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1.Introduction

Throughout this paper all rings are commutative with
identity and all modules are left unital module. A
module X is called extending, if every submodule of
X is essential in a direct summand of X. Equivalently
that every closed submodule of X is a direct
summand of X [1], where a non zero submodule K of
a module X is called essential if K nL # (0) for
every non zero submodule L of X [2]. And a
submodule K of a module X is called closed if K has
no proper essential extension in X [2]. A submodule
C of a module X is called weak essential if C NS #
(0) for each non zero semi-prime submodule S of X
[3]. A submodule K of a module X is called w-
closed , if K has no proper weak essential extension
in X [4]. A submodule L of a module X is called pw-
closed if for each m € M, m ¢ L, there exists a w-
closed submodule F of X with L < F and m & F [5].
Every w-closed submodule is a pw-closed
submodule, while the converse is not true in general
[5], an R-module M is called multiplication if every
submodule N of M is of the form N = IM for some
ideal I of R [6 . An R-module Y is called fully semi-
prime if every proper submodule of Y is a semi-prime
[7]. An R-module M is called a completely essential
if every non zero weak essential submodule of is
essential [7] . Let Y be an R-module ann(y) =
{r e R:ry =0}[2],

Z(y) ={y €Y : ann(y) essential in R} is called
singular submodule of Y if Z(y) =Y, then Y is
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In this work, we introduce and study two concepts of modules. The

first one is a generalization of extending modules which is called a w-
extending module. And the second concept is called pw-extending
module which is a stronger property than w-extending. We give basic
properties, example and characterization of these concepts. Moreover
relationship of w-extending module and pw-extending modules with
other types of modules are studied.

called singular module, if Z(y) = (0), then Y is
called nonsingular module [2] .
2. W- extending Modules

In this section , we introduce a new generalization
of extending module called a w-extending module.
Definition (2.1)
An R-module Y is called w- extending , if every
submodule of Y is a weakly essential in a direct
summand of Y. A ring R is a w-extending, if R is a
w-extending R-module.
The following is a characterization of w-extending
module.
Proposition (2.2)
A module Y is a w- extending if and only if every
w-closed submodule of Y is a direct summand of Y.
Proof

(=) Let E be a w-closed submodule of Y, then E
is a weak essential in a direct summand of Y say L.
But E is a w-closed in Y, then by [4, Prop.2.4] E=L.
Hence E isa direct summand of Y .

(&) Let E be a submodule of Y If E = (0), then
clearly E is a weak essential in a direct summand of
Y. If E # (0), then by [4, Prop.2.6], there exists a w-
closed submodule L in Y such that E is a weak
essential in L. Thus, by hypothesis L is a direct
summand of Y, so E is a weak essential in a direct
summand of Y . Hence Y is a w- extending
module.

Proposition (2.3)



http://dx.doi.org/10.25130/tjps.23.2018.159
mailto:mohammadali2013@gmail.com
https://icecreamapps.com/PDF-Editor/upgrade.html?v=2.63&t=9

Tikrit Journal of Pure Science 23 (9) 2018

A module Y is a w-extending if and only if every
pw-closed submodule of Y is a weak essential in a
direct summand of Y.

Proof

(=) LetE be a pw-closed submodule of Y , then
Eisa weak essential in a direct summand of Y .
(&) Direct .

Rmarks and Examples (2.4)

1. Every extending module is a w-extendng,
however the converse is not true in general . As the
following example shows :letY = Z;®Z, be a "Z-
module", Y "is not extending since the submodule"
K =(2,1) is closed but not a direct summand of Y.
On the other hand Y is a w-extending since all w-
closed submodules of Y are (0, 1), (4,1) and Y itself
and all of them are direct summand of Y. That is
Y =(1,0)®(4,1) and Y = (1,0)(0, 1).

2. Z, asaZ-module is a w-extending for each n > 2.
Proposition (2.5)

Let Y be a w-extending module and E , F are
submodules of Y with ENF is a w- closed
submodule of Y. Then E NF is a direct summand
of EandF.

Proof

It is cays so is omitted. E(Y)

Proposition (2.6)

Let Y be an R-module, with TNY is a w-closed
submodule of Y for all direct summand T of E(Y).
Then Y is a w-extending if and only if TNY is a
direct summand of Y.

Proof

(=) Is direct.

(&) Let K be a submodule of Y, and B a relative
complement of K in Y, then by [2, Prop.1.3] K®B
is an essential submodule of Y, but Y is an essential
in E(Y), it follows that by [2, Prop.1.1] K®B is an
essential in  E(Y), hence E(Y)=E(K®B) =
E(K)®E(B). That is E(K) is a direct summand of
E(Y). Thus by assumption we have E(K)NY is a
direct summand of Y. Now, we have K is essential
in E(K) and Y is essential in E(Y), then by [2,

Prop.1.1(2)] K=K NY is essential in E(K)NY,

thus by [3] K is a weak essential in E(K) N'Y which
is a direct summand of Y.

From Proposition (2.2) and Proposition (2.6) we get

the following.

Proposition (2.7)

Let Y be an R-module, with TNY is a w-closed
submodule of Y for all direct summand T of E(Y).
Then the following statements are equivalent :

1. Y isaw- extending module.

2. Every w- closed submodule of Y is a direct
summand of Y.

3. TnY isadirect summand of Y.

Proof

(1) & (2) Follows by Proposition (2.2).

(2) = (3) Let T be a direct summand of E(Y),

then by hypothesis T N'Y is a w-closed submodule of

Y. Thusby (2) T NY is adirect summand of Y .

(3) © (1) Follows by Proposition (2.6).
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Proposition (2.8)

Let Y be a non zero w-extending module, and E, F be
a submodule of M such that M = E@ F with
ann (E) + ann (F) = R, and every weak essential
extension of K@ F (or E@® K) are completely
essential modules, where K is any w-closed
submodule in E (or F).ThenE(or F) is a w-
extending modules.
Proof
To prove first E is a w-extending. Let K be a w-
closed submodule in E. Since F is a w-closed
submodule in F, then by [4, Prop.2.26] we have
K @ F is a w-closed submodule in Y. But Y is a w-
extending module , then K@ F 1is a direct
summand of Y. Thus there exists a submodule L
of Y such that Y =(K®F)®L=K® (FDL).
That is K is adirect summand of Y. Now, K is a
submodule of E, then by [2, Prop.1.10] K is a direct
summand of E, hence E is a w-extending.
In similar way we can prove that F is a w-extending.
As a generalization of Proposition (2.8) we get the
following.
Corollary (2.9
Let Y = @], E; be a non zero w-extending module,
where E; is a submodule of Y for each i=
1,2,. . .,n, and every weak essential extensions of
K®E ®E, ®. . .OF_®E; .. .0F, are
completely essential modules, where K is a w-closed
submodule of E; and
ann(E;))@ann(E,) ®. . .@ann(E,) = R. Then E;
is a w-extending module.
Proposition (2.10)
Let Y be a finitely generated faithful, and
multiplication R-module over a w-extending ring R.
Then Y is a w-Extending R- module
Proof

Let F be a w-closed submodule of Y, then since Y
is a multiplication, then F = [F:Y]Y. Thus by [4,
Prop.3.7] we have [F:Y] is a w-closed ideal in R. But
R is a w-extending ring, then [F:Y] 1is a direct
summand of R . Thus R = [F:Y] @ L, where L is an
ideal of R, hence Y =RY=([F:Y]|®L)Y =
[F:Y]Y+ LY. But Y is faithful and multiplication
module so by [6, Theo.(1.6)], we have [F:Y]Y N
LY = ([F:Y] n L)Y and by definition of the direct
sum, we have [F:Y] N L = (0), thus [F:Y]Y NLY =
(0O)M = (0), therefore Y =[F:Y]Y@® LY. That is
[F:Y]Y = Fis adirect of Y.

The following proposition gives the converse of
Proposition (2.10).

Recall that for any R-module M and any ideals I and
J of R, if I is a semi-prime ideal of J, then IM is a
semi-prime submodule of JM. This is called condition
7.

Proposition (2.11)

Let Y be a finitely generated faithful and

multiplication R-module such that Y satisfies the
condition (*). Then Y is a w-extending module if
and only if Ris a w- extending ring .

Proof
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(=) Let L be a w-closed idealin R . Since Y is a
faithful multiplication and satisfies the condition
(*), then by [4, Coro.3.8] LY is a w-closed
submodule in Y. But Y is a w-extending module,
then LY is a direct summand of Y. Thus Y =
LY @ N for some submodule N of Y. Since Y is a
multiplication, then N =|[N:Y]Y, so Y =LYn
[N:Y]Y = (L+[N:Y])Y. Then by [6, Theo.1.6]
Y=LYn[N:Y]Y=(0)=(LnN[N:Y]DY, it
follows that LN[N:Y]<annY, Since Y is a
faithful and finitely generated multiplication modules,
then by [6, Theo.3.1] we have R=L@ [N:Y].
Therefore L is a direct summand of R.
The following propositions show that under certain
condition w-extending modules implies extending
modules.
Proposition (2.12)
Let Y be a w-extending R-module provided that any
non zero weak essential extensions of any submodule
of Y is a completely essential. Then Y is an extending
module.
Proof
Let E be a non zero submodule of Y, then E is a weak
essential in a direct summand of Y, say K. That is
K is a non zero weak essential extension of E, then K
is a completely essential, then E is essential in K,
hence Y is extending.
Proposition (2.13)
Let Y be a w-extending and a fully semi-prime
module. Then Y is extending module
Proof
Let E be a non zero submodule of Y. Since Y is
a w- extending, then E is a weak essential in a
direct summand of Y say H. But Y is a fully semi-
prime module then, by [7, Prop.2.4] E is essential
submodule of H. That is Y is an extending.
As a direct application of Proposition (2.12) and
Proposition (2.13) we get the following corollaries .
Corollary (2.14
Let Y bea w-extending R-module, with every non
zero direct summand of Y is completely essential
module. Then Y is extending.
Corollary (2.15
Let Y be a w- Extending module, with every
nonzero direct summand of Y is a fully semi-prime
module. Then Y is extending.
Proposition (2.16)
Let Y be a w-extending module such that for every
submodule L of Y there exists a w-closed submodule
K of Y with L is essential submodule of K . Then
Y is extending.
Proof
Let L be a submodule of Y, then by assumption,
there exists a w-closed submodule K of Y such
that L is essential in K. But Y is a w-extending, then
K is a direct summand of Y, hence Y is extending.
Proposition (2.17)
Let Y be a fully semi-prime and w-extending module.
Then every direct summand of Y is a w-
extending module.
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Proof
Let N be a direct summand of Y, and let L be a w-
closed submodule of N . Since N is a direct
summand of Y, then N is a closed submodule
of Y. Thus by [4, Prop.24] N is a w-closed
submodule of Y. Then by [4, Prop.2.17] we have
L isa w-closed of Y, butY is a w-extending, then
L is a direct summand of Y. Thatis Y = L @ E for
some submodule E of YYYNN=N=(L®E)nNn
N=L@®(ENnN), it folows that L is a direct
summand of N . Thatis N is a w-extending .
3. pw-extending modules
In this part of the paper we introduced the definition
of pw-extending module, which is a stronger from of
w-extending module and give some of it’s basic
properties.
Definition (3.1)
A modulel Y is called pseudo w- extending (for
short pw- extending), if every pw-closed submodule
of Y is a direct summand of Y. A ring R is called a
pw-extending, if R is a pw-extending R-module .
Remarks and Examples (3.2)
1. It is clear that every pw- extending module is a
w-extending, but the converse is not true in general .
For example consider Y = Z;4 as a Z-module is a w-
extending by Remarks and Examples (2.2)(2), while
Z16 is not pw-extending since the submodule (2) is a

pw- closed submodule of Z;4, but not direct
summand .
2. Every semi- simple R-module Y is a pw-

Extending but the converse not true.

Proof

Suppose that Y is semi-simple module, and let K be
a pw-closed submodule of Y then K is a direct
summand of M , hence Y is a pw-extending. For the
converse consider the following example : let
Y=Z,®Z, as a z-module Y is a pw —extending
because the only pw-closed submodule of M are
(0,1), (3,1) and Y itself and are direct summand of
Y. But Y is not semi-simple because not all
submodules of Y is a direct summand of Y.

3. Z,, as a Z-module is a pw-extending Z-module .
4. Pw-extending module and extending module are
in dependent concepts, as the following examples
show: The Z-module Z;¢ is not pw-extending but it
is extending since every submodule of Z;4 is
essential in a direct summand of Z;4 , and Z;4 is
indecomposable, that is the only direct summand of
Z1g 18 Z1¢ itself and (0). Also, we notes in (2) the Z-
module Z,@® Z, is a pw-extending , but not
extending module since the submodule (2,1) is a
closed submodule of Z;@® Z,, but not direct
summand . Hence Z¢ @ Z,, is not extending.
Proposition (3.3)

A direct summand of a pw- extending module Y is
a pw- extending , provided that Y is a fully semi-
prime.

Proof

Let E be a direct summand of Y, then there exists a
submodule L of Y such that Y = E @ L. Let K be a
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pw-closed submodule of E. Since E is a direct
summand of Y, then E is a closed submodule of Y.

Then by [4, Prop.2.14] we get E is a w-closed
submodule, thus by [5, Prop.2.7] K is a pw- closed
submodule of Y. But Y is a pw-extending, then K
is a dirct summand of Y. Thus Y=K@T for
some submodule T of Y. Now, E=YNE =
(K®&T)NE=K®(TNE). Thus K is a direct
summand of E, hence E is a pw-extending.

Proposition (3.4)

Let Y be a module such that every weak essential

extensions of any submodule of Y is a completely

essential, and Y is a pw- extending . Then Y is

extending module.

Proof

Let E be a nonzero closed submodule of Y. so by [5,

Prop.2.6] E is a pw- closed submodule of Y, but Y

is a pw-extending, then E is a direct summand of Y.

Hence Y is extending.

Proposition (3.5)

Let Y be a fully semi-prime module, and pw-

extending. Then Y is extending.

Proof

Follows by [5, Prop.2.7].

Proposition (3.6)

Let Y be a module, with every submodule E of Y

there exists a pw-closed submodule L of Y with E

essential submodule of L. If Y is a pw-extending then

Y is extending.

Proof

It is easy, so we omitted.

4.Relationships of w-extending modules and pw-

extending modules with some types of modules.

The main goal of this section is study the relation

between w-extending and pw-extending modules

with some types of modules.

“Recall that a module M is called CLS-module, if

every y-closed submodule of M is a direct summand
[8]”. Where a submodule A of an R-modile M is

called y-closed submodule of M, if % is non-singular

module [2].

Proposition (4.1)

Let Y be a fully semi-prime module . If Y is a w-
extending module, then Y is a CLS-module.

Proof

Assume that Y is a w-extending, and E be a non zero

y-closed submodule of Y, then by [4, Prop.2.33] E is

a w-closed submodule of Y. But Y is a w-extending,

then E is a direct summand of Y, hence Y is a CLS-

module.

Proposition (4.2)

Let Y be a non-singular R-module. If Y is a CLS-

module, then Y isa w-extending module .

Proof

Let E be a w- closed submodule of Y. Since Y is

non-singular, then by [4, Prop.2.34] E is a y- closed
submodule of Y . But Y is CLS-module, then E is a

direct summand of Y, hence Y is a w- extending

module .

Proposition (4.3)
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Let Y be a fully semi-prime and non-singular R-
module. Then the following statements are
equivalent:

1. Y is CLS-module.

2. Y is Extending module.

3. Y is a w-Extending module.

Proof

(DH=2)

Let K be a closed submodule of Y, then by [9,
Prop.2.1.2] K is a y-closed , hence K is a direct
summand of Y. Thus Y is extending module .
2)=(3)

Let E be a w-closed submodule of Y, then by [4,
Prop.2.13] E is a closed submodule of Y. Hence E
is a direct summand of Y. Thus Y is a w-extending.
=)

Let L be a y-closed submodule of Y. Then by [4,
Prop.2.33] L is w-closed. Hence L is a direct
summand of Y . Thus Y is a CLS-module .

“Recall that a module M is called duo if every
submodule K of M is a fully invariant. That is
f(N) < N for each f € End(M) [8]”.

“Recall that an R-module M is called FI-extending if
every fully invariant submodule of M is essential in a
direct summand of M [10]”.

Proposition (4.4)

Let Y be a duo R-module. If Y is Fl-extending
module, then Y is a w-Extending module.

Proof

Let E be a submodule of Y. Since Y is a duo, then
E is fully invariant in Y. But Y is Fl-extending, then
E is an essential in a direct summand of Y. Hence E
is a weak essential in a direct summand of Y. Thus
Y is a w-extending module.

Proposition (4.5)

Let Y be a duo R-module, with every nonzero direct
summand of Y is a completely essential. Then Y is a
w-extending if and only if Y is FI-extending module.
Proof

(=) Since Y is a w-extending, then by corollary
(2.14) Y is extending, hence by [10] Y is FI-
extending.

(&) Follows by Proposition (4.4).

Theorem (4.6)

Let Y be a duo R-module, with every nonzero direct
summand of Y is a completely essential. Then the
following statements are equivalent :

1. Y is extending.

2. Y is Fl-extending.

3. Y is a w-extending.

Proof

(1) & (2) direct.

(2) & (3) Follows by Proposition (4.4).

(3) & (1) Follows Corollary (2.14).

"Recall that an R-module M is prime-extending if
every non zero submodule of M is essential in a prim
direct summand [11]".

Proposition (4.7)

Every prime —extending module is a w-extending.
proof
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Follows by [11, Remark 1.11]

Theorem (4.8)

Let Y be a fully semi-prime R-module, with every
direct summand of Y is a prime. Then the following
statements are equivalent :

1. Y is a prime extending.

2. Y is a extending.

3. Y is a w-extending.

Proof

(1) & (2) by [11, Remark.1.11].

(2) & (3) direct.

(3) © (1) :Let K be a submodule of Y. Since Y is a
w-extending, then there exists a direct summand say
H of Y such that K is a weak essential in H. But M is
a fully semi-prime, then by [7, Lemma 2.3] K is an
essential in H. By hypothesis H is a prime, thus Y is a
prime-extending.

"Recall that a module M is called strongly extending
if every submodule N of M is essential stable direct
summand of M". "[12]. Where a submodule N is
stable if f(N) <N For each R-homomorphism
fiN->M"

Proposition (4.9)

Every strongly extending module is a w-extending.
Proof

Let Y be strongly-extending module then by [12,
Rem 1.3]. Y is extending hence Y is a w-extending.
Theorem (4.10)

Let Y be a fully semi-prime module, with every
direct summand of Y is stable. Then the following
statements are equivalent:-

1. Y is strongly extending.

2. Y is extending.

3. Y is w-extending.

Proof

(1) & (2) by Proposition (4.9).

(2) & (3) direct.

(3) & (1) suppose that Y is a w-extending and let K
be a submodule of Y, then K is a weak essential in a
direct summand of Y say H. But Y is a fully semi-
prime, then K is essential in H. Thus by hypothesis H
is stable, Hence Y is a strongly extending.

It is well-known sully invariant direct summand is
stable [12, Lemma 2.1.6], we get the following result.
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