras were given by Hameed and Mohammed [7].
In addition, the notion of ® -FT with » -FM on a BP-
algebras are introduced by Prasanna et. al [8]. Priya
and Ramachandran [9] provided the FT and FM of a
PS-algebras. Then, the homomorphism and the
Cartesian product of the FT and FM of a PS-algebras
are also presented by Priya and Ramachandran [10].
Now days, Alshehri [11] studied the FT and FM of a
BRK-algebras and some of their properties were
discussed. In this paper we introduced the notion of
FT and FM on D-algebras and discussed some of its
properties. The contents of this paper have been
structured as follows: In section two, some basic
definitions and previous results that are needed in this
research are presented. While, in section three, the FT
and FM of d-sub-algebras are presented. Section four
contains the FT and FM of d-ideals. Section five,
followed by the Cartesian product of FT and FM of d-
ideals. The notion of FM-aA -T of a D-algebras has
been stated in section six. In section seven, the
homomorphism of the FT and FM of a D-algebras
has been studied. Finally, the conclusions and further
research scope of this paper are given in section eight.
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2. Basic concepts

In this section, some of the previous results that are
needed in this study are presented. We start with the
following observations which are given as follows.

FS = Fuzzy Set(subset)

FS-Algebra = Fuzzy Sub-algebra

Fdl = Fuzzy d-ideal.

Definition 2.1 [2] The system (2, *,0) is said to be D-
algebras, if all the following conditions are holds:

i. uxu =0,

ii.0*xu =0,

iiLu*v =0 and v *u =0 implies u=v for each
uyv eQ.

Definition 2.2 [2] LetQbe a D-algebras. Then,
O=ScQ is said to be sub-algebra of Q if
u=*v eSwhere u,v €S

Definition 2.3 [2] Let Qbe a D-algebras with
HcQ, then H is called d-ideal of Qif all the
following are fulfilled:

i. 0eH,

ii.uxv eHand v eH implies u e H,

iii.u eHand v e Qimplies u *v e H.

Definition 2.4 [2] Lety be a FS of Q, theny is
called Fdl of Q if all the following are fulfilled:

Ly (0) 2y (),

iy ) zmin{yU=*v),y{)}

iii. (U =v)>min{w(u),w)}foreach uyv € Q.
Definition 2.5 [2] The FSy of a D-algebras Q) is said
to be FS-algebra of Q if w(u*v)>min{yUu),wv)}
where u,v € Q.

Definition 2.6 [2] The FSy of a setQ is the function
v :Q —[0,1].

Definition 2.7 [2] Lety, and w, be two FS of Q.
Then, the Cartesian product of w,and y,is the
mapping y, xy, :QxQ —[0,1] which is defined as
(v xy, ) UV ) = Mindy, ()., O )}, VUV €Q
Definition 2.8 [2] Let w be a FS of T'and
f :QQ— T be a mapping of a D-algebras. Then, the
mapping ' is the inverse image of y under f such
that ' (U) =w(f (u)) foreachu eQ.

Theorem 2.1 [2] Lety,andy, are two Fdl of a D-
algebras Q. Then, y, xy, is Fdl of QxQ.

Definition 2.9 [3] Let (©,*,0) and (I",*,0") are two
D-algebras. The mapping f :Q— T is said to be d-
homomorphism if for each u,yv eQwe have
fusv)=fu)*f{).

Definition 2.10 [4] Letwbe a FS of Oand
a [0, T].Then, FT (F-a-T) of w is the mapping
w! 1 Q—[0,1] such that v (u)=w()+a« for each
ueQ.
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Definition 2.11 [4] Letwbe a FS of Qwith
A €[0,1]. Then, FM (F-A-M) of w is the mapping
wY :Q—[01] such thaty)(u)=4-w(u)for each
ueQ.

3. FT AND FM OF D-SUB-ALGEBRAS
This section presents the notion of FT and FM of a D-
algebras. In what follows, let (Q,*0) be a D-

algebras. Then, for any FS y of Q we symbolize
T=1-sup{w():u € Q} unless otherwise we
mentioned.

Definition 3.1 A F-a -T set i of a FS w is called
F-a -T sub-algebra if

w!(u=*v)>min{y! ), )}for each uyv eQand
a €[0,T].

Definition 3.2 AF-1-M set v of a FS y is called
F- A -M sub-algebra if

wi (usv) >min{y ) (u),w) (v)}for each uyv eQ
and 4 €[0,1].

Example 3.1 Let (Q={0,1,2},*0)be a D-algebras
given as follows [3]:

* 0|12
0 |0|0]O
1 12|02
2 11110
Table 3.1

Define the FS v : Q —[0,1] by
0.7 ,wu=0
vi)= {o.oz U0
Then, y is a FS-algebra of Q. Here
T=1-sup{w():u eQ} = T=1-0.7=0.3. Take
a=0.1€[0,T],and v : Q—[0,1] is defined by
0.7+a ,u=0
{0.02+a U =0
which satisfies | (U) =y (U)+a, Yu € Q.Then, it’s
a F-a -T. Furthermore, if we take A = 0.2 €[0,1], then
wY :Q—[0,1] is defined by
1-(0.7) ,u=0
Va _{/1-(0.02) U0
which satisfies ) (U)=A4- w(u), Yu € Q. Then, it’s
aF-4-M.
Theorem 3.1 For any FS-algebra y of a D-algebras

T

Vo =

M

Q,the FT w of wis a FS-algebra of Q where
a <[0,T].

Proof: Suppose that  is a FS-algebra of a D-
algebras Q3, then Vu,v € Q we get

pu=v)zmin{y ),y @)} =ypu*v)+azminfy )y )}+a
>min{y ) +a,wlV)+a}

=minfy, U),w, )}
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That is w(u=*v)>min{y, (u),w )} Therefore,
v, isaFS-algebra of Q. [J

Theorem 3.2 Let i be a FS of a D-algebras Q. Then,
if a FT . of y is a FS-algebra of Q, then so is y
where a €[0,T].

Proof: Since the FT ! of y is a FS-algebra of Q,
thenVu,v € Q we have

y, ) >mindy; U),w; @)}=yl=v)+a

zmin{y (U) +a,y ) +a}=min{y ),y )}+a
=wU=*v)>min{w(u),w{V)}. Therefore, yisa
FS-algebra of Q. [J

Theorem 3.3 For any FS-algebra y of a D-algebras
Q with 2 €[0,1], the FM ' of w is also FS-algebra
of Q.

Proof: Since w is a FS-algebra of a D-algebras Q,
then Yu,v € Q we get

y=v)zmin{y ),y ©)}=2A-yU=v)zi-min{y@)yy)}
zmin{A-y(u),4-w(v)}

=min{y ! (u).yY (v )}.

Thus, ) (U *v)>min{y} (u),w) (v)} Therefore,
w!"is a FS-algebra of Q. [

Theorem 3.4 Lety be a FS of a D-algebras Q with
Ae[0,1]. Ifthe FM y!" of w is a FS-algebra of ©,
theny is a FS-algebra of Q.

Proof: Suppose }'is a FS-algebra of Q, then
Yu,v € Q we get

pi ) = minfy ! ),y @)= 40w )

2 ming2-y ), A-y @)} =4 minfy @)y @)}.

That is

Ay Usv)z2-min{y ),y ©)}=yU=v)zminfy ),y )}
Hence, v is a FS-algebra of Q. [J

4. FT AND FM OF D-IDEALS

In this section, we presented the notion of FT and FM
of d-ideals.

Definition 4.1 A F-a -T set w of a FS w is said to
be F-a-T d-ideal of Q,if all of the following
conditions are holds:

iy (0) 2y, ),

i 7 ) = mindy] v ),pl 0}

i, ! U=v)>minfy, U),w. )} Yuyv eQ and

a €[0,T].

Definition 42 AF-1-M set )" of aFS y is said to
be F-A-M d-ideal of €, if all of the following
conditions are holds:

Ly (0) 2y} ),

i,y ) > mindy @ =), @)},

i, w) (u=*v)>min{y)'U),w) )} Yuyv eQ and
1 €[0,1].
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Theorem 4.1 Lety be a FS of a D-algebrasQ and
w, beaFT of y with a €[0,T]. Then, v is Fdl of Q
iff w is Fdl of Q.
Proof: Suppose thaty is Fdl of O, then for each
u,v e Qwe have
Ly 2yU) =y +azyU)+a=y,(0) 2y, V).
.y )= minfy ), p )=
yU)+azmin{yU+v),yl)}+a

>min{w U *v)+a,yV)+a}

= minfy] U *v),p] )}
That is y 7 (u) > min{y, (u=v),w; ()}
iy av) > min{y ).y )t=
yU=v)+azmin{y ),y )}+a

>min{yu)+a,wl)+a}
=mingy] ).y} )}

That is w](u#*v)=min{w]U),w. )} Therefore,
v, is Fdl of Q.
Conversely, let ' of wbe Fdl of Qfor some
a €[0,T]. Then, for each u,v € Q we have:
Ly (0) =y () +a=yW)+a=y(0)=y)
Iy ) 2min{y, Uv),y, ¢ )}=yW)+a=min{yUxv)
+a,wyWV)+at=pU)+az>minfyu *v),yV)}+a
=y u)=min{y U *v),wl)}.
MLy uv) 2 min{y, )y, ¢)}=wU ) +a>minfy@)
+a,yV)+ar=pUu*v)+a>min{fw),yV)}+a
=wUu=*v)>min{w),wl)}. Thus, v is Fdl of Q.

il
Theorem 4.2 Lety be a FS of a D-algebrasQ and

v be a FM of y where 1 €[0,1]. Then, v is FdI of
Qiff ) is Fdl of Q.
Proof: Suppose that w be Fdl of Q,then for each
u,v e Qwe have
L y(0)2yU)=2-w(0)2 2-yU) =y (0) 2y} ).
I y)zmin{y =),y )}=
A-yU)=A-mindy (U =),y )}
>min{d-wUu=*v),A-wl)}
= mindy}' U *v), Y )}
Thatis ) )= min{y)' (U v),p}' @)}
iy (u ) = mingy @)y ©)} =
A-yuxv)=A-mindy ),y ()}
zmin{A-wU),A-w)}
=min{y}’ ),w}" ¢)}.
That is ' (U *v)>min{y) (u),w) (v)}. Therefore,
w " is Fdl of Q.
Conversely, let w) of wbe Fdl of Qfor some
A €[0,1]. Then, for each u,v € Q we have:
Ly (0)=2-y(0)22-wU)=w(0) 2y ().
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i Y ) >minf{y) U),p)Y V)= 1-w)
>min{d-wu=*v),A-wV)}=>1-w()

2 A-mindy (U v ),w ()}

=y u)=min{y U *v),pl)}.

i,y @) 2 mindy ! @).p )}

= Awluxv)=min{d-wUu),4-wk)}

= Aplxv)=A-min{y ), yV)}
=wU=*v)>min{w),wV)} Thus, wis Fdl of Q.

g
Theorem 4.3 The Intersection of two Fdl translation
of a D-algebrasQ is Fdl translation of a D-algebras
Q.

Proof: Let w, and w, are two Fdl translation of a
Fdl wof Qwithe,,a, €[0,T]. Then,
u,v e Qwe have:

L (w2 Ny )(©) =min{y] ©)p], (O} =min{y(0) + @,y (0)+a;}
=min{y ) +a,,y ) +a,}

=min{y, ).y, U)}

=(ve, Ny, ).

T (47 Nl ) ) =mingy] @] @)} = min{y @) + @, v (W) + 2}
2 min{min{y (U *v ),y (v )}+ag, min{y U +v ),y (v )} + a,}
2min{min{y U *v )+, V) + o}, min{y U *v)+a,, V) +a,}}
>min{min{y U *v )+, U *v)+a,},min{y V) +o, V) +a,}}
> min{min{y, (u*v ),y ()} min{y] @).w) @)}
=min{y; Ny, (U=v),p; Ny, )}

il (w2, Nyl ) sv) =min{y,] ), =)}
=min{y U *v)+a,yU*v)+a,}

= min{min{y ),y ()} + e, min{y (u), w ()} +a,}

> mindmin{y (u) + o,y () + ek mindy () + a,, y ) + .3}
=mindmin{y () + o,y U) + &} miny (V) + o,y ) + 2, }}
>min{min{y (),y, )} min{y, ).w, )}}
=min{y,; Ny, (u).w, Ny, ()}

Therefore w, Ny, is Fdl translation of Q. [J

for each

Corollary 4.1 The intersection of a finite family of
FdlI translation of a D-algebras Q is Fdl translation of
a D-algebras Q.

Proof: Clear from Theorem 4.3. [J

Theorem 4.4 The Intersection of two Fdl
multiplication of a D-algebras Q is Fdl multiplication
of a D-algebras Q.

Proof: Suppose that y, are Fdl
multiplication of a Fdly of Q, with 4,4, €[0,1].
Then, for each u,v € Q we have:

L (2 Ny (0) = mingy 2 (0), 1 (0)} = min{A, -(0), 2, -y (0)}
=min{4 -y ), 4, -wu)}

=min{y u),w} )}

=(vi Nyl ).

i (p Ny @) = mingy ) @), w @)} =min{A -y @), 2, - )}

y and
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2 min{ 4, -min{y (u *v ),y ()} 4, -min{y (U *v),p (v )}}
zmin{min{, -y =), 4w @)} min{Z, -y +v), 4, -wl)}}
Zmin{min{4, -y (U *v), 4, -y v )} min{4 -y (), 4, -w()}}
> min{min{y} (U v ),y (U*v)}min{y ' ), v} ()3}
=min{y} Ny} U =v),w) Ny @)}

i (2 Nyt ) @) =min{y ) )yl =v)}
=min{A, -y U *v), 4, -y (u*v)}

2 min{ 4, -min{y ), w )} 4, -min{y ), w©)}}

= min{min{4, -y (), 4 -w )} min{4, -y u), 4, -y )3}
zmin{min{4, -y (), 4, -y )}, min{4, -w (). 4, -w()}}
> min{min{y/;' U),y; W)} min{y;' ©),w) )3}
=min{y;} Ny} ).y N} (v}

Therefore ' Ny}' is Fdl multiplication of Q. [J

Corollary 4.2 The intersection of a finite family of
Fdl multiplication of a D-algebrasQ is Fdl
multiplication of a D-algebras Q.

Proof: Clear from Theorem 4.4. [J

5. CARTESIAN PRODUCT OF FT AND FM OF
D-IDEALS

This section presents the Cartesian product of FT and
FM of d-ideals.

Definition 5.1 Let y,and w, be two fuzzy
translation of a D-algebras Q. Then, the Cartesian
product of v and v is symbolized by

o Xy, 1 QxQ—[0,1] and given as

(va, xv, ) ) =minfy] @)y @)} Yuy eQ
and o, a, €[0, T].

Definition 52 Let w;'and w; be two fuzzy
multiplication of a D-algebras Q. Then, the Cartesian
product of y;'and w;'is symbolized by
wy <y, QxQ —[0,1] and given as

(t//r % )(u v)=minfy ' (u),¥}'v)} Yuyv eQ
and 4, 4, €[0,1].

Theorem 5.1 Let wand y be two Fdl of a D-
algebras Q.  Furthermore, let T =min{T T }where
T, =1-sup{w(u):u e Q}and

T, =1-sup{y(u):u e Q}where « [0, T].Then, the
FT of wx y is Fdl of QxQ.

Proof: Suppose that w and y are Fdl of a D-algebras
Qwith « €[0,T].By Theorem 4.1, ' and ' are
Fdl of Q.By Theorem 2.1, we have ] x y] is Fdl of
QxQ. Now, let u,v e Qthen

(wx2), V) =W x V) +a =min{y @), 7 )} +a
=min{fyw(u)+a, yv)+a}

=min{y] @), 7. )}

:((//;x;(;)(u,v) foreach (uv)eQxQ.
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Therefore, ! x yis Fdl of QxQ. [J

Theorem 5.2 Let wand y be two Fdl of a D-
algebras Q. Furthermore, let T =min{T T }where
T, =1-sup{w(u):u e Q}and

T, =1-sup{y(u):u e Q}where 2 €[0,1]. Then, the
FM of y x y is Fdl of QxQ.

Proof: Suppose that w and yare Fdl of a D-
algebras Q with 2 €[0,1]. By Theorem 4.2, ) and
) are Fdl of Q. By Theorem 2.1, we have
w x " is Fdl of QxQ. Now, let uv e Qthen
(wxx); UV)=2-(x2)UuV) = A-mindy ), ()}
=min{A-y(u),2- x()}

=minfy ), 2} )}

=(y} x 2} ) v) foreach (uyv)eQxQ.
Therefore, ) x ) is Fdl of QxQ. [J

Theorem 5.3 Let w and y be two FS of a D-
algebras Qwhere ] xy! is Fdl of QxQand
a €[0,T]. Then,

i. Either w!(0)>w/ (u)or ! (0)> /() for each
ueQ.

ii. If w (0)>y () for each ueQ, then either
2@ =yl or 210> £ ).

iii. If 7 (0)>y () for each ueQ,then either
w10 =yl U)or yl(0)> z! ().

Proof: i. Assume that v (0) <y (u) and

Z2(0) < . (u) for some u,v € Q. Then,

(wix 7)) =min{y] ), 7, &)}

> mindy, (0), 7. (0)} = (v, x 1. )(0,0) =
(wixzl)v)>(ws 72 )(0,0) which is a
contradiction. Hence, we got the result.

ii. Assume that y(0)<w/(u)and x!(0)< x! ()
then, there exist u,v e Q such that

(we x 22 )(0,0)=min{y (0), 2. (0} =z, (0) and

(wa 20 )uv) = mindy] @), 70 @)} > 22 (0) =

(wi = x2)Uv) > (v x 7. )(0,0) whichis a
contradiction. Thus, the proof is completed.

The proof of the last point is similar to the proof of

point two. [
Theorem 5.4 Let w and y be two FS of a D-

algebras Q where ) x »)' is Fdl of QxQand
A €[0,1]. Then,

i. Either w)(0)>y ) (u)or ()= ) for each
ueQ.

i. If yM©O)>w) @) for each ueQ,then either

2 Q) =y ) or £;'(0)= z' ().

TJPS

iii. If 4M0)> Y u) for each ueQ,then either
w 0) 2y} () or )" (0) = z;' (u).

Proof: i. Assume that " (0) <y (u) and
20(0) < x(u) for some u,v e Q. Then,

(W' <2t ) ) = mingy}' @), 21" )}

>min{y !’ (0), 7' (00} = (' x ') (0,0) =

(W= 2" )uv) > (v} x £))(0,0) which is a
contradiction. Hence, we achieved the result.

ii. Assume that »)'(0) < (u) and

27(0) < 1Y (u) for some u,v € Q.Then,

(v} x2))(0,0) = min{y}' (0), ! (0} = ;" (0) and
(wi' x 2" ) v ) = minfy ' (), 21 @)} > 21 (0) =
(w22 )uv) > (vl = 2')(0,0) whichisa
contradiction. Thus, the proof is completed.

By similar way we can prove point three. [J
Theorem 55 Let w and y be two FS of a D-

algebras Q such that | x y! is Fdl of QxQ where
a €[0,T]. Then, either y or y is Fdl of Q.
Proof: To show that y is Fdl. From Theorem 5.3(i),
we have ! (0)>y ! (u) or x!(0)> y.(u) for each
ueQ. Thus,
i.Let »7(0)> z(u) then,
20)+azyUu)+a= x(0)= y ().
ii. By Theorem 5.3 (iii), we get ' (0)>w (u)or
wl(0)= yl(u)for each ueQ. If v (0)=y )
then, (7 z7)©.u) =mingy (0), 77 W3 =7L@). -1
Since w,]xy! is Fdl of QxQ then for each
u,,u,), v, ,v,) e QxQ we have
(v 22 )(ugu,) = mindy (u,), 72 (U,)}
> min{min{y; U, *v, )y, &)} min{z; U, *v,).z; ¢,)}}
= min{minfy; U, *v,), 2, U, *v,)}mindy; ), 7, ¢,)}3
> mind(y] x 20 ) (U #v,), U, #v ) (vl x 20 ) @,V 50}
Thatiis (w] x 7} )(u,,u,) = minf(y] x 7} )
(g #v,), U, #v ) (wo x 20 ) 01V}
Now, if u;, =v, =0, then we have
(v %20 )Ou,) = min{(y] x 2 ) Quu, #v,),(w x 21 )v,)y  @nd
by using (1), we get
ZZ(Uz) = min{Z;(uz *V2)|Z;(V2)}:>
2W,)+azmin{y(u, *v,)+a, yv,)+a}=
2WU,)+azmin{yu, *v,), xV,)}+a =
x(Uy) Zmin{y(u, *v,), )}
iii. (1//; ><;((I)(u1 *V,U, *#V,) > min

L x 20 )Wy, (wi x 20 )@,V )} put
u, =v, =0, then we have
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(wi <22 ) ©Ou,xv,) = minf(y] x 27 ) Ou,).(wi x 22 ) O ,)}-
By using (1), we have

Z;(uz *V,) 2 min{){;(uz)vll(vz)}:

xU, *v,)+a>2min{yu,)+a, yV,)+a}=

2, *v, ) +azmin{y(u,), x(,)}+a =

Uy *v,) 2 min{x(u,), ¥ ,)}-

Therefore, y is Fdl of Q. The second part can be

checked by similar way. [J
Theorem 5.6 Let w and y be two FS of a D-

algebras Q such that y)' x ¥ is Fdl of QxQ where
A €[0,1]. Then, either w or y isFdl of Q.

Proof: To show that y is Fdl of Q. From Theorem
5.4(i), we have 1 (0) =y () or z(0)= 7' (u)
foreach u e Q. Thus,

i.Let 4 (0)> x(u) then,

A-x0) =2 xU)= x(0) = ().

ii. By Theorem 5.4(iii), we have ' (0)>w)'(u) or
w(0) > yY (u)for each ueQ. If w)'(0)=> 4V (U)
then,

(v x 22) Ou) = mingy ¥ (0), 2 W= V@), ----(1)
Since w)' x x)" is Fdl of QxQ then for each
(ug,u,),(v,,v,) e QxQwe have

(v < 23" ) Upu,) = min{y (), 7' u,)}
+2 min{min{y}’ (u, *v,). v} @)},

min{l;vl (u, *Vz)u’t’;’jﬂ(vz)}}

= min{min{y;" (U, #v,), " U, *v,)} min{y" ©,), 2" ¢ )33}

= min(y}" < 2" ) (U #v,), W, #,), (v < 22" ) v )
Thatis ()" x )" ) (U,,u,) = minf(w}' < 22"
(g v,), Uy v ), (2 x 2 ) v )}

Now, if u, =v, =0, then we have

(w2 > 22") (O.u,) = min{(y x 22"
10,u, *#v,), (v} x 71" )(0v )} and by using (1) we
getlgﬂ u,)= min{}(y(uz *Vz)uly(vz)}2
A-xU,)zmin{d- x(u, *v,), 4 x(,)}=

A xUy) =2 A-min{x U, *v,), x(,)}=,
2Uy) Zmin{x (U, *v,), x(v,)}.

iii. (1//2" x;g}f')(ul *V U, ¥V ,) > min:
vt > 22 )y, (v < 2 ) v,V ,)} | put

u, =v, =0, then we have

(W) x 22" ) (O.u, #v,) = min
(w2 % 22" ) ). (v x 2" ) (O ,)}. By using (1)
we get

Z/'tVI U, *v,)= min{ly(uz)u;t’y(vz)}2
AUy xvy) 2mind{d- x(U,), A- x(,)} =
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A xUy#v,) = A-min{yU,), x(,)}=,

(U, =v,)>min{y(u,), xv,)}. Therefore, y is Fdl
of Q. The second part can be checked by similar
way. [

6. FM- a1 -T OF D-ALGEBRAS

This section contains the idea of FM-a/ -T of a D-
algebras.

Definition 6.1 [11] Letybe a FS of Q with

ae[0,T] and T=1-sup{w(u):ueQ} where,
A€[0,1]. The mapping w :Q—[0,1]
FM-aA -T of y if it satisfies v =a-w(u)+A.

Example 6.1 Consider a D-algebras Q which
presented in Example 3.1. The FS y of Q is given by

0. u=0
w(u)={ rou

is called

0.02 ,u=0
Then, wis a FS-algebra of Q. Here
T=1-sup{w():u eQ} = T=1-0.7=0.3. Take
a=0.2¢[0,T]and1=0.4<[0,1]. The mapping
w':Q—[0,1] is defined as

w [a-ON+2 u=0
Ver :{a-(0.02)+/1 U0
which satisfies [ =a-yu)+4, Yu € Q.Then,
it’s a FM- a4 -T.
Theorem 6.1 Letwybe a FS of Q where
a €[0,T], A [0, with w M :Q —[0,1]is a FM-ai
™

-T of . Then, wis a FS-algebra of Qiff v ;" isa

FS-algebra of Q.

Proof: Since  is a FS-algebra of Q, then, for each

uveQwe have w@U=*v)2min{wl),wviv)}=

a-yUxv)+A>a-min{yu),wV)}+1
>a-min{yUu)+A4,wlv)+ A}
>minfe-yU)+4,a-wl)+ 4}
=min{y)" ), ¢ )}

That is [ (u#*v)>min{y " (u),w ] ()} Hence

w ™ is a FS-algebra of Q.

Conversely, assume ' be a FS-algebra of O,

ar
then, for each u,v € Q we have

W Uv) =min{y " (), v,," ()} implies

a-yuxv)+A>2min{a-yUu)+L,a-wl)+ A}
>a-min{y ),y V)}+A.

Thatis a-yu*v)+A>a-min{yu),yV)}+1=

wu=v)>min{wu),wl)}. Therefore, wis a FS-

algebra of Q. [
Theorem 6.2 Letwbe a FS of Q where

ael0,T],2e[0,]andy) :Q—[0,1]is a FM-aA -
T of w. Then, w is Fdl of Qiff w ] is Fdl of Q.
Proof: Since w is Fdl of Q, then, for each u,v eQ
we have y(0) 2y (Uu) , ) 2 min{y (U *v ),y )}
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and w U *v)=min{w(u),wV)}. Thus,
Ly 2pu)=ay@+2zayl)+ A=yl 0) 2yl ).
ii. w@U)zmin{y@u*v),rVv)}=
a-yU)+Aza-minfwu *v),wlV)}+1
>min{fa-yU*v)+A,a-wlv)+ 1}
=mingy 2}’ U =v)w ' ()}
Thatis " ) > mindy ¥ (U =),y @)}
iii. wu=*v)=min{yUu),yvv)}=
a-yUxv)+A>a-min{fyUu),wlV)}+1
>minf{a-yU)+A4,a-wlV)+ A4}
=minfy ;"' ).y ¢)}
That is w MU =*v)>min{y ] u),w)" )} Hence
w2 is Fdl of Q.
Conversely, assume [
u,v e Qwe have
Ly O 2yl W)= a @+ A2 a-pW)+ 2= p(0) 2y ).
i, 2 () = minfy [ ), 0 )=
a-yU)+A>min{fa-yU*v)+A4,a-wV)+A}
>a-min{yy U *v),wl)}+ A4
Thatis a-wU)+A>a-min{yu*v),w{V)}+14 which
implies w () = min{yw (u *v ),V )}.
i, 1 o) > mindy [ ), w0} =
a-yUxv)+Azminf{a-yU)+A4,a-wlv)+ 1}
>a-min{fyu),wl)}+A1.
Thatis a-yU*v)+A>a-min{yU),ylV)}+1=
wUu=*v)>min{ywyu),wV)}. Therefore y is Fdl of
Q. [
7. HOMOMORPHISM OF FT AND FM OF
D-ALGEBRAS
In this section, we provided the homomorphism of FT
and FM of a D-algebras and proved some results

which are based on the FS-algebra and Fdl of a D-
algebras Q.

Theorem 7.1 If f :(Q*0)—>(*,0)is a d-
homomorphism with [ is a FT of a FS . Then, the

be FdI of Q, then for each

pre-image of ! is defined as f () =w!(f U))

for each u e Q.If y is Fdl of a D-algebrasT, then

f () is Fdl of a D-algebras Q.

Proof: Sincey is Fdl of a D-algebras T, then for each

v,,v, €I there exist u,,u, € Qsuch that f (u,)=v,

and f (u,)=v,. Thus,

Ly0)zyl,)=>w0)+azyl,)+a=

y( O)+azy( @)+a=y,({ (0) 2y, (f )=

DO = (y])).

i. wl,)=>min{yl,*v,),wl,)} which

y,)+azmin{y (v, *v,)yl,)}+a
2min{y (v, *'v,)+a,wl,)+a}

implies
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>min{y, (f (u)*f U,).y, (f U)}

>min{y; (f (U, *u,)).w, (f U,))}

=min{f ~(y;)(u, *u,).f " (w:)U,)}-

Thatis f ~(y)(u,) = min{f ()W, *u,).f *(¥])U,)}
iy, *'v,)2min{y (v,),y(,)}=

v *v,)razmin{y ).y, H+a

=y, *v,)+azmin{y(,)+a,yl,)+a}

=y U)¥f U,)+azmin{y(f U))+ay(f U,)+a}

= ‘//; (f (U, *u,)) = min{l//; (f (U1))’l//; (f @}

=1 (), +u,) > mindf ) U,).f 7 (w,)U,)}-
Hence, f ~*(y) is Fdl of a D-algebras Q. [
Theorem 7.2 If f:(Qx0)—(¥0)is a d-
homomorphism with ' is a FM of the FS . Then,
the  pre-image  of  y)is  defined as
f *(w)") =y (f (u)) for each u e Q.If y is Fdl of
a D-algebrasT",then f (") is Fdl of a D-algebras

Q.
Proof: Sincey is Fdl of a D-algebras T, then for each

v,,v, €I there exist u,,u, € Qsuch that f (u,)=v,
and f (u,)=v,. Thus,
Ly@)2y@,)=2y(0)22-wl,)=
Ay (f (0) 2 A-w(f (u) =y (F 0) 2y (f () =
f 1O = f iHW).
ii. ) = min{y @, #v,).w )} =
Ayl)22-minfy (v, *v,),y,)}

= min{ﬂ~1//(\/1 *,Vz)’l'lﬂ(\/z)}

>min{y ' (f (u,)*'f (U,))w)' (F U,))}

= min{y (F (U, *u,)).y" (F U))}

=min{f ;" )U, *u,).f @)U,
That is
f )y 2 mindf (), *u,).f 7))L}
iii. wl,*'v,)>min{y(,),wV,)} which implies
ﬂ"l//(vl *'Vz) zA- min{l//(vl)l l//(Vz)}
= Ayl ¥v,)=2min{d-y{,),1-v{,)}
= Ay U)*f Uy))2min{2-w(f U)), 4w (f U))}
:V/AM (f (U, *uy)) 2 min{l///'lvl (f (ul))"//;'?/l (f @)}
=f ()" ), *u,) = min{f (")), f W )U,)})-
Therefore, f (") is Fdl of Q. [
Corollary 7.1 Let f :(Q*0)— (I'*',0)be a d-
homomorphism with 1//; is a FT of the FS . Then,
the of wlis  defined
f (w])=wl(f (u)) for each u eQ.If y is a FS-
algebra of a D-algebrasT,then f *(y) is a FS-
algebra of a D-algebras Q.

pre-image as
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Proof: Since iy is a FS-algebra of a D-algebras T, then
for each v,,v, eI there exist u,,u, e Qsuch that
f (u,)=v,, f u,)=v,. Thus,
wl,*v,)2min{y,)wl,)}

=y, #v,)+a 2 min{y(,).wi,) H+a

=y, ¥v,)+azmin{y,)+a,pl,)+a}

Sy )T U)+azminfy(f ) +a,y(f U,)+a}
=y (F Uy *u,)) 2 mindy; (F @) v, (F )}

=f )y #u,) = mindf )W), f 7 )u,)})
Therefore f *(y.) is a FS-algebra of a D-algebras
Q.0

Corollary 7.2 Let f :(Q*0)—([*,0)be a d-
homomorphism with " is a FM of the FS . Then,
yy'is
f (") =y} (f (u)) for each u eQ.If y is a FS-
algebra of a D-algebrasT,then f *(y)') is a FS-

algebra of a D-algebras Q.
Proof: Sincey is a FS-algebra of a D-algebras T, then

for each v,v, eI there exist u,,u, e Qsuch that
f@u)=v, and f@u,)=v,. Thus, we have
w, #v,) =2minf{y ).y ,)}

= Ay, ¥v,) = A-mindy ), w(v,)}

= Ay, ¥v,)zmin{d-y{,),1-v,)}

= A-y(f U)*'f ) =min{d-w(f U)), 2-yw(f U)}
=y (f (U, *u,)) = min{y" (F @) w)" (F U,))}

=f ("), *u,) = min{f (")), f W)U}
Therefore f (") is a FS-algebra of Q. [
Definition 7.1 Let f :QQ— Qbe an endomorphism
andy be a FT of a FS y of a D-algebras Q. Then,
(wl), is a new FS of Qdefined by
W), W)= )(F @) =w(f (u))+aforeach
ueQanda<[0,T].

Definition 7.2 Let f :QQ— Qbe an endomorphism
andy ) be a FM of a FS y of a D-algebras Q. Then,
(w)), is a new FS of Qdefined by
W), ) = (' )(F ) = A-w(f () for each u e Qand
Ae[0,1].

Theorem 7.3 Let f : QQ — Qbe an endomorphism of
a D-algebras Q. If w is Fdl of Q, then (y), is FdI

of a D-algebras Q.
Proof: Let u,v € Q, then

L W) ) =w, (f (0)=w( O)+a>p(f W)
+a=y,(f W)=, U) =) 0)=,) V)
il () W=y (f W)=y W)+a
>min{y (f U*v),p(f ()} +a

>minfy (f U*v)+a,wf ¢))+a}

> mindy! (F U *v),w] (f @)}

=min{(y]); U*v),(w)); &)}

the pre-image of defined as
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Thatis (y]), () = min{(y]); U*v), (), @)}

i () Usv) =y (f =) =p(f U*v))+a
z2mindy (f U)),y(f ))}+a

>min{y(f W) +a,w( V))+a}

>min{y, (f U)).v, (F )}

=min{(y]); ). () )}

Thatis (), (u=v)=min{(y}); ©).(v,) V)3
Therefore, (y), is Fdl of a D-algebras Q. [
Theorem 7.4 Let f : QQ — Q be an endomorphism of
a D-algebras Q. If v is Fdl of Q, then (w)"), is FdI

of a D-algebras Q.
Proof: Let u,v €, then

L") ) =3 (F (0) = 2-w(f (0)=2-y(f U))
=y (F @) =), W)= W), (0)= ("), ).
ii. (") @) =y (F @) =2y (f W)
2 A-min{y (f (U *v)),w(f )}
2min{A-w(f (=*v)),A-w(f ()}
>min{y;" (F (U =)y, (F @)}
=min{(y}"); U ), (") @)}
Thatis ("), (u) > min{(y}"); (U *v), (") )}
iii. (") Uav) =y (F (U=v))
=A-y(f U*v))=A-minfy(f U).yw(F &)}
zmin{A-y(f U)),A-v(f ¢))}
= min{y;" (F ).y (F @)}
=min{(y}"); @), (") )}
Thatis ('), u*v)2min{(w}"), ), (w}"); )}
Therefore, (w)"), is Fdl of a D-algebras Q. |
Theorem 7.5 Let f :(Q%0)—([*,0)be an
epimorphism. If (w), is Fdl of a D-algebras €, then
y is Fdl of a D-algebrasT.
Proof: Since (i), is Fdl of D-algebrasQ, then for
each u,,u,eQ there exist v,v,elsuch that
f (u)=v,and f (u,) =v,. Thus,
i D) (0= ) )=yl ©O) =y (f u)=
(@) +azyl)+a=y )2y,
i () ) 2min{(yy), U *u,), (7)), U)}=
w, (F () 2 mindy; (F U, *u,). v, (F U)}=
y(f U))+azmin{y(f U)*f U))+ay(f U,)
+tay=>yl)+azminfy v, «v,)yl,)}+a=
wly) z2mindy (v, +'v,),w,)}
il (D), U, *u,) = min{(w), W), (wl), W)=
w, (F Uy *u,)) > minfy, (F U). v, (F U)}=
y(f U)*'f U))+azmin{y(f (U)+a,w(f U,))
+a}= i, ¥v,)+a>min{y(,).yV,)}+a=
wlv,*'v,)>min{y({,),wV,)} Therefore, v is Fdl
of a D-algebrasT". [J
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Theorem 7.6 Let f :(Q*0)—(T,*,0)be an
epimorphism.  If (w}"), is Fdl of a D-algebrasQ,
theny is Fdl of a D-algebrasT.

Proof: Since (y)"), is Fdl of a D-algebras Q, then for
each u,,u, eQthere exist v, v,elsuch that
f (u,)=v,and f (u,) =v,.Thus,

L") 02 ") W) =)' (F )2y (F (u) =
Ay O)22-wl)=y(0)2y(,).

ii. (‘//;’tﬂ)f (U1)2min{(‘//;vl)f (U1*U2)v(‘///’1vl)f )=

! (F U) 2 min{y ' (F (U, *u,)), w3 (F )} =

Ay (f ) zmin{d-y(f ) *'f U,), 4w U,)}=
A-y)=A-minfy (v, *'v,).yl,)}=

wv,)=min{w (v, *'Vz)!!//(vz)}-

i ()" Uy *u,) 2 min{(w)"), ), (w)'); (U,)}=

! (F Uy +u,)) = mindy ' (F u,), vl (F )} =

Ay (f ) )= min{d-p(f ), 2-w(f @u,)}=
Ayl ¥v,) 2 A-min{y (), yl,)}=
wlv,*'v,)>min{y(,),w,)} Therefore, v is Fdl
of a D-algebrasT". [J

Theorem 7.7 Let f :(Q*0)— (I*,0)be a d-
homomorphism. If y is Fdl of a D-algebrasT, then
(w]), is Fdl of a D-algebras Q.

Proof: Since w is Fdl of a D-algebrasT,then for
each v,yv, elthere exist u,,u,eQ such that
f (u)=v,and f (u,) =v,.Thus,

Ly(@)2y,) =y razyl,)+a=

y( O)+azy(f U)+a=y (F0) 2y (f V)=
(V/;)f 0)= (l//,:)f u,).

ioy@)zminf{y @, *v,)yi,)}=
yl)+azmin{y v, *v,).y(,)}+a=
vlv,)+azmin{yl, *v,)+a,yl,)+a}=

v, (F () 2 min{y (F (u,)*'f U,))w, (f U,)}=

(W;)f )= min{(‘/’;)f (u, *uz)a(‘//;)f u,)}

iii. (v, *'v,)>min{w{v,),w(,)}implies
wl,*V,) +a = mindp )., a =
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