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Abstract

The constant of permanence conharmonic type kahler and nearly kahler manifold conditions are obtained when
the Nearly Kahler manifold is a manifold conharmonic constant type (K). and also proved that M nearly kahler
manifold of pointwise constant holomorphic sectional conharmonic (PHKm(X)) — curvature) curvature tensor if
the components of holomorphic sectional (HS- curvature) curvature tensor in the adjoint G-structure space

that satisfies condition .
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Definition(1) [5]

Let (M, J, g) is NK- manifold of dimension 2n, K -
tensor conharmonic curvature. that components
tensor Riemann- Christoffel on space of the adjoint,
G-structure will be Reminded [13] look like:

DR%y =R, =0; 2)R:, =—RY = Al —B* "By ;
JRE =RE =0, HRE . =—RL =—AX +B""B;
5)R:, =R: . =0; 6) R =2B"Bycy; 7) Ry =0;
8RY. =R, =0; 9RE. =2B°"B, : 10)RE, =0.

(1)
and the components of Ricci tensor S on space of the
adjoint G-structure look like:

1) Sa=0; 2)S,; =0; 3)Sgp =Spa = A +3B* "By,

....(2)
At last scalar curvature y nearly Kahler manifolds
in the space of the adjoint G-structure is calculated
under the formula
x = 2A% 4+ 6B®°B,,.. ...(3)

Proposition(2) [5]

Let (M, J, g) - NK- manifold. The curvature tensor
conharmonic was introduced will be Reminded Ishii
[11] as a tensor of type (4, 0) on n-dimensional
Riemannian manifold, determined by the formula

K(X,Y,Z,W) =R(X,Y,Z,W) z(nl_l) [g(X, W)S(Y, Z)-

g(X2) S W) + g (¥,Z)S (XW)
g(rmS(x2)]...(4)

Where R — the Riemann curvature tensor, S - Ricci
tensor. This tensore is invariant under conharmonic
transformations, i.e. with conformal transformations
of space keeping a harmony of functions. Let's
consider properties tensor conharmonic curvature: [6]

HK(X,Y,ZW)=R(X,Y,ZW)- Z(nl_l)[g(x W)S(Y,Z)-g(X,Z)s(Y.W)]-

1
2(n-1)
1
2(n-1)
1
2D
Properties are similarly proved:

1) KX,Y,ZW)=BK(XY, W, 2).

[a(v,Z)s(X,W)-g(Y,W)S(X,Z)]=-R(Y,X,Z,W)+

[g(x,wW)s(¥,Z)+g(X,Z)s(Y W)+

[Fa(v,z)s(X,W)+g(Y,W)S(X,Z)]=-K(Y,X,Z,W).
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2) K(X,Y,ZW)=K(Z,W,XY).

3) K(X,Y,ZW)+K(Y,Z X,W)+K(Z X,Y,W) =O0.

Thus conharmonic curvature tensor satisfies all the

properties of algebraic curvature tensor:

1) K(X,Y,Z,W) =@ K(Y, X, Z,W);

2) K(X.Y,ZW) =3 K(X, Y, W, Z);

3) K(X,Y,ZW) + K(Y,Z, X,W)+K(Z, X,Y,W)=0;

HK(X,Y,Z,W) = K(Z, W, X, Y); XY, Z, W e X(M)

,where X(M)is module of vector fields on a manifold

M (5)

Lets Calculate Components of the Components

tensor curvature on space of the adjonit G-structure

for Nearly Kahler manifold, In terms of the covariant

components of the form[5]

We shall write down as :

K ijkl = Rijkl - ﬁ (gik 5]'1 * gjl 5jk' gjl ‘Sjk' gik
8;) ....(6)

we will extract compounds the tensor conharmonic

which may extracted from the source in another way,

as in the following theory.

Theorem(3) :

The components of The conharmonic constant

concircular tenser of Nearly Kahler -manifold in the

adjonit G-structure space are given by the following

forms:

— dh 1
1- K 4peq =A% - B™ Buo - 5o (62 65 +
§¢ 82) ..(7)
2- Kypaa = 2 B™ Bun - —— (65 8¢ +

2(n-1)
8¢ 85)+ (64 65 + 685 62)...(8)
and the other are conjugate to the above components
or equal to zero
proof:

Kijii = Riji ﬁ (gik S0+ gji Ojk- gt
8- gjre Su)

1- Put i=a j=b k=c and 1=d
Kabcd=Rabcd-ﬁ(gac(sbd+gbd5ac-gad Spe-
8bc 8aq) .

- -Z(n—l)(o)
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=0
2- Put I=a j=b k=c and l=d
1 A
KébcdzRabcd‘m(gaC Opat 8vdls.-9
ad 5bc'gbc5ald)
=0- 0)

2(n—-1)
=0
3- puti=a ,j=b,k=c and I=d
1
KagcdzRaﬁcd'm(gac 65d+g5d6ac'g
ad §_c-g5c8a0)

1

- -z(n—1)(0)
=0
4- Put i=a, j=b, k=¢ and 1=d
1
Kabea=Ravza-7o=(9,. 6,,t8pa Oa;-
8aa 04 "8 pe Oaa)
- -z(n—1)(0)
=0
5 Put i=a, j=b, k=c and 1=d
1
K abcd — Tabcd ~ 2(n—-1) (g ac a +8g bd 83‘3-
8.4 8bc-gbc ad)
=0- 2(n— 1)(0)
=0
6- Put i=a j=b k=c and l=d
1
KﬁBCd =RﬁBCd -Z(Tl—l) (gac 6Bd+g Bdéac'
gadagt-gl;(} ad)
=0- oa- 1)( )
=0
7- Put i=a j=b k=¢ and 1=d
1
K pea =R apea T 2n-1) (gae §pat 8pabac
8,2 0 pe 8ve Saa)
K abea = 2 B Babn - & o)+
8¢ 85)+ (8¢ 85 +85 89)
8- Put i=a j=b k=c and 1=
d
1
Ksbea = Rapea - 20-1) (8 5 pat8va &
éc'ga 'g bcsaa)
Kﬁbcd =A% - B Buoc- s (68 6 +
85 0¢)
i.e for Nearly Kahler, only two conharmonic

invariant don’t equal to zero ;

Ky = Kay= -K, with component {K_;,K%;., } and
Ky = K with component { K%, , K%, ..}, other
components conharmonic curvature Tensor equal to
zero .

Definition (4) : [4]

Suppose that A(X,Y,ZW )
K(X,Y,]JZ,JW)

Consider the following tensor A(X,Y) = A(X,Y, Y,X)

bcd

K(X,Y,Z,W) —
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We say that an almost hermition manifold M is of
constant type atp € M

Provided that for all XeTp (M),where Tp (M) is
tangent space of M at the point p

ACKY) =A(X,2) ....(9)
Remark(5):

1- If (9) holds for all pe M
has pointwise constant type.
2- If (9)is constant function
global constant type .
Definition (6) :

An almost hermition manifold M®" conharmonic
type (K- constant type )

If v X,YZW €X (M* ) that AX,Y,ZW ) =
KXY, Z,W)—K(X,Y,]Z,JW)

Consider the following tensor A(X,Y) = A(X,Y, Y,X)
We say that an almost hermition manifold M is of
constant type at pe M

Provided that for all XeT, (M),where Tp (M) is
tangent space of M at the point p

ACX,Y) = A(X,2)

Theorem (7):

If M is Nearly Kahler manifold of The conharmonic
tenser then M manifold conharmonic constant
concircular if and only if

AXY) = MX,Z) = -8B“" By, -
8% 8¢)+ (64 85 +85 88)
Proof :

suppose that M is Nearly Kahler manifold of
conharmonic tenser

At first we find the following result

By using definition( 6) it follows :-

1- A(X,Y) = K(X,Y,Y,X) —K(X,Y,JY,]X)

Let M®" Nearly Kahler manifold To compute
the K(X,Y,Y,X)and K(X,Y,]Y,JX) on the space of
the adjont G-structure

then the manifold M

,then (M,J,g) has a

2
ﬁ(&i 5% +

() KX, Y, Y, X) =K g XY YEX'= K g X2 Y°
YEXT +K gpea XY YEXE

HKgpeg XYPYEXT 4K a XY YEXE 4K
sbed Xa Yb YC Xd A A i

+ K oapea XEYPYEXT 4+ Kgpy XEYPY OXE+
Kapea XYPYEXE

+Kapeq XEYPYOXT 4Ky pq XEYPYEXD 4

K apeq X YPYEX

+ Koo X2 YP Y“Xd +Kg peq XAYPYEXD + K
2 bed X2y ve x?

+ Kpea XOYPYOXT 4K ;.4 XAYP viXa

By using the properties of conharmonic tenser
equation (5) We get :
KXY,V X) =K g0 XY YOXE 4 K e X
Y v x¢
+ Kapea XYY X+ K poq XYP YOXT +
K X Yhyt o +

b \/¢

K apea X*YPYEXE ..(10)
(I K(X,Y,Jy,JIX)
In the adjoint G-structure space the components

abéd
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K (X, Y, Y, 3X) =K X Y (V) (X)' = K apea
XYY AY) @x)*
+ K gpea X* Y2 @QY) ¢ (IX)? + K
(¥X) ¢
+K
(IX)
+Kgpea XYP Q) 0X) ¢+ Kapea XY QY)
(@)
+Koaea XY QY (OX)? + K 5.0 X YP QY)
(Ix)2 h A
* Kapea XY Q)€ (0X)+ K g XY QY)Y
(9x)¢
+ Kﬁ bcd
@x)° )
+ Kg pea XYPQAY) (IX)4
By using the properties of conharmonic tenser
equation (5) We get : X
K (X, Y, Y, 0X)=K 4,5 XY (V) (X)? +
K ap ea XY (IY)° (@X)*
 — Kageg XTYP aY)c@x) ¢ —K
Yb (@Y)° (IX)®

*Kapea X* YD QY) (X)* - K
Y2 AY)E (X)) ¢ ..(12)
Making use of the equation (10) and (11) we get :
KX,Y,Y,X)—K(X,Y,]JY,]X)= K Xa Yb Ye
X+ Ky peq X2YPY € X0
+ K3 poa géYﬁ YeXd+ K ;g X2 YD Yo X4
Kap cq X2 YP YEXd

\ond . a

+K gpeq XY (VX —K g peg XYP (V) (X)
+K gp ea XY JV)E (X)) - Kape X2YP (JY) €
Jx)¢ X X _
K g ea XY (V)¢ 00 + Kapeq X2 YP(JY)E
Jx)d A
-Kpea X2 Y0 V)F (%)
=-4Kg 5, XAYP YeX4
This is the K, of theory (3) equation (8) and the

compensation we get :
- 4[ZBcdh Babh -
(6% &5 +85 6)

2
8Bedh By D
(6% 8¢ +65 6%) ...(12)
2- A(X,2)=K(X,Z,Z,X) - K(X,Z,]Z,]X)
To compute the K(X,Z,Z,X)and K(X,Z,]Z,]X)
on the space of the adjont G-structure
(1) KX,Z,Z,X) =K X' Z ZkXI = K gp0q X2 Z0
ZeXd +K gpoq X2 ZP ZEXd +

XA YP @Qy)©

abcd

goéd XEYP QY)Y (0X)8 + Kopea XEYP QY)

XEYD (3Y) € (IX) @+ Kg 5 ea XEYPQY)

ab ¢

a X

a
abéd X

a bed

1
2(n-1)

(85 85 +85 85)+

(88 85 +85 88)+

a C a ¢ a i a
K, peq XZPZ x4 + K peq X2 ZP 28X 4 Koabea X
7Zb Zc Xd

+ K gpeqg XEZP ZE X4 + Kgpq X2ZPZ eX? 4
Ka p ca XAZP ZEXI
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+Kas5.3 Xazb7 ¢ xd +Kajea xazbzexad 4

Kaﬁéd Xa Z’;ZéXd

+ Kapca X2ZP 26X + Ky ,.q X220 26X% + K
. d

a bcd XaZbZe X

+ Kopea X2YP YeX? +K ;5,4 X2YP yexd

By using the properties of conharmonic tenser
equation (5) We get : X

KX, Z,Z,X) =K g poq X207 X" + K yppq X3 20
ZeXd

+ Kapeg XZPZ X+ K 5,4 X2 2P Zc X2 +
K Xa 7P 7eXd 4+

K peq X220 26X ....(13)

(nm K(X,z,3z,IX)

In the adjoint G-structure space the components
K(X,Z,JZ,X) =K X ZI JZ)k JX)! = K apca X2 ZP

J2)c JX)¢
+ Kapea X020 (J2) € (JX)? + K
d

abéd

abcd Xa Zb UZ) ¢ UX)
+ K
gx)¢ ) )
+ Kapea X220 (J2)F (X) ¢ + Kgp eq X2 20 (J2)°
X )
+K apea X020 (J2)° 0X) + K g5 g X2 Z° (2)°
x4 A
+ Kgpea X020 (2) ¢ (X + K g g X220 (J2)°
9k ) )
+ Kupea X2 Zb (JZ2) < JX) ¢ + Kapea X2 ZP (J7)¢
0% ) )
+ Ka 5 eq X 2P 02)¢ 0%)7
By using the properties of conharmonic tenser
equation (5) We get :
K(X,Z,JZ,]X)=K 4 poqg X0 Z0Z¢X? +K 4 s X
zv (JZ)t (JX)4
~ - Kd bcd
zb (J2)c 0X)4 )
+ K apea Xt 2002 (X = K g X220

JzZ)e(gx) ¢ ....(14)
Making use of the equation (13) and (14) we get :
KXY, Y,X) — KX, Y,JY,JX)= K 5. X2 Zb Zc x4 +
Ky peq X8ZPZ EXd
+ Kapyg X0ZP ZeX a4 K g q X0 ZP Ze X3+ K
abea X zP 72 x4 ~
+K g X2 Zb (Z)¢ (X)"'l —Kipea Xa7zb (JZ)e (]X)d
+ Kapea X220 JZ)2 JX)4 - Kapoq X2ZP (JZ) ¢
(x) ¢ i ) i

- K 5q X2 ZP (J2) JX)9 + K 500 X° ZP(JZ)E
X i
- K peq X020 (J2)¢ %)

=-4K; g XAZP JZeXd
This is the K, of theory (3) equation (8) and the
compensation we get :-

X2 7b (J2)¢ JX)¢ + Koz X2 ZP (J2)c

abéd

Xizh (JZ) < X) ¢ —K
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1
= - 4[2Bcdh By, - 2D (65 65 +6% 85)+
(6G 85 + 65 65)]
= - 8Budh By, - (n:) (55 5% + 65 55)"'
(6% 85 +65 6%) ...(15)
From equation (12) and (15) it follows
AX,Y)=A(X,2)

2
= - 8B Ban - = (65 69 +6% 85)+

(83 65 +85 63)
Thus by definition (6) we get :
M is constant type if and only if

2 c c
A(X,Y)= -8B Bayy - = (85 85 + 687 65)+
(64 85 +65 63)
Now we studding Nearly Kahler manifold of

apointwise holomorphic sectional conhormonic
(PMKwm(X)) curvature tensor.

Let {M* g,J} Almost Hermitian manifold X(M)
module smooth vector field

on manifold M?"

Definition (8): [2]

Two —dimensions Level two-dimensional o €T,
(M) ,m € M called holomorphic, if J,(o)=0
Theorem (9) :[2]

Two —dimensions Level two-dimensional o €T, (M)
,m €M holomorphic if and only if when o=
L(X,JX)where Xe X(M)- some vector, L denoted
taking linear hull

Defintion (10):[3 ]

Sectional curvature almost
{M,g,J} on the direction

two —dimensions Level two-dimensional ¢ €T, (M)
,m €M called holomorphic sectional curvature
(don’t equal zero ) vector X € ¢ and denoted H,(X)
,With form

_ <Rm (XJX)JX,X)>
Hn(X) = X114
If H.,(X) Do not depend on the choice of the point
o €Ty (M) then manifold involving M pointwise
constant holomorphic sectional curvature.

Hermitian manifold

;MeM, X eT, (M)

If Hm(X)Do not depend on the choice of the point
m then manifold involving M globol constant
holomorphic sectional curvature.

Definition (11) :

Let M be an almost Hermitian manifold ,
aholomorphic  sectional curvature conhormonic
(HK(X)- curature) tensor of amanifold M in the
direction Xe X(M)

, X#0 is afunction H(X) which is defind as:

K (X, X, X,JX) = MK,(X) [IX]|* , v X€E X(M)

(HKp(X) = = SKmEIRXX)> (l’l‘zl’l?x'x» :meM,X €Ty (M)

where|| X ||*= <X,X> ...(16)

Definition (12):

A manifold M is called a manifold apointwise
constant  holomorphic  sectional ~ conhormoic
curvature (PHK (X)) — curvature tensor , if HK,(X)
does not depend on X
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e K (X,JIX XJX)=clx|*
C®(M) ....(17)
Definition (13):
A manifold M apointwise constant holomorphic
sectional conhormoic curvature is called global
constant  holomorphic  sectional ~ conhormoic
curvature if HK,(X) has constant
i.e (HK(X) does not dependonm e M )
Theorem(14): [5]

Almost Hermitian manifold (M,g,J) is manifold
constant HK- curvature if and only if , ,when in the
adjoint G-structure space

K§e-- 8%

Lemma(15): [4]

If M almost Hermitian manifold of pointwise
holomorphic sectional curvature tensor then we
have:

IX11*=2 8 25 X* X" Xy X,
Theorem (16) :
Nearly Kahler manifold of pointwise constant
holomorphic sectional conharmonic (PHK(X)) —
curvature ) curvature tensor if the components of
holomorphic sectional (HS-curvature) curvature
tensor in the adjoint

G-structure space
that satisfies the following condition:

ALi=—82%
Proof :
Suppose that M is Nearly Kahler manifold of PHK-
curvatue tensor
According to the the definition (12) we have :

K (X,JIX, XJX)=C|IX]|* ....(18)
Where Ce C*(M)

By using Lemma(15) ,the equation (18) becomes:-

K (X, X, XJIX)=28 25 X*X* Xy X ....(19)

In the adjoint G-structure space the eqution (19) can
be written as the following form:
K i X1 JX) (X% JX)! = K abea X2 JX)® X (JX)4+ K
abca X(JX)P X (JX)4 A

+K Xagx)b Xe (JX) ¢ + K

; XE X(M), Ce

abcd

abéd Xa ]X)b
xe (%)
+ Kapeg X2 0XPX (0X0%+ Kp,4 X
0%)° x¢ x4 ) )
K g 5eq X2 (XXM K 50y X2 (0X)°
Xe (JX)d

+ Kypeq X (X0 X (X + Kg e X0
gx)b Xe %)

+Ka poa X UXPX(X)9 + K apeq  X* (X
Xe (JX)d

+ Kapea X3 (X)X (0X) +Kg 5 ea X (X7 X
Jx)d X
+ K apg XX X (X4 Kgp.q X0
JxX)° X x4
=2(C6 25 XaXd Xy Xc
By using the properties (JX)* =v/—1  X* , (IX)*
=—vV=1 X* weget :-
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<K(X,JX), JXX > =-2K, peg X2 X2 Xe X4 +4K
a pea X2 X0Xe X4 X
+2Kgpeq X2 XP XE X4 4

apea X0 XPXE X4 —Kgpeq X
=2 (825 XaXdXp Xe

By using the properties of conharmonic tenser

equation (5) We get :

Kapea XE X2 X XY= — Ky peg X2 XPXE X0 =

Kapea X X2 XE X1

Te Kgpa =0

Similarly:

Ka bed = 0 ’

we get :

K. =

apea= 0 Kapea » Kageg =0
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4 Kgpeq XEXXEXI=2

<K( X, JX), XX >=

€825 X X" Xy X,
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1

4 {a%e - BO By — = 868% + 8 0¢

=280 XXX, X,
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Afe —

< 5
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A= A% - o (056%+ 8965+ 55060+
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1
4(n—

5 (650¢ + 846¢ + 696% +6468% ) =

1)
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