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Abstract

A non-zero submodule K of an R-module M is called essential if K n L  (0) for each non-zero submodule L of
M . And an R-module M is called uniform if each non-zero submodule of M is an essential . In this paper we
give generalization of essential submodule and uniform module that are strong essential submodule and strong
uniform module. A non-zero submodule N of M is called strong essential if N n P = (0) for each non-zero
strongly prime submodule P of M . And an R-module M is called strong uniform if each non-zero submodule of

M is a strong essential .
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Introduction

Let R be a commutative ring with unity and let M be
unitary R-module . In this work we assume that every
submodule of M contained in strongly prime
submodule of M . A non-zero submodule K of M is
called essential if KnL = (0) for e ach non-zero
submodule L of M, [9] . And a proper submodule P
of M is called prime if foreachm € Mand r € R
whenever rm € P, then either m € P or r € [P:M],
[10] . Abdullah , N. K. (2005) gave in her thesis [1]
generalization of essential submodule , she name it
semi-essential submodule that is a non-zero
submodule N of M is semi-essential if N n P #= (0)
for each non-zero prime submodule P of M . A
proper submodule B of M is called semi-prime if for
eachmeMandreR withrx € B, k € Z*, then rx
€ B, [11] . Ahmed , M. A. (2009) generalize
essential submodule to weak essential submodule that
is a non-zero submodule W of M is weak essential if
WnB =+ (0) for each non-zero semi-prime
submodule B of M, [6] . A proper submodule P of M
is called strongly prime if [y < P for x, y € M

implies that either x € P or y € P, whenever IF={r €
R:rM C P+ Rx}, [11]. A non-zero submodule N

of M is called strong essential if NN P # (0) , for
each non-zero strongly prime submodule P of M .

An R-module M is called uniform if each non-zero
submodule of M is an essential, [5, P.85]. [1]
generalize uniform module to semi-uniform module
that is an R-module M is called semi-uniform if for
each non-zero submodule of M is semi-essential . [6]
generalize uniform module to weak uniform module
that is an R-module M is called weak uniform if for
each non-zero submodule of M is weak essential. In
this work we present a strong uniform module
concept as a generalization of semi-uniform module,
that is a module M is called a strong uniform if each
non-zero submodule of it is strong essential . Also we
generalize some characterizations and properties of
semi-essential submodules to strong essential
submodules and semi-uniform modules to strong
uniform modules .

Sy : Strong Essential Submodules

In this section we introduce strong essential
submodules and give a characterization for strong

112

essential submodules. Also, we generalize some
properties of semi-essential submodules to strong
essential submodules . And we study the relation
between prime submodule and strongly prime
submodule. Recall that a proper submodule B of M is
called prime if for each x € M and r € R whenever rm
€ B, then either x € B or r €[B:M], where [B:M] ={r
€ R: rM B}, [10] . A proper submodule B of M is
called semi-prime if for each x € M and r € R with
"x € B, k € Z", then rx € B, [11]. It § clear that each
strongly prime submodule is a prime submodule, but
the converse is not always correct . For example; let
p € spec (R). Then (p,p) is a prime submodule of an
R-module RxR, but It § not strongly prime
submodule, because I((f,’op)) (1,00 < P(1,00 < (1,0),
and (1,0) & (p,p) .
(1-1) : Definition

A non-zero submodule N of M is called strong
essential if Nn P # (0) for each non-zero strongly
prime submodule P of M .
(1-2) : Examples and Remarks

1/LetM=Q @ mQ and let N = xQ , where x = (1,1)
. The only strongly prime submodules of M are

PQ@ m(0) and (0) @ EPQ , where p is a prime
number . Then NN (pPQ@ E(0)) # (0) and NN

(O)@ gpQ) # (0) . Hence N is a strong essential
submodule of M .

2/ Every essential submodules are strong essential
submodule . But the converse is not true in general ,
as we see in the following example .

3 LetM=Q@paQ . |fN=Qx,wherex=(1,21),
the only strongly prime submodules of M are of the
form pQ @ (0) and (0) @ pQ, where p is a prime
number. Then Nn (pPQ@ () # (0) and NN
(O)@ mPQ) # (0) , hence N is a strong essential
submodule of M . But it § not an essential submodule
of M, because N nyZ = (0), wherey =(0,1) .

4/ On the other hand , every strong essential
submodule is semi-essential submodule . But the

converse is not true in general , as we see in the
following example
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5/ Let M = RxR . If N = Rx , where x = (1,0) , the
only prime submodule of M is of the form R(p,p) ,
where p is a prime number .Thus N is a semi-
essential submodule of M , because NN R(p,p)
# (0) . But N is not strong essential submodule of M
, because Nn R(0,p) = (0) , whenever R(0,p) is
strongly prime submodule of M .

Under some conditions we can get strong essential
submodules from semi-essential submodules .

Recall that an integral domain R with quotient field
K , and a torsion free R-module M . A prime
submodule P of M is called strongly prime if for each
yeKand x e My ,yx eP givesx ePory € (P: M),
whenever T = R/{0}, [7] .

(1-3) : Proposition

Let R be an integral domain with quotient field K ,
and let M be a torsion free  R-module . If N is a non-
zero submodule of M , then N is a strong essential
submodule of M if and only if N is a semi-essential
submodule of M .

The following proposition is a characterization of
strong essential submodules . Compare with [9] .
(1-4) : Proposition

Let M be an R-module , a non-zero submodule N of
M is a strong essential if and only if for each non-
zero strongly prime submodule P of M , there exists
X€P and reR such that 0 #rx e N .

Proof : Suppose that for each non-zero strongly prime
submodule P of M , there exists xeP and reR such
that 0 = rx € N . Not that rxeP , therefore 0 #=rx €
NNP . Thus NnP # (0) , implies that N is a strong
essential submodule of M .

Conversely ; suppose N is a strong essential
submodule of M . Then NNP (0) for each non-zero
strongly prime submodule P of M , thus there exists 0
# X € NNP . This implies that x € N and hence 0 # 1.
XEN.

(1-5) :Remark

Let M be an R-module and let N; and N, are
submodules of M such that Ny is a submodule of N, .
If Ny is a strong essential submodule of M , then N, is
strong essential submodule of M .

Proof : Suppose that N,nP = (0) for some strongly
prime submodule P of M . Since N, is a submodule of
N, , thus N;nP = (0) . But Ny is a strong essential
submodule of M , therefore P = (0) . Hence N, is a
strong essential submodule of M .

(1-6) : Proposition

Let M be an R-module and let N; and N, are
submodules of M . Then
1/ 1If NinN, is a strong essential submodule of M ,
then both N; and N, are strong essential submodules
of M.

2/ If N is an a essential submodule of M and N, isa a
strong essential submodule of M, then N;NN, is also
strong essential submodule of M .

Proof : 1/ Follows immediately from remark (1-5) .

2/ Let P be a strongly prime submodule of M . Since
N, is a strong essential submodule of M, thus N, NP+
(0) . And since N; an essential submodule of M , then
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N;:N(N,NP) #(0) , so (N;NN, )nP #(0) . Which
implies that N;NN, is a strong essential submodule of
M.
(1-7) : Corollary

Let M be an R-module and let N; and N, are
submodules of M , such that either N; < N, or N,
C N; .Then N;nNj, is a strong essential submodule
of M if and only if N; and N, are strong essential
submodules of M .
S, : Strong Essential Homomorphisms

This section is devoted to study strong essential
homomorphisms, we start this section by the
following definition .
(2-1) : Definition

Let M; and M, are two R-modules . An R-
homomorphism f : M; — M, is called strong essential
homomorphism if f(M;) is a a strong essential
submodule of M, .
(2-2) :Remark

Let M be an R-module and let N be a submodule of
M, Then N is a a strong essential submodule of M if
and only if the inclusion homomorphism i: N — M
is strong essential homomorphism .

Before we give the following proposition we need
the following result .
(2-3) :Lemma

Let M; and M, are two R-modules and let f : M;
— M, be an epimorphism . Assume P is a submodule
of M, such that ker fC P, Then P is a strongly prime
submodule of My if and only if f(P) is a strongly
prime submodule of M, .
Proof : Let P be a strongly prime submodule of M, ,
and let /%, < f(P) , where x, , X, € M, . It §
mean that (f(P)+Rx.: M,) x, < f(P) . There exists my,
m, €M, such that f(m;) = x; and f(m,) = X, . Implies
that (f(P) +R f(my):M,) f(m,) C f(P) , and there exists
r € Randy € P such that (f(y) + rf(my)) f(m,) = f(y) ,
implies (f(y)+f(rmy)) f(m2)=f(y). s0
fly+rmy)f(my)=f(y) and f((y+rmy)m,) - f(y) = 0 .
which is implies (y+rm;)m,—y eker f . Since ker fC
P, hence (y+rm;)m,—y € P . And since y €P, thus (P
+ Rm;)m, C P, it § mean that I}, m, CP. And since P
is a strongly prime submodule of My, then either
m.€P or myeP . If m;eP, implies x,=f(m,)€P, and if
m, € P implies x,=f(m,)eP. Therefore f(P) is a
strongly prime submodule of M, .
Conversely; suppose f(P) is a strongly prime
submodule of M, and If, m, = P, where my, m, €M;.
It § mean that (P + Rmy)m, P, hence f(P +
Rmy)my) —f(P), and f(P + Rmy)f(m,) = f(P). There
exists X;, X, € M, such that x; = f(my) and X, =
f(my) . Hence (f(P) + Rxy) x; <f(P) , so I,ffp)xz C
f(P) . Since f(P) is a strongly prime submodule of M,,
hence either x,€f(P) or x, € f(P) . If x; € f(P), implies
f(m,) € f(P) and f(f(m,))ef*(f(P)), thus m,€P . And
if x, € f(P) implies f(m,) € f(P) so m, € P. Therefore
P is a strongly prime submodule of M .
(2-4) : Proposition



Tikrit Journal of Pure Science 21 (1) 2016

Let M; and M, are two R-modules, and let f: M;
— M, be an epimorphism . Then

1/ If Ny is a strong essential submodule of M, then
f(N,) is a strong essential submodule of M, .

2/ If N, is a strong essential submodule of M, , such
that ker f P, for each strongly prime submodule P,
of M;. Then £1(N,) is a strong essential submodule of
Ml .

Proof: 1/ Let P, be a strongly prime submodule of M,
then f(P,) is strongly prime submodule of M,
(lemma (2-3)) . N is a strong essential submodule of
M, thus N; n f(P,)# (0), and hence f(N;) NP, # (0).
Therefore f(N,) is a strong essential submodule of
M,.

2/ Let f1(N,) NP, = (0), where P is a strongly prime
submodule of M, . Since ker fC P, , then f(P,) is a
strongly prime submodule of M, (lemma (2-3)) . This
implies that N, Nf(P,)=(0). Since N, is a strong
essential submodule of M, , then f(P1)=(0) . Thus P,
 ker f < fY(N,), and hence f*(N,) n P, = (0) , this
implies that P, = (0). Therefore f'(N,) is a strong
essential submodule of M; .

Before we give the following theorem , we need the
following lemma .

(2-5): Lemma

Let M; and M, are two R-modules , and let P, be a
strongly prime submodule of M, such that Homg(M, ,
P,) <€ Homg(M;, M,). Then Homg(Mi, P,) is a
strongly prime submodule of Homg(M; , M,) .

Proof: Let f;, f, € Homg(M;, M,) such that
IleomR(Ml P2)f, = Homg(M,, P,). Then for each x; €

M, we get Ifi%f(X) < P,. Since P, is a strongly
prime submodule of M, , then either fi(x) € P, or
fo(x) € P,. If fi(X) € P, implies that f,€ Homg(My,
P,), and if f,(x) € P, implies that f, € Homg(My, P,).
Therefore Homg(M,;, P,) is a strongly prime
submodule of Homg(M; , M,) .

(2-6): Theorem

Let M; and M, are two R-modules and let Homg
(Mg,N,) be a proper submodule of Homg(M1,M,) for
each submodule N, of M,. If Homg(M; ,N,) is strong
essential submodule of M,, then N, is strong essential
submodule of M, .

Proof: Let P, be a non-zero strongly prime submodule
of M, , then by lemma (2-5) , we get Hom g (M, , P»)
is strongly prime submodule of Hom g (M; , M,) .
Since Hom i (Mg, N,) is strong essential submodule
of Hom g (M, My) , then by proposition (1-4) , there
exists 0 = f € Hom g (My , P,), and 0 = r € R such
that 0 = rf € Hom g (M,Ny), that is rf(m)eN, for
each me M, . So for each non-zero strongly prime
submodule P, of M, , we find f(m) € P, for each m €
M;. And re R with 0 == rf(m) eN, . Hence N, is
strong essential submodule of M, .

(2-7): Corollary

Let M be an R-module and let N be a submodule of
M. If Homg (M, N) is a strong essential submodule of
Homg (M, M), then N is a strong essential submodule
of M.
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Ss: Strong Essential Submodules In Multiplication
Modules

Recall that an R-module M is called a multiplication
R-module if every submodule N of M is of the form
EM for some ideal E of aring R, [4] . In this section
we gives a condition under which a submodule N of a
faithful multiplication R-module M becomes strong
essential submodule .

Recall that an R-module M is called a faithful if
annM =0, [4] . Recall that if R is an integral domain
and K is a quotient field , then the prime ideal B of R
is called strongly prime ideal if each x,y € K, and x,
y € B, theneitherxeBoryeB.

Now, we start this section by the following definition.
(3-1) : Definition

A non-zero ideal | of a ring R is called strong
essential ideal if 1 n B #(0) for each non-zero
strongly prime ideal B of R, [8] .

Before we give the following proposition, we need
the following well-know lemma, which appear in [7,
Prop. (2-10) ] .

(3-2): Lemma

Let R be an integral domain and let M be a faithful
multiplication R-module. Then B is a strongly prime
ideal of R if and only if BM is a strongly prime
submodule of M .

(3-3): Proposition

Let R be an integral domain and let M be a faithful
multiplication R-module. N is a submodule of M such
that N = IM for some ideal | of R . Then N is a strong
essential submodule of M if and only if | is a strong
essential ideal of R .

Proof : Let N be a strong essential submodule of M
and let I n B= (0) where B is a non-zero strongly
prime ideal of R. Since M is a multiplication R-
module, then (I N B)M=IM n BM=(0). By lemma (3-
2) BM s strongly prime submodule of M, since
IM=N is a strong essential submodule of M, thus
BM=(0). And since M is a faithful R-module , then
B=(0). Therefore | is strong essential ideal of R .
Conversely; let N n P= (0) where P is a non-zero
strongly prime submodule of M. Since M is a
multiplication R-module , then there exists a strongly
prime ideal B of R such that P = BM (lemma (3-2)) .
Hence N n P=IM n BM=(1 n B)M=(0). ButM s a
faithful R-module , thus I N B= (0). And since | is a
strong essential ideal of R, hence B=(0) , whence
BM=P=(0). Therefore N is strong essential
submodule of M .

Also , we can put another condition to get a strong
essential submodule IM of

a multiplication R-module M from strong essential
ideal | of R, by the following proposition .

Before we give the following propositions, we need
the following well-know lemma which appear in [13,
Prop. (1-14)(1) ] .

(3-4) :Lemma
Let M be a multiplication R-module with annr M C B
and BM=M for each strongly prime ideal B of R . If
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B is a strongly prime ideal of R, then BM is strongly
prime submodule of M .

(3-5) : Proposition

Let M be a faithful multiplication R-module with
anngkM < B and BM=M for each strongly prime ideal
B of R . If | is a strong essential ideal of R , then IM
is a strong essential submodule of M .

Proof: Let IM n P= (0) where P is a non-zero
strongly prime submodule of M. Since M is a
multiplication R-module , then there exists a strongly
prime ideal B of R such that P = BM (lemma (3-4)) .
Hence IMNP= IMNBM=( InB)M=(0). Since anngM
B, then I n B= (0) . And since | is a strong
essential ideal of R, hence B=(0), whence BM=P=(0).
Therefore IM is strong essential submodule of M .
(3-6) : Corollary

Let M be a faithful multiplication R-module with
annkM < B and BM=M for each strongly prime ideal
B of R, If I is an ideal of R . Then I is a strong
essential ideal of R if and only if IM is a strong
essential submodule of M.

By [1, prop.(2-1-1] and prop.(1-3) , we can get the
following result .

(3-7) : Proposition

Let R be an integral domain with quotient field K ,
and let M be a torsion free faithful multiplication R-
module. If N is a submodule of M such that N = IM
for some ideal 1 of R . Then N is a strong essential
submodule of M if and only if I is a strong essential
ideal of R .

(3-8) :Lemma(13, Th. (1-12)]

Let M be a multiplication R-module , and let P be a
submodule of M . Then P is a strongly prime
submodule of M if and only if (P:M) is strongly
prime ideal of R .

(3-9) : Proposition

Let R be an integral domain, and M is a faithful
multiplication R-module. N is a submodule of M .
Then N is a strong essential submodule of M if and
only if (N:(x)) is a strong essential ideal of R, for
eachx e M.

Proof : Let N be a strong essential submodule of M .
By prop.(3-3) (N:M) is a strong essential ideal of R .
But for each x € M, (N:M) < (N:(x)) . Since M is a
multiplication R-module , thus (N:M)M < (N:(x))M
, [4] . This implies that (N:(x))M is strong essential
submodule of M (remark (1-5)) . Hence (N:(X)) is
strong essential ideal of R , (prop,(3-3)) .

Conversely ; let (N:(x)) is strong essential ideal of R,
for each xeM , and let B be a non-zero strongly prime
ideal of R . Hence (N:(x)) n B # (0), by lemma (3-2)
we get BM is strongly prime submodule of M, Since
M is a multiplication R-module, then (N:(xX))M n
BM = (0). Thus N n BM # (0) that is N is a strong
essential submodule of M .

By the same way we can prove the following
proposition .

(3-10) : Proposition
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Let M be a faithful multiplication R-module with
anngkM < B and BM=M for each strongly prime ideal
B of R . If N is a submodule of M . Then N is a strong
essential submodule of M if and only if (N:(x)) is
strong essential ideal of R, foreachx e M .
From propositions (3-3) and (3-9) , we have the
following theorem .
(3-11) : Theorem
Let R be an integral domain and let M be a faithful
multiplication R-module. If N is a submodule of M
such that N = IM for some ideal | of R . Then the
following statements are equivalent .
1/ N is a strong essential submodule of M .
2/ 1 is a strong essential ideal of R .
3/ (N:(x)) is a strong essential ideal of R , for each
XEM .
Proof : (1) = (2) By prop. (3-3).
(2) = (3) Let I be a strong essential ideal of R, since
M is a faithful multiplication R-module, then | =
(IM:M) , [7]. But (IM:M) C (IM:(x)) for each x € M,
and (IM:M) is strong essential ideal of R , also we
consider (IM:(x)) is strong essential ideal of R
(remark (1-5)). Thus (N:(x)) is strong essential ideal
of R.
(3) = (1) By prop. (3-9) .

From propositions (3-5) and (3-10) , we have the
following theorem .
(3-12) : Theorem
Let M be a faithful multiplication R-module with
annkM < B and BM=M for each strongly prime ideal
B of R . If N is a submodule of M such that N = IM
for some ideal | of R . Then the following statements
are equivalent .
1/ N is a strong essential submodule of M .
2/ | is a strong essential ideal of R .
3/ (N:(x)) is a strong essential ideal of R, for each
XEM .

The proof is similar to the proof of theorem (3-11) ,
hence we omitted .
S, : Strong Uniform R-modules

Recall that a non-zero module M is called uniform
if every non-zero submodule of M is an essential, [3,
p. 85]. Abdullah, N. K. generalize uniform module,
she name it semi-uniform module that is an R-module
M in which every non-zero submodule is semi-
essential, [1]. In this section, we introduce another
generalization of uniform module to strong uniform
modules .
(4-1) : Definition
A non-zero R-module M is called strong uniform if
each non-zero submodule of M is strong essential .
And a ring R is called strong uniform if each non-
zero ideal of R is strong essential .
The following theorem gives a relation between
strong uniform module and strong uniform ring .
(4-2) : Theorem

Let R be an integral domain and let M be a faithful

multiplication R-module. Then M is strong uniform
R-module if and only if R is strong uniform ring.


IM:M
IM:M
IM:(x))
IM:M
IM:(x))
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Proof : Let M be a strong uniform R-module, and let
I be an ideal of R such that InB = (0) for each
strongly prime ideal B of R. Since M is a
multiplication R-module, then (I N B)M = (0), [2,
prop.(1-3), P.10], so IM n BM = (0). By lemma (3-2)
we get BM is a strongly prime submodule of M. But
M is a strong uniform R-module, hence IM is a strong
essential submodule of M. Therefore BM = (0), and
since M is a faithful R-module, then B = (0). Thus I is
a strong essential ideal of R, Whence R is strong
uniform ring .

Conversely ; let R be a strong uniform ring , and let N
be a submodule of M such that N n P = (0) for each
strongly prime submodule P of M . Thus (NNP:M) =
(0), so (N:M) n (P:M) = (0) , but (P:M) strongly
prime ideal of R (lemma (3-8)) . Since R is strong
uniform ring, then (N:M) is strong essential ideal of R
. Hence (P:M) = (0), which implies that P = (0), that
is N is strong essential submodule of M. Therefore M
is strong uniform R-module .

(4-3) : Proposition

Let M; and M, are two R-modules , and let f : M;
— M, be an epimorphism . Then

1/ If My is strong uniform R-module , then M, is also
strong uniform R-module .

2/ If My is strong uniform R-module such that ker f
P for each strongly prime submodule P of M , then
My is strong uniform R-module .

Proof :

1/ Let N, be a submodule of M, , then fX(N,) is a
submodule of M; . Since M; is strong uniform R-
module, thus f*(N,) is a strong essential submodule
of M;. By prop. (2-4) (1), we get f(f*(N,)) = N, is a
strong essential submodule of M, . Therefore M, is
strong uniform R-module .

2/ | Let N; be a submodule of My, then f(N,) is a
submodule of M,. Since M, is strong uniform R-
module, thus f(N,) is a strong essential submodule of
M,. By prop. (2-4) (2), we get f*(f(N;)) = N, is a
strong essential submodule of M;. Therefore M; is
strong uniform R-module .

(4-4) : Corollary

Let M; and M, are two R-modules, and let f: M;
— M, be an epimorphism , such that ker fCP for
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each strongly prime submodule P of M; . Then My is
strong uniform R-module if and only if M, is strong
uniform R-module .

Recall that an R-module M is called pseudo valuation
module (provided PVM) , if every prime submodule
of M is strongly prime submodule , [7] .

(4-5) : Remark

Let M be a pseudo valuation module . If M is a semi-
uniform R-module , then M is strong uniform R-
module .

Recall that a trace of R-module M is defined by T(M)
=Y. rem+ f (M) [14], where M* = Hom(M,R) .

Recall that an R-module M is called torsion less
module if n ker f=(0) , where f € Hom(M,R) [9] .
We end this section by the following proposition,
compare with [1,prop.(2-3-11)] .

(4-6) : Proposition

Let M be a faithful multiplication R-module . And for
each f € M", f is an onto and ker fCP for each
strongly prime submodule P of M . If T(M) is a
strong uniform module , then M is strong uniform
module .

Proof : Let N be a non-zero submodule of M, and let
P be a strongly prime submodule of M, such that
NNP =(0) . Since M is multiplication R-module. Thus
(N:M)M n (P:M)M = (0), and then (N:M) n (P:M) =
(0). Then M s torsion less module [9], so
Nrem.ker f = (0), and there are f, g € M" such that
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